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Optimizing the Post-Mining Processes in

Association Rule Mining

Mikhail Kudriavtsev

Abstract

In Association Rule Mining (ARM), the generation of large volumes of associ-

ation rules from complex datasets often presents challenges in terms of scalability,

efficiency, and interpretability. This thesis addresses these challenges by developing

novel methodologies and data structures tailored to improve the post-mining phase

of ARM. Our approach begins with the creation of a specialized data structure to

efficiently store and retrieve association rules, enhancing memory efficiency and pro-

cessing speed. This data structure is then leveraged to design a robust methodology

for substitute item mining, an emerging area that enables the identification of alter-

native items based on observed patterns, with potential applications in areas such as

inventory management and consumer behavior analysis. Furthermore, to improve

the interpretability of ARM results, we propose advanced visualization techniques

that utilize the developed data structure, allowing users to effectively explore and

understand complex relationships within large rulesets. The effectiveness of these

methodologies was evaluated through surveys and case studies, demonstrating sig-

nificant improvements in both cognitive load for visualization and alignment with

consumer preferences in substitute item identification. This research contributes to

the broader field of ARM by providing tools that enhance scalability, interpretabil-

ity, and practical applicability, paving the way for more efficient knowledge discovery

and decision-making in data-rich environments.
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Chapter 1

Introduction

This thesis presents a novel approach to improving the post-mining process in Asso-

ciation Rule Mining (ARM), focusing on efficient identification and visualization of

patterns within association rules. While the application to substitute items serves

as a motivating example, the proposed methodologies are designed to be general-

purpose and applicable across diverse ARM scenarios.

ARM is a key technique in data mining that uncovers relationships between

items in large datasets, initially popularized by applications in market basket analy-

sis (Agrawal, Imieliński, et al. 1993). While ARM is a powerful tool, the post-mining

phase often struggles with managing and analyzing the extensive number of gener-

ated rules, limiting its practical utility and comprehensibility (Y. C. Chen et al.

2015; Hahsler 2016; Sethi et al. 2018; Jentner et al. 2019; Danh Bui-Thi et al. 2020;

Ruiz et al. 2020; Amit Pande et al. 2022). To address these challenges, our re-

search introduces a new data structure designed to significantly improve the speed

and efficiency of processing ARM results. Building on this foundation, we address

a crucial yet underexplored area in ARM: identifying substitute items. As inter-

est grows in applications that go beyond discovering frequent item associations to

understanding product alternatives and competitive relationships, we develop a ro-

bust methodology for substitute item mining within these rulesets. Additionally,

we propose advanced visualization techniques to better reveal hidden patterns and

support decision-making. By addressing these critical aspects, this thesis aims to fill
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Chapter 1. Introduction

the gap in the field of processing association rules, offering a comprehensive solution

for more effective and scalable post-mining analysis.

1.1 Background and Motivation

Association Rule Mining has become an essential technique in data mining, widely

used for discovering interesting relationships between variables in large datasets.

Originating from market basket analysis, where it was initially applied to identify

associations between purchased items, ARM has since been employed in various

domains, including healthcare, finance, and web usage mining (Shaukat Dar et al.

2015; Xiaotong Liu et al. 2016; Yazgana et al. 2016; Ghafari et al. 2019; Máša et al.

2024). The primary goal of ARM is to identify sets of frequently co-occurring items

and generate association rules that can provide valuable insights into data-driven

decision-making processes.

Despite its widespread application, the effective use of ARM is often limited by

the sheer volume of rules it produces, especially when applied to large datasets.

This challenge becomes particularly evident in the post-mining phase, where the

task shifts from generating rules to efficiently processing, managing, and interpreting

them. Traditional methods often fall short in handling the scalability required for

such tasks, leading to inefficiencies that can obscure valuable insights and hinder

decision-making (Hahsler and Karpienko 2017; Fister et al. 2023).

In recent years, research has gradually shifted from focusing solely on mining

rules to understanding and interpreting them. Our work aims to contribute to this

evolving trend by improving rule interpretability. However, before we can address

interpretability, this work focuses on enhancing the underlying data itself. Rather

than working directly with raw rules, we begin with a robust data preparation

phase. This allows us to explore how we can better structure the data to facilitate

more meaningful and efficient rule analysis, laying the groundwork for our further

research. By improving the base data, we ensure that the subsequent steps in

developing methods for rule interpretation are built on a solid foundation.

12
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One of the key tasks in rule processing is uncovering underlying patterns, such as

identifying substitute items. Although crucial, substitute item mining has received

limited attention due to the complexity of evaluating and identifying these items,

which depend on contextual factors and subtle shifts in item associations. Neverthe-

less, their identification is vital for understanding competitive product relationships,

improving recommendation systems, and predicting market cannibalization (Guide

et al. 2010; De Giovanni et al. 2018), where one product negatively impacts the

sales of another one within the same company – an issue that can be anticipated

and mitigated through effective substitute item analysis.

Furthermore, effective visualization of association rules is crucial for translating

complex patterns into actionable insights (Jentner et al. 2019; Fister et al. 2023).

Traditional visualization techniques often struggle with clarity and scalability, par-

ticularly when dealing with large datasets. This research proposes advanced visual-

ization methods that not only enhance the interpretability of ARM results but also

facilitate more informed decision-making by highlighting key patterns, such as sub-

stitution relationships or clusters, that might otherwise remain hidden (W. Huang

et al. 2009; Jentner et al. 2019).

In summary, this thesis addresses critical gaps in the current state of ARM by

proposing solutions that improve the efficiency, scalability, and usability of the post-

mining process. The proposed methodologies are expected to significantly enhance

the practical application of ARM across various domains, offering tools that are

both powerful and user-friendly.

1.2 Research Questions

The primary issue this thesis addresses is the inefficiency and lack of scalability in

the post-mining phase of Association Rule Mining. As datasets grow, the expanding

volume of generated rules makes it difficult to extract meaningful insights, particu-

larly in time-sensitive areas such as retail and e-commerce, where the understanding

of consumer behavior can influence inventory management and customer satisfac-

13



Chapter 1. Introduction

tion. Existing methodologies struggle to process large rulesets efficiently, creating

a gap in the practical application of ARM (Wu et al. 2020). This thesis proposes

a novel data structure and methodology to improve the speed, manipulation, and

visualization of ARM results, with a focus on substitute item mining.

This leads to the following research questions:

RQ1: Can a data structure be designed to efficiently process

and manage the results of Association Rule Mining, enabling

faster retrieval and manipulation of large rulesets?

The research question addresses the foundational challenge of designing a data

structure that can significantly enhance the efficiency of processing association rules

from large datasets. The goal is to explore and develop a data structure that op-

timizes both the storage and retrieval processes, thereby facilitating more effective

knowledge discovery within ARM.

RQ2: Can a robust methodology be developed for identifying

substitute items within the processed ruleset, leveraging the

optimized data structure developed in RQ1?

This question focuses on the development of a methodology for substitution item

mining, building upon the data structure introduced in RQ1. The aim is to develop

a methodology that leverages the optimized data structure to accurately identify

substitute items, incorporating complex queries and contextual analysis to provide

precise and reliable substitution insights within large and complex rulesets.

RQ3: How can the results of substitution item mining and

other discovered patterns in Association Rule Mining be ef-

fectively visualized to reveal implicitly hidden knowledge and

facilitate decision-making?

The final research question focuses on the visualization aspect, which is crucial

for interpreting the results of ARM and substitution item mining. This question

aims to explore how the developed data structure can be adapted for visual repre-

14



Chapter 1. Introduction

sentation, making it easier for decision-makers to understand and utilize the mined

rules and identified substitutes. The visualization techniques developed are designed

to improve the interpretability and usability of association rule mining results.

Through these research questions, this thesis seeks to contribute to the field by

developing a comprehensive approach that starts with data structure optimization,

progresses through the creation of a substitution mining methodology, and finalizes

with the visualization of ARM results. The central focus on substitution item mining

ensures that the work addresses a significant challenge in the application of ARM

in real-world scenarios.

The answers to these research questions will be provided in the following chap-

ters. In Chapter 3, we introduce the data structure optimization for efficient rule

processing. In Chapter 4, we present the methodology for substitution item min-

ing, detailing the approach and its applications. Finally, in Chapter 5, we propose

advanced visualization techniques that enhance the interpretability and usability of

ARM results.

1.3 Contributions

This thesis makes several key contributions to the field of data mining and ARM.

First, it introduces a novel data structure that significantly enhances the efficiency

of processing and managing large association rulesets. This data structure not only

improves retrieval and manipulation speed but also provides a foundation for more

advanced analysis techniques. Second, the thesis develops a robust methodology for

substitute item mining that leverages the efficiency gains from the data structure to

provide more accurate and context-aware substitution analysis. Third, the research

proposes advanced visualization techniques that enhance the interpretability and

usability of ARM results. Although demonstrated in the context of substitution

mining, these visualization techniques are applicable to general rule analysis and

exploration. These contributions collectively advance the state of the art in ARM,

offering practical tools and methods that can be applied across a range of industries

15



Chapter 1. Introduction

and applications.

To contextualize the structure of this thesis, Figure 1.1 compares the traditional

pipeline for post-mining tasks in ARM with the integrated approach proposed in this

work. Rather than treating tasks such as rule processing, substitution analysis, and

visualization in isolation, the proposed framework unifies them to improve efficiency,

scalability, and usability.

Figure 1.1: Comparison of traditional and proposed post-mining frameworks. The
proposed approach integrates rule processing, knowledge discovery in the form of
substitution mining, and visualization into a cohesive pipeline, providing improved
scalability and interpretability.

16



Chapter 1. Introduction

1.4 Thesis Outline

The remainder of this thesis is structured as follows: Chapter 2 provides a compre-

hensive review of the related literature, focusing on ARM, substitute item mining,

and data structures used in rule processing. Chapter 3 introduces the proposed

data structure and details its design and implementation. Chapter 4 presents the

methodology developed for substitute item mining and discusses its integration with

the data structure. Chapter 5 explores advanced visualization techniques for ARM

results and discusses their practical applications. Chapter 6 presents a case study

that demonstrates how all research questions are interconnected. Chapter 7 con-

cludes the thesis by summarizing the key findings and contributions and discussing

directions for future research. Finally, an Appendix contains the algorithms dis-

cussed in this study for reference and implementation details.

17



Publications

During the course of this research, two publications were produced, each representing

significant milestones corresponding to specific research questions addressed in this

thesis.

• Research Question 1 (RQ1): Mikhail Kudriavtsev, Vuong M Ngo, Mark

Roantree, Marija Bezbradica, and Andrew McCarren (2024). “Exploring the

trie of rules: a fast data structure for the representation of association rules”.

In: Journal of Intelligent Information Systems, pp. 1–21

This publication presents the development of the Trie of Rules data structure,

addressing the efficiency and scalability challenges in storing and processing

association rules, as discussed in Chapter 3 of this thesis.

• Research Question 3 (RQ3): Mikhail Kudriavtsev, Andrew McCarren,

H. Lee, and Marija Bezbradica (2024). “Efficient Visualization of Association

Rule Mining Using the Trie of Rules”. In: Proceedings of the 16th Interna-

tional Joint Conference on Knowledge Discovery, Knowledge Engineering and

Knowledge Management - Volume 1: KDIR, pp. 72–80. isbn: 978-989-758-

716-0

This work focuses on the application of the Trie of Rules data structure for

enhancing the visualization of association rule mining results, corresponding

to the methodologies and findings presented in Chapter 5.
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Chapter 2

Background and Literature

Review

Chapter 2 provides a comprehensive review of the existing literature relevant to this

research. It begins by introducing the foundations and applications of Association

Rule Mining, followed by a discussion of the challenges encountered in processing

ARM results. The chapter then examines data structures commonly used in ARM,

including those for storing transactions and association rules. Subsequently, it re-

views current methodologies for substitution item mining and visual representation

of ARM outcomes. By identifying key limitations in scalability, efficiency, and inter-

pretability, this chapter establishes the motivation and context for the contributions

developed in later chapters.

2.1 Introduction to Association Rule Mining

Association Rule Mining is a fundamental technique in data mining and is pre-

dominantly used to uncover relationships between items in large datasets (Agrawal,

Imieliński, et al. 1993). The concept of ARM can be traced back to the pioneering

work of Hájek et al. (1966), who introduced the GUHA method for automatic hy-

potheses determination. Their approach was one of the earliest attempts to system-

atically identify associations between properties in a dataset, laying the groundwork
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for what would later become known as association rule mining.

Although Hajek et al.’s work provided a theoretical foundation, the practical

application of ARM gained significant attention with the introduction of the Apriori

algorithm by Agrawal, Imieliński, et al. (1993). The Apriori algorithm efficiently

generates frequent itemsets by leveraging the downward closure property, marking

a major advancement in the field. This development popularized ARM, particularly

in the context of market basket analysis, where the goal is to discover co-occurrence

relationships among items purchased together in transaction databases.

Over the years, ARM has evolved beyond its initial scope, expanding into diverse

areas such as web usage mining, bioinformatics, and more (Tan, Steinbach, et al.

2019; Misman et al. 2020). The development of algorithms tailored for specific

applications and the introduction of various measures such as Confidence, Lift, and

Conviction have further enhanced the relevance and utility of ARM across different

domains. Recent advances continue to focus on improving efficiency, scalability, and

applicability to complex and large-scale datasets (Yazgana et al. 2016; Kaushik et al.

2021).

Following Agrawal’s contribution, the field of ARM expanded rapidly, with sig-

nificant milestones including the development of the FP-Growth algorithm by Han,

Pei, and Yin (2000). FP-Growth addressed some of the computational inefficiencies

of Apriori by using a divide-and-conquer strategy to compress the dataset into a

compact data structure called the FP-tree, enabling faster pattern mining without

candidate generation.

Through these developments, ARM has solidified its position as a critical tool

in data mining, providing insights that drive decision-making in a wide range of

domains. This subsection provides a brief overview of the key milestones in the

evolution of ARM, setting the stage for a deeper exploration of its current challenges

and advancements.
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2.1.1 Applications of ARM

Association Rule Mining has proven to be a versatile and powerful tool across a

wide range of industries, enabling the extraction of valuable insights from large

datasets. One of the most well-known applications of ARM is in the retail indus-

try, particularly in market basket analysis. ARM is used to uncover associations

between products that are frequently purchased together, enabling retailers to op-

timize inventory, enhance cross-selling strategies, and design effective promotional

campaigns (Agrawal, Imieliński, et al. 1993).

Beyond retail, ARM has been successfully applied in the healthcare industry,

where it aids in the discovery of relationships between various medical conditions,

treatments, and patient outcomes. For example, by analyzing patient records, ARM

can identify patterns that suggest correlations between symptoms and diseases, or

between treatments and recovery rates. Information about this relationship is crucial

for developing treatment guidelines, enhancing patient care, and supporting clinical

decision-making (Rajak et al. 2008; Misman et al. 2020).

In the financial sector, ARM is employed to detect patterns in transaction data

that may indicate fraudulent activities. By identifying associations that deviate

from normal transaction patterns, financial institutions can flag potentially fraud-

ulent behavior more effectively, thereby enhancing security measures and reducing

financial losses (Albashrawi 2016).

ARM is also utilized in web usage mining, where it helps to understand user

behavior by analyzing the patterns of web page visits. This application is particu-

larly valuable for enhancing user experience, personalizing content, and improving

website navigation (B. Kumar et al. 2022).

Furthermore, ARM has applications in bioinformatics, where it is used to identify

relationships between genetic markers and phenotypic traits. This can lead to sig-

nificant advancements in understanding genetic predispositions to certain diseases,

thereby contributing to the development of personalized medicine (Naulaerts et al.

2015; Misman et al. 2020).
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The diverse applications of ARM across these industries highlight its impor-

tance as a tool for knowledge discovery, enabling organizations to make data-driven

decisions that enhance efficiency, profitability, and innovation.

2.1.2 Mathematical Foundations of ARM

A solid understanding of the mathematical foundations of ARM is essential for ex-

ploring its applications and advancing its methodologies. ARM relies on a structured

series of stages. Below, the primary elements and stages of ARM are introduced to

provide a foundational framework for further discussion.

Key Components in ARM

The following concepts are central to ARM, forming the basis of association rule

generation and analysis:

Transactional Data: Transactional data refers to collections of transactions,

where each transaction is a set of items purchased or observed together. This data

serves as the foundational input for ARM, enabling the identification of patterns

and relationships between items (Han, Pei, Yin, and Mao 2004).

Frequent Itemsets: Frequent itemsets, as defined by Agrawal, Imieliński, et al.

(1993), refer to sets of items that appear together in transactions with a frequency

above a specified threshold. These itemsets consist of items that commonly co-

occur without any particular order. Identifying frequent itemsets is fundamental in

ARM as it serves as the basis for generating association rules that reveal significant

patterns in datasets.

Association Rules: An association rule, originally formalized by Agrawal,

Imieliński, et al. (1993), is an implication of the form X → Y , suggesting that

the presence of itemset X (referred to as the antecedent) implies the presence of

itemset Y (referred to as the consequent) in a transaction. The significance of an

association rule is measured by various metrics that help to assess its relevance and

strength within a domain-specific context (Hahsler 2024).
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Rulesets: A ruleset, as commonly used in ARM studies (Padua et al. 2014; Tan,

Steinbach, et al. 2019; Máša et al. 2024), refers to the collection of all association

rules generated from the frequent itemsets. Due to their complexity and size, rulesets

often require further filtering or pruning to retain only the most relevant rules for

decision-making. Advanced ARM techniques also focus on optimizing rulesets to

reduce redundancy and improve interpretability (Y. C. Chen et al. 2015; Hahsler

2016; De Padua et al. 2018; Ruiz et al. 2020).

Core Stages in the ARM Process

The process flow of ARM, as outlined in foundational and recent literature (Agrawal,

Imieliński, et al. 1993; Han, Pei, Yin, and Mao 2004; S. Zhang et al. 2008), includes

the following steps:

1. Data Preparation: This initial step involves preparing the dataset for anal-

ysis, a critical process that includes data cleaning, transformation into an

appropriate format, and selecting relevant attributes. This step ensures that

the data is both accurate and suitable for identifying associations.

2. Frequent Itemset Generation: At the core of ARM is the task of iden-

tifying frequent itemsets, which are groups of items that appear together in

transactions with a frequency that meets or exceeds a user-specified minimum

Support threshold. Let I = {i1, i2, . . . , im} be a set of items, and let a trans-

action T be a subset of I. The Support of an itemset X ⊆ I is defined as:

Support(X) =
|{T ∈ D | X ⊆ T}|

|D|
(2.1)

where D represents the set of all transactions. Itemsets that satisfy the mini-

mum Support threshold are deemed frequent itemsets.

3. Rule Generation: After identifying frequent itemsets, association rules are

generated from these itemsets. An association rule takes the form X → Y ,

where X ⊆ I, Y ⊆ I, and X ∩ Y = ∅. The rule implies that the presence
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of X in a transaction suggests the presence of Y . Rule strength is typically

evaluated using Confidence and Lift:

Confidence(X → Y ) =
Support(X ∪ Y )

Support(X)
(2.2)

Lift(X → Y ) =
Confidence(X → Y )

Support(Y )
(2.3)

Confidence indicates the reliability of the rule, while lift assesses the rule’s

significance relative to random co-occurrence (Hahsler 2024).

4. Ruleset Formation: The complete set of rules generated from frequent item-

sets is termed a ruleset. This ruleset serves as the foundation for further anal-

ysis and decision-making. It can be refined using additional metrics such as

conviction or leverage (Hahsler 2024), which provide deeper insights depending

on the analysis requirements.

5. Evaluation and Interpretation: The final stage involves evaluating and

interpreting the generated rules. Leveraging both statistical measures and

domain knowledge, this stage is essential for extracting actionable insights

and ensuring the rules have real-world applicability.

The diagram in Figure 2.1 provides a simplified representation of the process.

Figure 2.1: Process flow of Association Rule Mining.

2.1.3 Traditional ARM Methodologies and Limitations

ARM involves identifying relationships between items in transactional datasets. Sev-

eral foundational algorithms have been developed for mining association rules, with

24



Chapter 2. Background and Literature Review

Apriori and FP-Growth being among the most well-known. Each of these algorithms

offers unique solutions to the challenges posed by the high dimensionality and large

size of real-world datasets. Below, we expand on these key algorithms and their

operational principles.

Apriori Algorithm

The Apriori algorithm, introduced by Agrawal, Imieliński, et al. (1993), is one

of the most widely used methods for frequent itemset mining. The core idea behind

Apriori is to utilize the downward closure property, which states that if an itemset is

frequent, all of its subsets must also be frequent. This property allows the algorithm

to prune the search space and avoid examining itemsets that are unlikely to be

frequent.

The algorithm works in a multi-phase process:

1. Frequent Itemset Generation: The algorithm starts by identifying fre-

quent 1-itemsets (i.e., individual items that meet the minimum support thresh-

old). Next, it iteratively generates candidate itemsets of size 2, 3, and so on,

by joining frequent itemsets from the previous iteration.

2. Pruning: At each step, candidate itemsets that do not meet the minimum

support threshold are discarded.

3. Rule Generation: Once all frequent itemsets are identified, the algorithm

generates association rules in the form A → B, where A and B are itemsets.

A rule is considered strong if its Confidence or Support exceeds a predefined

threshold.

While Apriori is conceptually simple and widely applicable, it is computationally

expensive due to the need to scan the entire dataset multiple times and generate

a large number of candidate itemsets, especially for datasets with many unique

items (Han, Pei, and Yin 2000).
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FP-Growth Algorithm

FP-Growth (Frequent Pattern Growth) (Han, Pei, and Yin 2000) is an efficient

alternative to Apriori that avoids the need for candidate generation and reduces the

number of passes over the dataset. The key idea behind FP-Growth is to represent

the dataset in a compressed prefix tree structure called the FP-tree, which stores

itemset frequency information in a compact form.

The FP-Growth algorithm operates as follows:

1. Building the FP-tree: The algorithm begins by scanning the dataset once to

identify the frequent 1-itemsets. These itemsets are then arranged in a sorted

order (according to frequency). A compact tree structure is constructed where

each node represents an item and edges represent itemset co-occurrences across

transactions.

2. Recursive Mining: After the FP-tree is constructed, the algorithm recur-

sively mines frequent itemsets by projecting the database based on conditional

pattern bases, which are smaller databases created from the FP-tree. This pro-

cess continues recursively for each frequent itemset.

FP-Growth significantly improves over Apriori by eliminating candidate gener-

ation and reducing the number of database scans. It is more efficient for large and

dense datasets but can still face memory issues when the FP-tree becomes very

large.

Beyond the Apriori and FP-Growth algorithms, other methodologies like Eclat (Zaki

et al. 1997) and H-Mine (Pei et al. 2001) have been developed to further optimize

ARM processes. Eclat utilizes a vertical data format to speed up frequent itemset

mining, while H-Mine leverages a hyper-structure mining algorithm for scalability.

Despite their innovations, these methods also face challenges related to scalability

and memory usage, particularly with high-dimensional data.

The limitations of these traditional methodologies highlight the ongoing need for

more efficient and scalable ARM techniques. As datasets become increasingly large
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and complex, developing new methodologies that can handle these challenges with-

out compromising performance remains a critical area of research. The importance

of advancing ARM algorithms is underscored by a continuous stream of recent re-

search dedicated to optimizing performance, such as by improving execution speed,

memory efficiency, and scalability (Lajus et al. 2020; Moslehi et al. 2020; Zheng

et al. 2023).

Variants of Association Rule Mining

In addition to the traditional algorithms focused on discovering frequent itemsets, a

wide range of ARM variants has been developed to address domain-specific require-

ments and data characteristics. These variants extend the classical ARM framework

by modifying either the structure of the rules, the nature of the data, or the con-

straints on the mining process.

One important extension is Class Association Rule Mining (CAR), which

focuses on generating rules where the consequent is a class label, making it par-

ticularly useful for classification tasks (W. Li et al. 2001). Multi-support ARM

allows different minimum support thresholds for different items (B. Liu et al. 1999),

addressing the problem that rare but important items may be ignored under a single

global threshold. Quantitative ARM (also known as numeric ARM) deals with

numerical attributes by discretizing them or applying techniques like fuzzy logic

or clustering to uncover meaningful associations involving continuous data (Srikant

et al. 1996). Sequential ARM captures rules over ordered itemsets – essential for

applications such as clickstream analysis or medical treatment planning (Agrawal

and Srikant 1995). Other variants include Weighted ARM, which accounts for

item importance; High Utility Itemset Mining, which incorporates item profit

or utility instead of frequency (Y. Liu et al. 2012); and Constraint-based ARM,

where rule generation is guided by user-defined syntactic or semantic constraints (Ng

et al. 1998).

These extensions reflect the versatility of ARM and its adaptation to a wide
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variety of applications beyond traditional market basket analysis. While each variant

introduces algorithmic changes to suit its goals, they all share the fundamental

objective of uncovering interpretable, useful patterns within large datasets.

2.2 Processing ARMResults and Associated Chal-

lenges

Generating association rules through ARM is not the end of the analytical process.

The next critical step involves using these rules to derive meaningful insights, in-

terpret them effectively, and potentially uncover actionable knowledge. This step,

known as post-mining (Zhao et al. 2009), is essential for translating raw rules into

valuable information that can inform decision-making.

Over the years, various methods have been developed to process ARM results,

including:

• Metrics: Numerous metrics have been introduced to evaluate the strength

and significance of association rules. While Support and Confidence are the

foundational metrics, others like Lift, Leverage, Conviction, and χ2 (the chi-

squared test) provide different perspectives on the data. Each metric serves

a specific purpose, capturing various aspects of the relationships between

items (Tan, V. Kumar, et al. 2004).

• Filtering: To manage the vast number of generated rules, filtering techniques

are employed based on thresholds for Support, Confidence, Lift, or other met-

rics. This helps in focusing on the most significant rules and reduces the

complexity of the ruleset (Brin et al. 1997).

• Clustering: Clustering methods group similar rules together, enhancing in-

terpretability and allowing analysts to identify broader patterns within the

data. Techniques such as hierarchical clustering, k-means, and density-based
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clustering have been successfully applied to association rules (Geng et al. 2006;

Padua et al. 2014; Danh Bui-Thi et al. 2020).

• Substitute Item Mining: The process of identifying items that can serve

as replacements for others, fulfilling similar needs, plays a critical role in retail

and recommendation systems. By uncovering potential substitutes, businesses

can better understand product competition and make informed decisions re-

garding inventory management and marketing strategies (McAuley et al. 2015;

Achanuparp et al. 2016; Sethi et al. 2018; Ruiz et al. 2020; Akkoyunlu et al.

2020; Tkachuk et al. 2022).

• Generalization and Hierarchies: Utilizing taxonomies or hierarchies allows

for the generalization of rules to broader categories, which can simplify analysis

and reveal higher-level patterns (Sethi et al. 2018).

Despite these methods, several common challenges persist in processing ARM

results.

2.2.1 Complexity of ARM Results

Association rule mining often results in the generation of a vast number of rules,

especially with large and complex datasets (Cornelis et al. 2006; Y. C. Chen et al.

2015; Ruiz et al. 2020). This complexity is attributed to the combinatorial nature

of itemset generation and the low thresholds that might be set for Support and

Confidence to capture rare but significant associations. The sheer volume of rules

can be overwhelming, making it difficult for analysts to sift through and identify

the most meaningful ones.

Moreover, many of these rules may be redundant or represent trivial associa-

tions (Berrado et al. 2007; Y. C. Chen et al. 2015). The presence of such noise in

the ruleset further complicates the task of extracting valuable insights. Additionally,

the relationships captured by the rules may be non-intuitive or context-dependent,

requiring domain expertise for proper interpretation.
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2.2.2 Scalability and Efficiency Issues

As datasets grow in size and complexity, scalability becomes a significant concern

in ARM (Agrawal, Imieliński, et al. 1993; Savasere et al. 1998; Lajus et al. 2020).

Traditional algorithms may not scale well with the increasing volume of rules, leading

to lengthy processing times and high computational resource requirements. This

issue is exacerbated when dealing with high-dimensional data, where the number of

possible itemsets grows exponentially.

Efficiency issues also arise in the post-mining phase, where processing and inter-

preting the large rulesets demand significant time and computational power (Y. C.

Chen et al. 2015; Moahmmed et al. 2021; Amit Pande et al. 2022). The need for

real-time or near-real-time analysis in certain applications adds to the urgency of

addressing these scalability and efficiency challenges.

2.2.3 Existing Approaches to Handling ARM Results

Various methods have been proposed to tackle the challenges associated with pro-

cessing large and complex ARM results:

Rule Pruning and Summarization: Techniques such as pruning redundant

or insignificant rules help reduce the size of the ruleset (Toivonen et al. 1995; Alasow

et al. 2020). Summarization methods aim to represent the ruleset concisely without

significant loss of information.

Interestingness Measures: Introducing additional metrics to assess the inter-

estingness or unexpectedness of rules can help focus on the most valuable associa-

tions (Kontonasios et al. 2012; Danh Bui-Thi et al. 2020). These measures consider

statistical significance, novelty, and relevance to the domain.

Visualization Techniques: Visual representations of rules can aid in identify-

ing patterns and relationships that are not immediately apparent from textual data,

as reviewed by Jentner et al. (2019). Visualization helps simplify complex data and

supports exploratory analysis.

Clustering and Grouping: Grouping similar rules using clustering algorithms
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can make the ruleset more manageable (Hahsler 2016; De Padua et al. 2018; Danh

Bui-Thi et al. 2020). These approaches help identify common themes or patterns

within the data.

Constraint-Based Mining: Applying constraints during the mining process,

such as focusing on specific itemsets or rules that meet certain criteria, can reduce

the number of generated rules (Roberto J Bayardo et al. 2000; C. K.-S. Leung 2009).

Use of Advanced Data Structures: Implementing efficient data structures

can enhance the speed and scalability of ARM algorithms (Han, Pei, and Yin 2000).

Structures like FP-trees and hash tables optimize data storage and retrieval opera-

tions.

While these approaches offer partial solutions, there is still a need for comprehen-

sive methods that address efficiency, scalability, and interpretability simultaneously.

This gap underscores the importance of developing new techniques and data struc-

tures that can effectively manage and utilize large ARM results.

2.3 Data Structures in ARM

Efficient storage and retrieval of transactional data and association rules are critical

for knowledge extraction in Association Rule Mining. Various data structures have

been proposed to optimize the management of transactions and association rules,

each with specific strengths and limitations. The following discussion provides an

overview of key data structures used for storing transactions and association rules,

highlighting their distinct characteristics and applicability.

2.3.1 Data Structures for Storing Transactions

The storage and retrieval of transactional data play a crucial role in ARM, as they

form the foundation for identifying frequent itemsets, which are essential for gener-

ating association rules. Various data structures have been developed for transaction

storage, each designed to address specific requirements in ARM. This section ex-

31



Chapter 2. Background and Literature Review

amines several prominent data structures and evaluates their suitability for ARM

tasks.

Linked Lists or Vertical Database

Zaki et al. (1997) proposed parallel algorithms for discovering association rules using

a vertical database layout. This layout organizes transactions by item, followed by

its transaction ID list (TID-List), which lists transactions containing the item. While

effective for support-based frequent itemset mining, this structure is not optimized

for managing association rules or incorporating metrics beyond Support.

In another approach, Xiaobing Liu et al. (2012) introduced a trifurcate linked

list storage structure for directed itemsets,where itemsets are treated as ordered

pairs reflecting the direction of association between items, thereby enhancing ARM

efficiency. While this method focuses on frequent itemset storage rather than asso-

ciation rule management, it optimizes data related to itemsets, including TID-Lists

and Support values. Their structure demonstrates the potential of specialized data

layouts to streamline itemset retrieval, yet highlights a need for further innovations

specifically targeting association rule storage and retrieval. While effective for fre-

quent itemset mining, it does not address broader needs such as managing additional

metrics or relationships between antecedents and consequents, limiting its utility in

comprehensive ARM processes.

Trees

Coenen et al. (2004) proposed the use of T-Trees and P-Trees as data structures for

storing itemsets in ARM. Although these structures focus on itemset storage rather

than association rule management, they are highly efficient for frequent itemset

mining. T-Trees and P-Trees, optimized for support-based tasks, are limited to the

mining phase and do not handle actual rules or metrics such as Confidence.

Vu et al. (2011) introduced the FEM algorithm, which employs the FP-tree data

structure and TID-Lists to efficiently mine frequent patterns from transactional
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databases. While effective for itemset mining, the FEM algorithm does not explicitly

store association rules or manage additional metrics like lift.

Shabtay et al. (2021) proposed the guided FP-Growth algorithm, which combines

FP-tree and TIS-Tree (Targeted Item-Set Tree) structures to optimize itemset min-

ing. This approach efficiently mines itemsets of interest, particularly in imbalanced

datasets, yet does not manage association rule metrics beyond Support.

Item Graphs

The Items Graph, presented by Koh et al. (2010), represents interactions between

items in a dataset through nodes (items) and edges (strength of interactions). Sim-

ilarly, Yen et al. (2001) discussed graph-based methods for discovering association

rules, demonstrating how graphs can effectively represent item relationships. While

advantageous for itemset analysis, graph-based structures are limited to support-

based tasks and do not directly store association rules or additional metrics.

Summary

Data structures such as linked lists, trees, and item graphs are optimized for storing

transactional data and supporting frequent itemset mining. However, these struc-

tures primarily serve the mining phase of ARM and often lack capabilities for han-

dling association rules directly or incorporating metrics beyond Support. This work

aims to address these limitations by focusing on efficient storage and manipulation

of association rules, rather than solely on transactions or itemsets.

2.3.2 Data Structures for Storing Association Rules

Efficient storage and retrieval of association rules are essential for knowledge extrac-

tion in ARM. Various data structures have been developed specifically for managing

association rules, each with unique advantages and limitations. The following sec-

tions explore some key structures for storing association rules, focusing on their ap-

plicability to ARM tasks. A more detailed discussion, including a comparison with
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the novel data structure proposed in this thesis, is presented in Chapter 3, where

design rationale, structural properties, and efficiency considerations are examined in

depth. This background lays the foundation for understanding how different struc-

tures support or limit post-mining operations, and highlights the need for more

integrated and scalable representations.

Data Structures in R and Python

Hahsler, Grun, et al. (2005) discussed the Arules package in R, which employs data

frame structures to manage transactions, itemsets, and rules in ARM. The package

provides an interface for processing association rules efficiently, utilizing classes like

TID-Lists and rulesets.

Stancin et al. (2019) reviewed free Python libraries for data mining, emphasiz-

ing Pandas (McKinney 2010) as a popular tool for handling tabular data, including

association rules. Similarly, Hahsler (2023) introduced Arules.py, a Python pack-

age that integrates Pandas data frames to manage and analyze association rules,

providing a structured approach to rule storage and processing.

Rules Graphs

De Padua et al. (2018) discussed using similarity matrices to facilitate community

detection and clustering in association rules. This graph-based method, where each

rule is a node, supports clustering and community detection tasks. However, it is

limited to clustering applications and does not prioritize efficient storage of associa-

tion rules, which is crucial for scalability and quick retrieval, especially when dealing

with large datasets and real-time analytical tasks.

Jin et al. (2020) proposed the Bundle Graph Convolutional Network (BGCN)

model, which employs a heterogeneous graph for multi-behavior recommendation.

This approach captures intricate item relationships, though it requires extensive

domain knowledge, which can limit its applicability in ARM.
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Rule Lists and Trees

Berrado et al. (2007) proposed a method for organizing discovered association rules

using metarules, which are higher-level abstractions of rules, and storing them in a

graph structure. This approach facilitates the grouping and organization of rules

by capturing relationships and patterns within the dataset. However, it does not

explicitly address the efficiency of storage or retrieval.

D. Bui-Thi et al. (2022) introduced MoMAC, an optimization-based approach

for combining association rules in a rule list data structure. This ordered rule list

efficiently optimizes classifier size and prediction accuracy, although it focuses on

rule combination rather than on individual rule storage.

Alternative Data Structure Approaches

Several alternative approaches to data structures focus on specific tasks such as

rule interpretation, visualization, clustering, and distributed processing. Y. Li et

al. (2014) introduced a multi-tier granule mining approach, utilizing granules at

different tiers to interpret association rules. While effective for interpretation, this

method focuses on granular representation rather than explicitly storing association

rules.

Visualization techniques have also been explored by Jentner et al. (2019), who

examined matrix and graph-based representations. However, these approaches pri-

oritize visual clarity and usability over the analysis of underlying storage structures.

In the domain of clustering, Danh Bui-Thi et al. (2020) proposed using feature

vectors representing semantic and lexical relationships to group association rules.

Although this method improves clustering, it does not address the storage of ARM

metrics or manage rule relationships beyond the clustering application.

For big data environments, Moahmmed et al. (2021) utilized Hadoop MapReduce

to cluster association rules, employing key-value pairs for distributed processing.

While suitable for large-scale data, this approach does not emphasize the details of

data structures used for managing the rules themselves.
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While these methodologies address clustering or multi-tier structures, efficient

data structures tailored specifically for storing and representing association rules

remain underexplored as noted above. Most existing approaches utilize generic data

frames or focus on rule combination without optimizing for rule-specific characteris-

tics. Developing specialized data structures for association rules is essential for en-

hancing speed, memory efficiency, and knowledge extraction capabilities, ultimately

expanding ARM’s potential applications.

2.4 Substitution Item Mining in ARM

Understanding substitution patterns is crucial in various domains, particularly in

retail and marketing, where it informs inventory management, pricing strategies,

and recommendation systems. This section explores the concept of substitution

from both consumer behavior and machine learning perspectives.

2.4.1 Concept of Substitution

From the perspective of consumer behavior and psychology, substitution can be

defined as the act of choosing one product over another that fulfills a similar need

or desire (Kotler et al. 2016). Substitute items are products or services that a

consumer perceives as sufficiently similar to another product or service and which

meet the same needs or desires (Lewin 1936; Hamilton et al. 2014). For example,

tea and coffee can be considered substitutes for each other because they both serve

the purpose of providing a caffeinated beverage to start the day.

However, in the field of economics, substitution is often defined in terms of

price elasticity. Products are considered substitutes if a decrease in the price of

one leads to a decrease in the demand for the other (M. Zhang et al. 2020). This

economic perspective highlights the competitive relationship between products in

the marketplace.

In the field of machine learning, substitution is often analyzed by examining
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transactional data to determine how items co-occur or replace one another. As-

sociation Rule Mining plays a critical role in this analysis by identifying frequent

patterns and uncovering the relationships between items. These patterns provide

valuable insights into substitution behavior, enabling the discovery of items that are

likely to serve as alternatives based on their observed associations (Y. C. Chen et al.

2015).

2.4.2 Substitution in Machine Learning

In machine learning, substitution is analyzed using statistical and computational

methods to identify patterns of interchangeability between items. Association Rule

Mining plays a critical role in this analysis by uncovering patterns and associations

between items based on their co-occurrence.

For instance, Tian et al. (2021) define substitution as products that can replace

each other in consumer choices by analyzing the connections between products in

a bipartite product-purchase network. Substitutability is measured based on the

similarity of shared complements, using cosine similarity between complementarity

scores.

Y. Huang et al. (2021) define substitute items as products within the same

category that can fulfill a similar need or function as the focal product. Their ex-

periments demonstrated how different products within the same category could serve

as substitutes by observing how recommendations influenced customer evaluations

and purchase intentions.

Several studies employ advanced techniques to identify substitute items. For ex-

ample, Yu et al. use similarity-based approaches, collaborative filtering, graph-based

methods, and embedding space techniques to enhance recommendation models by

improving their understanding of user preferences and item relationships (Yu et al.

2024). Similarly, Reddy et al. (2022) classify products into Exact, Substitute, Com-

plement, or Irrelevant matches for queries using a multi-class classification problem
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evaluated with an F1 score1, thereby enhancing search result relevance and under-

standing user intent.

Another approach involves using topic models trained on product data, as demon-

strated by McAuley et al. (2015). Their system, Sceptre, identifies substitute re-

lationships by analyzing product features and generates ranked lists of potential

substitutes based on the inferred relationships between items and features.

Similarly, Lin et al. (2020) focus on clothing outfit complementary item retrieval,

defining substitute items as those that can replace or complement a missing item in

an outfit. Their framework employs a category-based subspace attention network

to find compatible substitutes based on multiple attribute dimensions.

Further contributions include the Cleora algorithm introduced by Tkachuk et al.

(2022), which creates latent embeddings for products using transactional data to

identify substitutes. This approach enables efficient training and accurate identi-

fication of substitute items by analyzing purchasing patterns. Additionally, Amit

Pande et al. (2022) explore substitution techniques for grocery fulfillment and assort-

ment optimization using product graphs. Their work focuses on providing relevant

product recommendations and optimizing product assortments in stores.

While much of the literature on substitute item mining has focused on the re-

lationships between items, the role of context in substitution decisions has received

limited attention. Understanding how factors such as time, location, and individual

preferences influence substitution can provide deeper insights that enhance existing

models.

2.4.3 Contextual Analysis in Substitution

Contextual analysis adds depth to substitution by considering the circumstances un-

der which consumer decisions are made (Shukla 2009; Hamilton et al. 2014; Wang

et al. 2020). Previous research by Achanuparp et al. (2016) introduced the signifi-

1The F1 score is a metric used to evaluate the accuracy of a classification model. It is the har-
monic mean of precision (the proportion of true positive predictions among all positive predictions)
and recall (the proportion of true positives among all actual positives).
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cant novelty of incorporating context into the analysis of substitution based on the

consumption patterns of food pairs in similar contexts. However, their approach

primarily treated context as an isolated feature and did not consider the dynamic

interplay between items within that context.

Another study by Ruiz et al. (2020) analyzed contextual information to pro-

pose concepts of substitution and complementary products. While the method of-

fered valuable insights, it required extensive additional information such as item

attributes, product categories, brands, price variations, and other relevant features,

along with detailed consumer preferences, including seasonal effects and price sen-

sitivities. This reliance on comprehensive metadata can be a significant limitation,

as not all datasets provide such detailed information.

In a slightly different domain, Pellegrini et al. (2021) explored substitution in

the context of ingredient replacement in recipes using language models. Their ap-

proach involved generating contextualized embeddings for ingredients using models

like FoodBERT, computing nearest neighbors for each ingredient embedding, and

identifying potential substitutes based on the similarity of their embeddings. How-

ever, this method solely relies on Natural Language Processing (NLP)2 techniques,

overlooking important association patterns within the transactional dataset, such

as item co-occurrence and frequency. These patterns, which form the basis of asso-

ciation rules, could provide additional insights into substitution decisions that NLP

techniques alone may miss.

Therefore, there is a notable gap in the development of methods that can iden-

tify substitutions by considering the context in which substitution occurs, without

requiring extensive additional metadata or domain knowledge. A methodology that

captures the interplay of items within a specific context based solely on the fre-

quency of their co-occurrence is needed. This would allow for a more universally

applicable approach that is less dependent on detailed supplementary data.

2Natural Language Processing (NLP) is a field of artificial intelligence that focuses on enabling
computers to understand, interpret, and generate human language. NLP techniques are widely
used for tasks like text analysis, machine translation, and language modeling.
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2.5 Visualization Techniques for ARM Results

2.5.1 Importance of Visualization in ARM

Visualizing ARM results is recognized as a challenging task, as indicated by sur-

veys conducted by Hahsler and Chelluboina (2011), Fernandez-Basso et al. (2019),

Jentner et al. (2019), Alyobi et al. (2020), Menin et al. (2021), and Fister et al.

(2023). The complexity arises from the need to represent rules visually while con-

sidering the multitude of associated metrics and distinguishing between antecedents

and consequents, leading to various proposed approaches.

Traditionally, rules are presented as plain tables or text-based methods due to

their simplicity and familiarity. However, these methods often fail to effectively

convey complex relationships.

Although various methods exist, they can be classified into three distinct groups:

scatter plots, matrix-based methods, and graph-based methods.

The scatter plot approach, one of the more basic methods, was introduced

by Roberto J. Bayardo et al. (1999). This method employs a two- or three-dimensional

plot (Ong et al. 2002) to depict rules as dots. Although effective in handling a high

number of rules, scatter plots lack insight into the structure of rules, requiring man-

ual examination of the text-based representation of the original dataset. An example

of scatter plot visuliastion is shown in Figure 2.2.

Matrix-based visualization, as presented by Hofmann et al. (2000), places

antecedent and consequent sets on axes and displays metric values at their intersec-

tions. Despite its efficiency in revealing rule components, it suffers from scalability

issues, particularly as the dataset size increases. A more modern implementation is

provided by Varu et al. (2022).

An improvement to the matrix-based approach is the grouped matrix-based

visualization, as proposed by Hahsler and Karpienko (2017), which alleviates size

concerns by grouping similar rules. However, scalability remains a challenge. An

example of grouped matrix based visuliastion is shown in Figure 2.3.
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Figure 2.2: Example of a Scatter Plot visualization of association rules.

Figure 2.3: Example of a Matrix-Based visualization of association rules.

Graph-based visualization, widely employed in ARM (Klemettinen et al. 1994;

Rainsford et al. 2000; Buono et al. 2005; Ertek et al. 2006; Fernandez-Basso et al.

2019; Alyobi et al. 2020; Menin et al. 2021), provides a clear representation of rule
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structures. However, the main problem remains how to show all the items in a rule

and distinguish between antecedents and consequents. This problem leads to either

excessive size of the plot or low interpretability. Current methods rely on the idea

that two types of nodes exist – items and rules. Items that go into (directed edge)

the rule are antecedents, and edges that go out of a rule node are consequent. An

example of such visualisation is shown in Figure 2.4.

Figure 2.4: Example of a Graph-Based visualization of association rules.

These three main categories are implemented in popular libraries such as arulesViz

for R (Hahsler and Karpienko 2017) and arules.py for Python (Hahsler 2023).

In conclusion, existing ARM visualization methods exhibit limitations in terms

of scalability, interpretability, and representation of rule structures.

2.5.2 Visualization of Substitution Patterns

Visualizing substitution patterns presents specific challenges beyond those encoun-

tered in general ARM visualization. Substitution relationships often involve subtle

and context-dependent interactions between items, which can be difficult to repre-

sent effectively.

Key challenges include:

• Complex Relationships: Substitution patterns may involve inverse rela-

tionships or negative correlations that are not easily captured in traditional

visualization methods (Jentner et al. 2019).
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• Contextual Dependencies: The substitutability of items can depend on

various contextual factors such as time, location, or consumer preferences (Achanu-

parp et al. 2016). Visualizations need to accommodate these dimensions to

provide meaningful insights.

• Scalability: Large datasets with numerous potential substitutions can result

in cluttered and incomprehensible visual representations (Fernandez-Basso et

al. 2019).

• Interpretability: Ensuring that the visualization is intuitive and actionable

for decision-makers is critical. Overly complex or technical visualizations may

hinder understanding (Menin et al. 2021).

The visualization of ARM results is vital yet challenging due to scalability, clarity,

and interpretability constraints. Traditional methods like scatter plots, matrix-

based, and graph-based visualizations offer unique strengths but face limitations.

Substitution patterns add complexity by introducing nuanced relationships and

contextual dependencies that require adaptable, clear representations. Overall, these

limitations highlight the need for advanced visualization techniques that balance

scalability and interpretability, particularly in capturing complex substitution dy-

namics within ARM.

2.6 Gaps in the Current Literature and Summary

A review of the current literature in Association Rule Mining reveals critical gaps

in addressing the challenges of post-mining processes comprehensively. Existing

methods often target specific problems without considering how these solutions can

be integrated into a holistic framework for knowledge discovery. Key gaps include:

• Lack of Efficient Data Structures for Association Rules: While data

structures for transactional data are well-explored, specialized structures for

managing association rules remain underdeveloped. Current approaches often
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rely on generic data frames or focus primarily on transactions, which are not

optimized for the complexity inherent in association rules.

• Challenges in Substitution Mining Without Extensive Metadata: Ex-

isting methodologies for substitution mining frequently depend on detailed

metadata, such as product attributes and consumer preferences. This de-

pendency restricts the applicability of available methods to datasets where

extensive metadata is readily available, thus limiting their versatility.

• Visualization Limitations in Handling Rulesets: Existing visualization

methods struggle with scalability and interpretability when dealing with large

and complex rulesets, particularly for substitution patterns involving sophis-

ticated relationships and contextual dependencies.

• Limited Focus on the Post-Mining Process: Current research often con-

centrates on discovery methodologies themselves, placing less emphasis on in-

tegrating preparation, storage, visualization, and presentation of association

rules into a single framework. This siloed approach limits scalability, efficiency,

and the ability to extract actionable insights.

Developing meaningful insights requires not only robust methodologies for knowl-

edge discovery but also foundational data structures that enable efficient storage and

retrieval. Optimizing data structures lays the groundwork for visualization and in-

terpretation techniques that reveal patterns in an accessible and actionable manner.

This layered approach – beginning with data structures, followed by methodology,

and culminating in effective visualization and interpretation – forms the backbone

of a holistic ARM post-mining process.

Summary and Research Direction: The identified gaps highlight the need

for research aimed at creating:

• A specialized data structure optimized for association rules.

• A substitution mining methodology that does not require extensive metadata.
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• Advanced visualization techniques capable of handling large rulesets and ef-

fectively displaying complex substitution patterns.

• An integrated framework combining these components to improve ARM’s ef-

ficiency, scalability, and usability.

The subsequent chapters detail the methodology and contributions of this re-

search, addressing these gaps by developing an integrated solution for ARM’s post-

mining processes.
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Data Structure for Efficient

Processing of Association Rules

3.1 Introduction

In the context of Association Rule Mining, the efficiency of the post-mining process is

critical, especially when dealing with large datasets that generate extensive rulesets.

The computational complexity associated with storing, retrieving, and manipulating

these rules is often a bottleneck in the practical application of ARM (Ait-Mlouk et al.

2017). Traditional data structures such as hash tables, lists, and trees, while effective

for smaller datasets, struggle to scale efficiently when faced with the magnitude of

modern data, as established in Chapter 2.

To address these challenges, this chapter introduces a novel data structure de-

signed specifically to enhance the efficiency of processing association rules. The

proposed data structure is tailored to optimize the storage, retrieval, and manipu-

lation of large rulesets, significantly reducing the time and computational resources

required for post-mining operations. This data structure serves as the foundation

for the substitute item mining methodology discussed later in this thesis and aims

to bridge the gap between ARM’s powerful theoretical insights and its practical

scalability issues.
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The following sections outline the design principles of the proposed data struc-

ture, its implementation, and the specific advantages it offers over existing ap-

proaches. The theoretical underpinnings that guided its development are explored,

emphasizing improvements in time complexity and space efficiency for managing

association rules. A comparative analysis highlights the performance enhancements

achieved through integration with existing ARM processes.

3.2 Methodology

3.2.1 Trie of Rules

Prefix-trees, such as the FP-tree data structure, are widely used in Association Rule

Mining for storing frequent sequences (Bodon et al. 2003; Grahne et al. 2003; Han,

Pei, Yin, and Mao 2004). However, prefix-trees have not been explored as a data

structure for storing association rules along with their metrics, which can serve as

a valuable alternative to popular “plain” data structures. While prefix-trees have

been extensively applied for frequent pattern storage, their application for managing

association rules introduces additional challenges, such as avoiding redundancy and

maintaining the logical consistency of antecedents and consequents – particularly

when the consequent is lengthy.

This study introduces a novel application of prefix-trees, also known as tries (as

defined by Crochemore et al. (2009)), specifically adapted for storing and manag-

ing association rules. The proposed “Trie of Rules” data structure builds upon the

foundational concept of prefix-trees but extends it by incorporating rule metrics and

ensuring the consistent representation of logically equivalent rules. This innovation

is particularly valuable for graph-based knowledge extraction methods and visual-

izations, as well as for efficient storage and retrieval of rules. While prefix-trees

themselves are not new, their adaptation for storing association rules, including

metric values and logical consistency checks, represents a novel contribution of this

study.
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The proposed data structure takes the form of a graph that contains all rules

and their associated metric values. This structure avoids redundancy by ensuring

that shared components of rules utilize the same path in the Trie, thereby increasing

traversal speed and efficiency.

To ensure consistent storage of logically equivalent rules in the Trie of Rules,

the items within the antecedent and consequent are preprocessed by sorting them

according to their frequency in the frequent set before being inserted into the Trie.

This approach guarantees that rules such as a → b and ab → c, as well as a → b

and ba→ c, are treated identically and stored along the same path in the Trie. By

aligning logically equivalent rules, the Trie minimizes redundancy and enhances the

efficiency of both rule storage and retrieval.

The methodology for using the Trie of Rules can be explained through a three-

step process, with detailed pseudocode for the underlying algorithms provided in

Appendix A:

1. Step 1: Apply an ARM algorithm to a transactional dataset to generate a

list of frequent sequences (a dictionary of the form {list of items : Support})

and a ruleset (a list of Rule objects, see Appendix A, Algorithm 1).

2. Step 2: Preprocess the ruleset by sorting the items within the antecedent

and consequent of each rule based on their frequency in the set of frequent

sequences. Insert the rules into the Trie one by one (see Appendix A, Algo-

rithm 2), using the ruleset and frequent sequences from Step 1 to construct a

Trie object.

This step builds a Trie object (Appendix A, Algorithm 3) using the list of fre-

quent sequences. Each node (Appendix A, Algorithm 4) in the Trie represents

a rule. A rule is encoded as a path from the root to a specific node, where

the consequent corresponds to the final node in the path, and the antecedent

comprises all nodes encountered along the path prior to the final node (see

Fig. 3.1).

48



Chapter 3. Data Structure for Efficient Processing of Association Rules

3. Step 3: Label every node in the Trie with metrics such as Support, Confidence,

and other relevant parameters for the corresponding rule. These metrics are

calculated as described in Appendix A, Algorithm 6 (see Fig. 3.1).

Figure 3.1: The structure of a rule in a Trie of Rules. A rule is represented as a path
from the root to a chosen node, with the last node corresponding to the consequent
and the preceding nodes representing the antecedents.

A simple breadth-first algorithm is used to retrieve rules. To retrieve a specific

rule, refer to Appendix A, Algorithm 7, “Searching a Rule in the Trie.”

3.2.2 An Illustrative Example

Let us consider an example from a simple dataset to illustrate the advantages of

using the Trie of Rules approach.

1. Step 1: In the first step, a ruleset is obtained through an ARM algorithm

applied to the dataset. This can be done using any standard ARM algorithm,

such as Apriori or FP-Max, as the choice of algorithm does not affect the

process of creating the Trie of Rules. The ARM algorithm yields a list of

frequent sequences and a set of rules (see Table 3.1).

2. Step 2: The list of rules serves as the source dataset for creating a Trie of

Rules (see Appendix A Algorithm 2). The trie is initialized with a root node

(Null), followed by the insertion of rules (see Appendix A Algorithm 5) from

Table 3.1 into the trie, one by one. In this example, the first rule inserted

49



Chapter 3. Data Structure for Efficient Processing of Association Rules

Table 3.1: Ruleset and Frequent Sequences

Ruleset Frequent Sequences

№ Rule № Frequent sequence Support

1 f, c, a → m, p 1 f, c, a, m, p 0.1
2 f → b 2 f, c, a, m 0.15
3 c → b 3 f, c, a 0.2

4 f, c 0.25
5 f, b 0.2
7 c, b 0.2
6 f 0.5
8 c 0.3
9 b 0.25
10 a 0.2
11 m 0.15
12 p 0.1

is (f, c, a → m, p). The items of the rule are inserted into the trie as nodes.

Fig. 3.2a shows the trie after the first rule has been fully traversed. Subse-

quently, the second rule (f → b) is inserted into the trie. Note that the element

f has occurred before, as seen in the trie created thus far. Therefore, instead

of creating a new branch, the second rule overlays the existing trie and creates

an additional branch only when the b item occurs. After traversing the second

rule, the trie appears as shown in Fig. 3.2b. The last rule to be inserted is

(c → b). Since this rule differs from others in terms of its first item, a new

branch is created from the root. Finally, after traversing all the rules, the trie

appears as shown in Fig. 3.2c.

(a) (b) (c)

Figure 3.2: Step 2: Insertion of rules (f, c, a → m, p), (f → b), and (c → b). The
Trie of Rules after inserting the first (a), second (b), and third (c) rules is illustrated.
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It is important to note that while a rule, for example, (f, c, a → m, p) is

inserted into the trie, it is treated similarly to a frequent sequence for the pur-

pose of traversal. This means that the antecedent (f, c, a) and the consequent

(m, p) are sorted individually based on their frequency and then concatenated

for insertion. Therefore, it appears in the trie as a sequence but maintains

the distinction of being a rule due to the individual sorting and concatenation

process. This approach ensures that the rules are correctly represented and

stored within the Trie structure.

3. Step 3: Every node in the Trie of Rules is extended with metrics such as

Support, Confidence, and any others corresponding to the rule that the node

represents (see Appendix A Algorithm 6). Refer to Fig. 3.3 for illustration.

Figure 3.3: Step 3. ARM metrics of node a. Each node in the Trie of Rules contains
metrics associated with the rule it represents, such as Support, Confidence, and Lift.

3.2.3 Confidence For Compound Consequents

The Confidence Transitivity Property was initially discussed by Luxenburger (1991)

and Kryszkiewicz (2002), where the authors introduced a method for calculating

the Confidence of compound consequents. This property allows the Confidence of a

compound-consequent rule to be determined as the product of the Confidence values

of the nodes in the consequent. The following equations illustrate this property:

Conf(a, b→ c, d) =
Sup(a, b, c, d)

Sup(a, b)
(3.1)
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Conf(a, b→ c) =
Sup(a, b, c)

Sup(a, b)
(3.2)

Conf(a, b, c→ d) =
Sup(a, b, c, d)

Sup(a, b, c)
(3.3)

To prove the point, Equation 3.1 can be derived by combining Equation 3.2 and

Equation 3.3.

Conf(a, b→ c)× Conf(a, b, c→ d) =
Sup(a, b, c)

Sup(a, b)
× Sup(a, b, c, d)

Sup(a, b, c)

=
Sup(a, b, c, d)

Sup(a, b)

= Conf(a, b→ c, d) (3.4)

The Trie of Rules structure naturally employs this property for calculating the

Confidence of compound consequents, allowing faster retrieval through the dataset.

In a Trie of Rules, each node shows Confidence only for a rule with a single-item

consequent; however, the proposed representation model can be used to derive the

value of Confidence for more complex rules directly from the graph. This calculation

is shown in Appendix A Algorithm 7, specifically in line 17. Figure 3.4 illustrates

this concept.

Figure 3.4: A Rule with a compound consequent. This figure illustrates a rule with
a compound consequent and demonstrates that the Confidence for such a rule can
be calculated by simply multiplying the Confidence values of the individual nodes
in the consequent.

This feature is possible because of the specifics of a Trie of Rules. In order to
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calculate Confidence of a rule, two values are used: Support of the antecedent and

Support of the entire rule. As mentioned, the Trie of Rules is based on the prefix-

tree structure. Hence, every path starting from the root is unique because identical

sequences will overlay each other in one path. Consequently, when picking a node

and observing a Support value in it, one can be sure that this value represents true

Support for the sequence equal to the path to this node. Therefore, the calculation

of Confidence does not require any information from other branches. All this allows

us to multiply Confidence values for a sequence of nodes, which further allows us to

evaluate rules with compound consequents in a Trie of Rules.

The next section presents an evaluation of the proposed data structure.

3.2.4 Limitations, Requirements, and Practical Considera-

tions

While the Trie of Rules structure offers significant advantages in terms of efficient

rule traversal, contextual querying, and integration with post-mining tasks, its im-

plementation and maintenance come with several practical considerations.

Creation Overhead: Constructing the ToR involves preprocessing the rule set,

parsing antecedent-consequent relationships, and inserting them into a hierarchical

structure. This operation is more computationally intensive than simply loading

rules from a CSV file into memory. However, this cost is a one-time expense and

is offset by the substantial gains in retrieval performance and contextual analysis in

downstream tasks.

Memory and Storage Requirements: The hierarchical and pointer-based

nature of ToR results in higher memory usage compared to flat representations

(e.g., ‘pandas‘ DataFrames). However, storage overhead remains tractable for real-

world rule sets and can be mitigated through pruning strategies and selective node

expansion.

Updating and Versioning: In dynamic environments where rules may be

added or removed incrementally, ToR requires careful update procedures to maintain
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structural integrity and avoid duplication. While this adds complexity compared to

flat file formats, it also enables controlled versioning and modular updates – features

that are essential for iterative knowledge discovery pipelines.

Comparison with Flat Structures: Simple formats such as CSV files or in-

memory DataFrames offer ease of use and minimal setup costs but provide poor

support for structural queries (e.g., prefix-based rule searches, subtree pruning, or

clustering). These operations are critical for tasks such as substitution mining,

where relational structure among rules encodes valuable semantic information. ToR

enables such operations natively.

Handling Conflicting Rules: The current implementation of the Trie of Rules

does not explicitly resolve or prioritize conflicting rules – cases where multiple rules

share the same antecedent but lead to differing or contradictory consequents. While

the data structure can accommodate such cases by storing all relevant consequents

under the same node, it does not apply conflict resolution strategies such as rule

weighting, ranking, or pruning. Addressing rule conflicts may require additional

post-processing logic or integration with domain-specific criteria, which are consid-

ered out of scope for the current implementation but present a promising direction

for future work.

Use of Graph Databases: Graph DBMSs such as Neo4j are theoretically

well-suited for storing hierarchical structures like the Trie of Rules, as they sup-

port indexed traversal, parent-child relationships, and expressive querying through

languages such as Cypher. Nevertheless, relying on an external DBMS introduces

additional complexity, including setup overhead, dependency management, and po-

tential performance trade-offs for high-frequency batch updates. For these reasons,

the ToR in this work is implemented as a standalone, in-memory or lightweight

persistent structure. This choice ensures portability, low-latency access, and direct

control over traversal logic – qualities that are essential for the specific post-mining

tasks addressed in this thesis.

In summary, while ToR introduces some overhead in creation and maintenance,
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it offers considerable advantages for scalable and interpretable rule processing. Its

benefits justify the added complexity, particularly in scenarios requiring structured

rule exploration, substitution mining, and visualization.

3.3 Evaluation

Evaluating the proposed data structure is essential for assessing its effectiveness in

advancing knowledge discovery methods. The following analyses are conducted:

• Analysis of search time for finding a rule in a ruleset.

• Assessment of how search time varies with different ruleset sizes.

• Evaluation of the memory efficiency of the data structure.

As many knowledge extraction algorithms involve traversing a dataset and search-

ing for certain rules, improving the speed of these operations can substantially en-

hance the efficiency of downstream analytical tasks (Ait-Mlouk et al. 2017). To

benchmark the performance of the Trie of Rules data structure, we compare it

with widely used data structures implemented within pandas and numpy. As dis-

cussed in Section 2.3.2, these structures are representative of state-of-the-practice

tools in association rule mining. Pandas DataFrames are commonly used for storing

and filtering large rulesets in applied workflows, while numpy nd-arrays offer perfor-

mance advantages in contexts involving matrix operations and numerical computa-

tions. Although neither is designed for hierarchical or contextual rule navigation,

their popularity and efficiency in general-purpose data processing make them ap-

propriate baselines. By comparing ToR against these standard tools, we aim to

demonstrate the value of domain-specific structural design in supporting scalable

and interpretable post-mining tasks.

All experiments were conducted on the same machine within the same environ-

ment. The machine used was a MacBook Air (2019) with a 1.6 GHz dual-core Intel
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Core i5 processor, 8 GB of LPDDR3 RAM, a 256 GB SSD, and macOS Sonoma (ver-

sion 14.5). The experiments were conducted within the JupyterLab environment,

using Python 3.11, pandas version 2.1.4, and NumPy version 1.26.2.

3.3.1 Hash Table in Pandas DataFrame

The pandas library provides the DataFrame data structure (McKinney 2010; The

Pandas development team 2024), designed for two-dimensional tabular data han-

dling, akin to spreadsheets or SQL tables. Internally, pandas uses hash tables for

indexing, enabling fast lookups and efficient data operations. With hash table in-

dexing, pandas ensures swift data retrieval based on labels or position, facilitating

operations such as filtering, aggregation, and transformation. This makes it a pop-

ular choice for storing association rules, as modern Python libraries for Association

Rule Mining often default to pandas DataFrame for rule storage.

3.3.2 n-Dimensional Array in NumPy

NumPy (Harris et al. 2020) provides Support for large, multi-dimensional arrays

and matrices, along with a collection of mathematical functions to operate on these

arrays.

NumPy’s ndarray (n-dimensional array) allows for efficient storage and manip-

ulation of large datasets with its Support for multiple dimensions and various data

types. It provides a versatile and efficient foundation for numerical computation

and data manipulation tasks in Python.

The ndarray can serves as a data structure for storing association rules in a

2D matrix format with columns representing antecedent, consequent, Support, and

Confidence.

3.3.3 Experiment on Grocery Dataset

To assess the proposed data structure, we utilized a grocery dataset sourced from the

“arules” package within the R Project for Statistical Computing (Hahsler, Hornik,
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et al. 2006). This dataset, originally introduced in the context of association rule

mining, comprises transactional data collected from a local grocery outlet over a

one-month period. With a total of 9,834 transactions and 169 unique items, this

dataset provides a rich source of information for studying market basket analysis

and deriving meaningful insights into consumer buying patterns.

Experiments were conducted to examine the average search time for finding a rule

in a ruleset constructed with different pairs of Support and Confidence thresholds.

All generated rules were used to construct the data structures. Using Algorithm 7 in

Appendix A, which finds a rule and returns its metrics, all the rules were searched.

This operation is commonly needed in knowledge discovery methods and for typical

user queries to retrieve rule metrics. As shown in Figure 3.5, the average search

time was compared across various Confidence and Support values, demonstrating

how the size of the ruleset affects the search time. To cover a broad spectrum of

ruleset sizes, ensuring both sparse and dense rulesets were included in the analysis, a

range of 100 different minimum Support thresholds between 0.003 and 0.0135, along

with four different Confidence values: 0.01, 0.1, 0.2, and 0.3, was chosen.

The results in Figure 3.5 clearly show that the Trie of Rules consistently out-

performs the other data structures in terms of search time, particularly for large

rulesets generated with lower Support thresholds. This demonstrates the scalability

of the Trie of Rules, as it maintains efficient search times even as the ruleset size

increases. In contrast, the Pandas DataFrame shows significant performance degra-

dation as the ruleset grows, highlighting its inefficiency for handling large datasets.

The NumPy-based approach performs better than the Pandas DataFrame but is

still less efficient than the Trie of Rules. These findings underscore the suitability of

the Trie of Rules for applications requiring fast rule retrieval across varying ruleset

densities and sizes.

Based on this analysis, a minimum Support threshold of 0.005 and a Confidence

threshold of 0.1 were selected for a more detailed evaluation. These values provided

a balance between having a manageable number of rules and sufficient Confidence for

57



Chapter 3. Data Structure for Efficient Processing of Association Rules

Figure 3.5: Comparison of average search time for rules in different data structures
across varying Support and Confidence thresholds (the thresholds refer to those
used during the rule generation phase to produce the initial ruleset from the source
data). The Trie of Rules demonstrates superior performance, particularly for larger
datasets.

meaningful insights. The specific values allowed for generating a comprehensive set

of rules while avoiding the extreme cases of very sparse or excessively dense rulesets.

The ARM algorithm generated 1,001 frequent sequences and 1,752 association rules.

Figure 3.6a demonstrates the results of searching all rules in each data structure,

with a summary of the results provided in Table 3.2. The average search time for

the Trie of Rules was 1.63 microseconds, significantly lower than that of Pandas

DataFrame, which was 770 microseconds, and NumPy, which was 183 microseconds.

The total time taken to search all rules was 0.00287 seconds for the Trie of Rules,
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Table 3.2: Summary of Evaluation on Grocery Dataset
(1,752 rules, minimum Support = 0.005, minimum Confidence = 0.1)

Trie of Rules Pandas DataFrame NumPy

Total traversal time (sec) 0.00287 1.361 0.320
Average search time (µs) 1.63 770 183
Size (megabytes) 0.917 1.996 0.0564

1.361 seconds for Pandas DataFrame, and 0.320 seconds for NumPy.

(a) Comparison of search time of rules
in a ruleset between Trie of Rules, Pan-
das DataFrame, and NumPy data struc-
tures.

(b) Distribution of differences between
search time in Trie of Rules and Pandas
DataFrame and NumPy.

Figure 3.6: Search time analysis and comparative statistics for Trie of Rules, Pandas
DataFrame, and NumPy.

Pairwise t-tests confirmed the significance of these differences (Fig. 3.6b). The

t-test comparing the Trie of Rules and Pandas DataFrame yielded a t-statistic of

t = −14.5, degrees of freedom df = 1751, and a p-value p < 0.001. Similarly, the

comparison with NumPy showed t = −12.07, df = 1751, and p < 0.001. These

results strongly suggest rejecting the null hypothesis that the mean search times of

the Trie of Rules and the alternative data structures are equivalent, confirming the

efficiency of the proposed approach.

The Trie of Rules utilizes a compact representation. The number of nodes is

always approximately equal to the number of rules as indicated by Figure 3.7a. The

number of internal nodes and leaves grows linearly with the total number of items

in all rules, as shown in Figure 3.7b. The linear growth of internal nodes and leaves
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relative to the total number of items in all rules highlights the scalability of the Trie

of Rules. This property ensures that even as the size of the ruleset increases, the

data structure maintains predictable and manageable growth, making it suitable for

large-scale datasets. This efficiency in node representation contributes to reduced

memory usage and faster traversal times.

(a) Comparison of the number of nodes
with the size of the ruleset.

(b) Comparison of the number of nodes with
the total number of items in rules.

Figure 3.7: Analysis of node count relative to ruleset size and total item count. The
figure highlights the linear dependency of node growth on ruleset size, emphasizing
the scalability of the Trie of Rules.

3.3.4 Experiment on Retail Dataset

To further evaluate the scalability of the proposed data structure, a larger dataset

was used. The Retail dataset (D. Chen 2015) contains information related to online

retail customers, capturing their transactional behavior over a given period. It

consists of approximately 18,000 transactions and 3,600 different items. To produce

a larger set of rules, suitable for thoroughly examining the effectiveness and efficiency

of the data structures, a minimum Support threshold of 0.002 and a minimum

Confidence threshold of 0.2 were chosen, resulting in 45,362 frequent sequences and

381,912 association rules. The summary of the evaluation is presented in Table 3.3.

Traversing through all rules in the Trie of Rules took 9.4 seconds with an average

time of 24 microseconds. For NumPy, the total time was 5 hours with an average

time of 48.9 milliseconds, while for Pandas DataFrame, it took more than 7 hours
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Table 3.3: Summary of evaluation on Retail Dataset
(381,912 rules, minimum Support = 0.02, minimum Confidence = 0.2)

Trie of Rules Pandas DataFrame NumPy

Total traversal time (sec) 9.4 27,766 18,675
Average search time (ms) 0.024 72 48.9
Size (megabytes) 188 452 12

to traverse through the whole dataset with an average time of 72 milliseconds.

The Trie of Rules boasted impressive space efficiency, as evidenced by its com-

pact representation. The tree has a height of 9, comprising 248,864 leaf nodes and

141,053 internal nodes, occupying 188 megabytes of memory. Meanwhile, NumPy

and DataFrame both contained 381,912 rows, with NumPy consuming only 12

megabytes of memory and DataFrame 452 megabytes. These results underscore the

Trie of Rules’ capacity for space optimization, further emphasizing its suitability for

handling large-scale datasets.

On this larger dataset, the time to create a Trie of Rules was also measured. As

shown in Figure 3.8, the creation time is linearly dependent on the size of the ruleset.

The plot indicates that the slope is approximately 0.4 seconds per 100,000 rules. This

linear relationship suggests that the Trie of Rules scales efficiently with increasing

ruleset sizes, maintaining a predictable and manageable increase in creation time as

the number of rules grows.

Figure 3.8: Time required to create a Trie of Rules (in seconds) as a function
of the ruleset size. The creation time grows linearly with the size of the ruleset,
demonstrating the efficiency of the proposed method.
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In conclusion, the Trie of Rules outperforms both Pandas DataFrame and NumPy

in search time and outperforms Pandas in space efficiency across different datasets.

This faster search time can be attributed to the Trie of Rules naturally clustering

rules, narrowing the search space with each additional item as it traverses deeper

into the tree. Its structural efficiency and fast traversal make it a promising can-

didate for efficiently handling large-scale datasets. Moreover, its unique properties,

such as a breadth-first search strategy and optimized space usage, contribute to its

effectiveness in knowledge extraction tasks.

3.3.5 Discussion on Neo4J and Trie of Rules

Neo4J is a graph database management system optimized for managing relationships

and patterns through graph-based storage (Neo4j 2012). In contrast to Neo4J, which

functions as a comprehensive database system with diverse capabilities, the Trie of

Rules represents a methodology specifically designed to enhance the storage and

retrieval of association rules within the context of ARM. This methodology offers a

lightweight and specialized approach that can be integrated into existing tools and

libraries, such as Pandas and NumPy, to evaluate and benchmark its efficiency.

Although the Trie of Rules was not implemented within Neo4J for this research,

such an implementation could potentially exploit Neo4J’s graph-based architecture,

enabling enhanced scalability and support for more complex queries. Demonstrating

the performance of the Trie of Rules in a Neo4J environment is a promising avenue

for future exploration. This study focused on assessing the methodology within a

consistent experimental framework using widely adopted tools to ensure the com-

parability of results. The aim was to isolate and emphasize the inherent advantages

of the Trie of Rules as a data structure for ARM.
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3.4 Summary

Efficient data structures are fundamental for scaling Association Rule Mining to

larger datasets and facilitating advanced analysis. This chapter introduced the “Trie

of Rules,” a novel data structure specifically designed to address the challenges of

rule storage, retrieval, and traversal in ARM. By leveraging a prefix-tree graph

structure, the Trie of Rules offers a scalable and systematic approach to managing

complex rulesets, addressing the limitations of traditional storage methods such as

plain tables or hash-table-supported data frames.

The Trie of Rules organizes rules into a prefix-tree graph structure, enabling

faster traversal through the ruleset and reducing the time complexity of knowledge

discovery methods. Comparative analysis with existing methods demonstrated that

the Trie of Rules provides superior efficiency in terms of traversal time, particularly

for large and complex rulesets. This innovative data structure serves as a valu-

able tool for knowledge extraction, with significant implications for enhancing rule

exploration, post-mining processes, and visualization techniques in ARM.

The practical application of the Trie of Rules for real-world substitution min-

ing and visualization is demonstrated in Chapter 6, where the effectiveness of the

structure is evaluated in an integrated case study.
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Substitute Item Mining

4.1 Introduction

Association Rule Mining has been widely used to discover interesting patterns and

relationships among items in large datasets. Traditional ARM techniques focus

on identifying items that frequently occur together, providing valuable insights for

applications such as market basket analysis, recommender systems, and inventory

management. However, these techniques often overlook the identification of substi-

tute items – items that can replace each other in fulfilling similar needs or functions.

Substitution item mining is crucial in domains such as retail, e-commerce, and

supply chain management. Understanding substitution patterns enables businesses

to optimize inventory levels, improve product recommendations, and enhance cus-

tomer satisfaction by offering suitable alternatives when preferred items are unavail-

able. It also aids in competitive analysis by revealing how products compete within

the same market segment.

Existing methods for substitution mining frequently rely on extensive meta-

data (Sethi et al. 2018), domain-specific knowledge (Pellegrini et al. 2021), or com-

plex modeling approaches that may not be practical for all datasets (Ruiz et al.

2020). Moreover, a substantial body of research infers substitutability based on

global similarity measures, such as lift, confidence, Jaccard similarity (Sarwar et

al. 2001a), collaborative filtering (Sarwar et al. 2001b; Koren et al. 2009), or la-
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tent space embeddings (Grbovic et al. 2015; Vasile et al. 2016). These techniques

typically assess substitution relationships independently of the specific transaction

context, treating substitutability as a global property of items across the entire

dataset.

While these context-free approaches have proven effective in various recommen-

dation and retrieval tasks, they often fail to capture the situational nuances that

arise when the presence of particular items influences the substitutability of others.

In contrast, the methodology proposed in this thesis introduces a context-sensitive

framework for substitution mining, where substitutability is evaluated relative to

specific antecedent conditions derived from association rules. By incorporating con-

text into the analysis, this approach enables a more behaviorally grounded and flex-

ible identification of substitution patterns, without requiring additional metadata

or domain expertise.

To address the limitations of existing methodologies, this chapter presents a sub-

stitution mining method built upon the structure and traversal capabilities of the

Trie of Rules developed in Chapter 3. The proposed approach integrates contextual

analysis, similarity measures, and co-appearance patterns, enabling efficient compu-

tation of exclusion-based substitution relationships directly from transactional data.

Details on how the Trie of Rules facilitates this process and a practical application

of the methodology is demonstrated through a real-world case study in Chapter 6.

4.2 Methodology

To effectively quantify item substitution, we introduce a novel approach by defining

substitution through three key parameters: context, similarity, and co-appearance.

The relationship is captured by the following equation 4.1:

Substitution = f(context, similarity, co-appearance) (4.1)
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where f represents a function that integrates these three parameters to quantify the

likelihood that one item is a substitute for another.

The context (C) refers to the environment or scenario where two potentially

substitutable groups of items are compared. It represents the specific conditions

under which substitution dynamics are observed. In this methodology, the context

is expressed as the antecedent in association rules. That is, C consists of items

that commonly co-occur with the items being compared, providing a situational

framework for analyzing their potential to act as substitute items.

Dispersion measures the variability or spread between values and is often used

to quantify how much a set of numbers differs from one another (Newbold et al.

2013). In this work, dispersion is used to assess the difference in Support values of

items within a given context, providing a foundation for evaluating their similarity.

The similarity (Sim) between items within a given context is calculated using

the dispersion of their Support values. Dispersion between two values, x and y, is

defined as:

Dispersion(x, y) =
|x− y|
x+ y

(4.2)

This formula, as outlined in Newbold et al. (2013), provides a normalized measure

of the difference between two values, ranging from 0 (no difference) to 1 (maximum

difference).

Building on this concept, the notion of similarity between items A and B within

a specific context C is introduced. Applying the dispersion measure to the Support

values of A and B within the context C, the similarity is defined as:

Similarity(C,A,B) = 1−Dispersion (sup(C → A | ¬B), sup(C → B | ¬A)) (4.3)

where:

• A and B represent the sets of items being compared.

• sup(C → A | ¬B) is the Support value for the rule C → A, excluding B.
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• sup(C → B | ¬A) is the Support value for the rule C → B, excluding A.

• The exclusion condition can be formally defined as:

sup(C → A | ¬B) = sup(C → A)− sup(C → AB) (4.4)

This expression reflects the number of transactions where C and A co-occur

without B. In the context of substitution mining, it captures the weakening of

the C → A association when B is present, and thus contributes to identifying

potential substitutes or competing relationships.

Expanding the similarity equation gives:

Similarity(C,A,B) = 1− |sup(C → A | ¬B)− sup(C → B | ¬A)|
sup(C → A | ¬B) + sup(C → B | ¬A)

(4.5)

This formulation expresses similarity as one minus the normalized difference

(dispersion) between the Support values for A and B, conditioned on their shared

context C. A similarity value close to 1 indicates high alignment between the Sup-

port values of A and B, suggesting that they are strong substitutes within the

given context. Conversely, a lower similarity value indicates a reduced substitution

potential.

To calculate similarity, this methodology uses Support values for each item within

the given context while excluding the co-occurring item. Support is chosen as it

represents the frequency or prevalence of certain items within transactions, making

it an essential measure in Association Rule Mining. High Support values indicate

that an item or a set of items frequently appears within the dataset, which is crucial

for identifying potential substitutes.

In this context, excluding B when calculating sup(C → A | ¬B) (and vice versa)

serves to isolate the individual presence of each item in the context without the

influence of the other. This separation has two primary benefits:

1. Isolating Individual Contribution: Excluding B when measuring Support
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for A (and vice versa) allows the distinct presence of each item within the

context to be captured independently. This allows us to evaluate whether each

item can effectively stand alone in that context, which is essential for assessing

substitutability. If both items display high Support values independently of

each other, it suggests they could fulfill similar roles within that context,

supporting the idea that they are substitutes.

2. Avoiding Confounding Effects of Co-Occurrence: Including both A and

B when calculating Support might make it difficult to distinguish whether

their Support values are due to individual popularity or their tendency to

appear together. Excluding B when examining A’s Support ensures that A’s

prevalence is not influenced by associations withB, providing a clearer measure

of its independent presence. This helps prevent a confounding effect where

frequent co-occurrence could otherwise artificially inflate similarity, leading to

a potential misinterpretation of association as substitutability.

Using Support and excluding the other item when calculating similarity therefore

isolates each item’s behavior, offering a clearer view of how independently prevalent

each is within the context. This approach aligns with the objective of identifying true

substitutes by emphasizing individual behavior rather than joint patterns, leading to

a more reliable similarity measure that accurately reflects potential substitutability.

The similarity value ranges between 0 and 1, where a value close to 1 indicates

high similarity (i.e., the items behave similarly within the given context), and a

value close to 0 indicates low similarity.

Similarity highlights how similar the behavior of two potential substitutes is

within a given context. If both items have similar Support within that context,

they are considered similar. Conversely, if one item appears frequently while the

other is significantly less frequent, it suggests differing behavior of those items in

that context.

The co-appearance (Coapp) of items measures how often two sets of items,

A and B, appear together within the context C. This concept is rooted in joint
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probability and association rule mining principles (Agrawal, Imieliński, et al. 1993),

where joint probability quantifies the likelihood of two events occurring simultane-

ously. Co-appearance, in the context of itemsets, captures whether items tend to be

used or purchased together frequently or rarely, giving insights into their associative

strength within a specific context.

In probabilistic terms, the joint probability P (A ∩ B) represents the probabil-

ity that both events A and B occur simultaneously. Similarly, co-appearance in

association rule mining quantifies how often two itemsets co-occur relative to their

individual occurrences within a specified context.

Co-appearance can be expressed as follows:

Co-appearance(A,B) =
P (A ∩B)

P (A) + P (B)− P (A ∩B)
(4.6)

This ratio compares the joint occurrence P (A∩B) of A and B to the total occur-

rences of A and B, adjusting for overlap to prevent double-counting. In association

rule mining, this can be interpreted as the frequency with which A and B co-occur

relative to their total occurrences.

Adapting this concept to the co-appearance of itemsets A and B within a specific

context C, the co-appearance is calculated as:

Co-appearance(C,A,B) =
sup(C → AB)

sup(C → A | ¬B) + sup(C → B | ¬A) + sup(C → AB)

(4.7)

where:

• sup(C → AB) is the support of items A and B appearing together within the

context C,

• sup(C → A | ¬B) is the support of A in the context of C, excluding B, and is

formally defined as:

sup(C → A | ¬B) = sup(C → A)− sup(C → AB) (4.8)
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• sup(C → B | ¬A) is the support of B in the context of C, excluding A, and is

formally defined as:

sup(C → B | ¬A) = sup(C → B)− sup(C → AB) (4.9)

Figure 4.1: Venn diagram for co-appearance calculation.

Including sup(C → AB) in the denominator ensures that co-appearance reflects

the proportion of times A and B appear together out of all possible occurrences

in the context. This formulation provides a balanced measure of co-occurrence,

emphasizing that frequent co-occurrence is necessary to achieve a high co-appearance

score, even if individual occurrences are high.

The co-appearance value ranges between 0 and 1:

• A value close to 1 indicates that the items frequently appear together within

the context.

• A value close to 0 indicates that they rarely co-occur within the context.

Calculating Substitution

Previous studies have explored substitution using diverse methods, including con-

textualized embedding vectors in natural language processing (NLP) (Pellegrini et

al. 2021) and distributional similarity based on the cosine similarity of context
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vectors (Achanuparp et al. 2016). These approaches, while effective in identify-

ing substitution patterns to some extent, often focus narrowly on co-consumption,

potentially overlooking nuances such as variations in item relevance across different

contexts or the influence of indirect relationships between items. Additionally, many

methods rely heavily on domain-specific knowledge or require extensive metadata,

limiting their applicability to broader or less-structured datasets.

To address these challenges, the proposed methodology expands the analysis

by incorporating both the similarity of items within a given context and their co-

appearance patterns. This dual focus enables a more robust assessment of substi-

tution relationships, capturing not only the direct compatibility of items but also

their behavior across diverse transactional scenarios. By leveraging intrinsic data

patterns as a context rather than external metadata or pre-trained models, the ap-

proach ensures applicability across various domains and datasets.

The substitution score can be calculated as follows:

Substitution = Similarity× (1− Co-appearance) (4.10)

This equation is based on principles of multi-criteria evaluation discussed by Bel-

ton et al. (2002), where each parameter (similarity and co-appearance) serves as a

distinct criterion that influences the overall score. Specifically, this approach aligns

with probabilistic adjustment methods and penalization schemes commonly used in

recommendation systems (Ricci et al. 2011). The reasons behind this approach can

be listed as follows:

1. Independent Criteria Adjustment: In multi-criteria evaluation methods,

criteria are often combined multiplicatively to ensure that each factor in-

dependently contributes to the final score. By multiplying similarity with

(1 − Co-appearance), the calculation reflects how closely items behave (sim-

ilarity) and adjusts for how often they co-occur (co-appearance) without as-

suming that the two factors are directly proportional. This approach allows
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similarity and co-appearance to influence the score independently: high sim-

ilarity increases the score, while high co-appearance reduces it. This interac-

tion models real-world substitutability, where items that behave similarly but

rarely co-occur are more likely to be substitutes.

2. Penalization for Co-occurrence: The term (1−Co-appearance) functions

as a penalty for high co-appearance. Penalization is a common technique in

probabilistic frameworks and recommendation algorithms (Ricci et al. 2011).

By subtracting co-appearance from 1, the formula reduces the substitution

score for items that frequently appear together, thereby filtering out comple-

mentary items that do not serve as substitutes.

In essence, this formula effectively uses a penalty-based approach to adjust sim-

ilarity for contextual co-occurrence, ensuring that the resulting substitution score

represents true substitutability rather than a simple association.

This formulation ensures that:

• If two items are similar but rarely appear together (high similarity, low co-

appearance), the substitution value is high, indicating they are good substi-

tutes.

• If two items are similar and frequently appear together (high similarity, high

co-appearance), the substitution value is low, suggesting they are more likely

complements or associated items.

• If two items are dissimilar, the substitution value is low regardless of co-

appearance, as they do not behave similarly in the context.

The substitution value ranges between 0 and 1, where a higher value indicates a

higher likelihood of substitution.

4.2.1 2D Space Representation

To visualize the substitution dynamics, a 2D space is used with one axis representing

similarity and the other representing co-appearance (Figure 4.2). This representa-
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tion provides deeper insights into the relationships between items, allowing for the

identification of different categories based on their positions in this space.

Figure 4.2: 2D Space representation of similarity and co-appearance. The gradient
in the lower right quadrant represents the strength of substitution, with darker
shades indicating a higher likelihood that the items are substitutes. This visual
demonstrates how items with different combinations of similarity and co-appearance
values fall into various categories.

The four quadrants represent:

1. #1 – High similarity and low co-appearance (Bottom Right Quad-

rant): Items here are likely substitutes. They behave similarly within the

context but rarely appear together, indicating that consumers may use them

interchangeably.

2. #2 – High similarity and high co-appearance (Top Right Quadrant):

Items in this quadrant are associated and may form strong association rules.

They frequently appear together and have similar frequencies, suggesting com-

plementary or related usage. For example, bread and butter are often pur-

chased together.
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3. #3 – Low similarity and low co-appearance (Bottom Left Quadrant):

Items here are neither similar nor frequently appear together, indicating little

to no relationship.

4. #4 – Low similarity and high co-appearance (Top Left Quadrant):

Items in this quadrant might be supplementary. One item may be less frequent

but often purchased with a more popular item, serving as an accessory or

enhancement. For instance, a laptop and a laptop cooling pad.

4.3 Evaluation

Evaluating substitution methodologies presents unique challenges, primarily due to

the lack of ground truth data that accurately reflects consumer choices and context.

To address this, different approaches are employed depending on the evaluation goal.

Subjective methods, such as expert opinions (Amit Pande et al. 2022; Tkachuk et

al. 2022), provide qualitative insights but are inherently limited by bias and lack

of scalability. In contrast, quantitative metrics, such as confusion matrices or F1

scores (Peng et al. 2002; Pellegrini et al. 2021), offer an objective way to evaluate

model performance by comparing predicted outcomes to observed data. Statistical

tests can further validate these results by analyzing the significance of differences

between predictions and observations (Draper et al. 1998). Surveys capturing human

perspectives on substitutability (McAuley et al. 2015; Achanuparp et al. 2016; M.

Zhang et al. 2020) provide a complementary method, bridging the gap between

subjective and quantitative evaluations.

Most existing methods for substitute item mining are based on collaborative

filtering, global similarity metrics, or metadata-driven approaches (Sarwar et al.

2001a; Koren et al. 2009; Grbovic et al. 2015), and typically do not incorporate

transaction-specific context. The method proposed in this thesis differs fundamen-

tally by identifying substitution relationships in a context-aware manner, using as-

sociation rule interactions without relying on external metadata. As a result, direct
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quantitative comparison to these methods would not be meaningful, since the eval-

uation objectives and assumptions differ substantially. Instead, the effectiveness

of the proposed methodology is assessed through internal validation and alignment

with human judgment, focusing on whether the discovered patterns are interpretable

and consistent with real-world substitutability perceptions.

To address this challenge, the proposed substitution mining methodology was

applied to real-world retail data to generate predicted substitution values for var-

ious item pairs. Subsequently, a survey was conducted among a diverse group of

participants to capture their perceptions of substitutability for the same item pairs.

By comparing the model’s predictions with the participants’ responses, it is possi-

ble to assess how well the methodology aligns with human intuition and real-world

substitutability perceptions.

4.3.1 Data Collection and Survey Design

The evaluation utilized the Groceries dataset (Hahsler, Hornik, et al. 2006), a widely

used dataset in Association Rule Mining research. This dataset contains transac-

tional data from a retail grocery store, providing a suitable basis for deriving sub-

stitution patterns.

From the generated substitution values using the proposed methodology, a se-

lection of item pairs was made to include both high and low predicted substitution

scores. This ensured that the evaluation would cover a range of substitutability

scenarios.

An online survey was designed and approved by the Dublin City University Re-

search Ethics Committee. Participants were recruited through various channels,

including surveyswap.io and student communities at Dublin City University, to en-

sure diversity in the sample.

Participants were provided with a clear definition of substitution, along with

examples, to ensure consistent understanding. The survey consisted of 23 questions,

each presenting an item pair within a specific context, formatted as:
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“In the context of item(s) C, how substitutable is item A for item B?”

A total of 31 participants were asked to rate the substitutability on a Likert scale

from 1 (Not substitutable at all) to 5 (Perfectly substitutable).

The survey data were organized in a matrix format, with participants as rows

and questions as columns, as shown in Table 4.1. The data elements are described

as follows:

• ri: Represents respondent i in the set of respondents R.

• aij: Denotes the answer by respondent i to question j, with all answers in the

range [1, 5].

• qj: Refers to question j in the set of questions Q.

• pj: Indicates the unscaled predicted value for question j, in the range [0, 1],

generated by the substitution model.

• p̃j: Represents the scaled predicted value for question j, transformed to match

the survey’s [1, 5] rating scale using the formula:

p̃j = 1 + 4× pj (4.11)

Here, p̃j allows for a direct comparison with the survey responses.

Table 4.1: Organization of survey responses and predicted substitution values

Participant (i) Question 1 Question 2 . . . Question j

1 a11 a12 . . . a1,j
2 a21 a22 . . . a2,j
...

...
...

. . .
...

i ai,1 ai,2 . . . ai,j

Predicted (unscaled) p1 p2 . . . pj
Predicted (scaled) p̃1 p̃2 . . . p̃j
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4.3.2 Statistical Analysis Methods

To evaluate the alignment between the model’s predicted substitution values and

participants’ responses, several statistical methods were employed:

• Mixed-Effects Models: Mixed-effects models are well-suited for handling

hierarchical data structures, as they account for variability appearing from

differences between participants and questions, enabling more precise infer-

ence (Bates 2007; Demidenko 2013).

• Logistic Regression: Applied to assess the ability of the model to classify

item pairs as substitutes or non-substitutes based on predicted substitution

values. This method evaluates the predictive power of the model in a binary

classification context.

4.3.3 Mixed-Effects Models

Mixed-effects models are statistical techniques used to analyze data that involve

both fixed effects and random effects, particularly when the data have a hierarchical

or grouped structure (Demidenko 2013). They are especially suitable for datasets

where observations are grouped at more than one level, such as participants and

questions in this study. Mixed-effects models allow for the modeling of the influence

of predictor variables that are consistent across all observations (fixed effects) while

accounting for variability introduced by grouping factors (random effects).

A fixed effect represents the average effect of a predictor variable that is as-

sumed to be the same across all levels of the grouping factors. In this analysis,

the fixed effect is the predicted substitution value, pj, which is consistent across all

participants for a given question.

A random effect captures the variability in the response variable that is asso-

ciated with the specific levels of the grouping factors, such as individual differences

among participants or unique characteristics of questions. Random effects are as-

sumed to be randomly sampled from a population, allowing the model to account for
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correlations within groups and variability that is not explained by the fixed effects.

In this analysis, the participant ratings, aij, are modeled as a function of the

predicted substitution values, pj, with random effects for participants and questions:

aij = β0 + β1pj + ui + vj + ϵij (4.12)

where:

• aij: Rating given by participant i to question j.

• pj: Predicted substitution value for question j.

• β0: Intercept term representing the overall average rating when pj = 0.

• β1: Fixed-effect coefficient representing the average effect of the predicted

substitution value on participant ratings.

• ui ∼ N(0, σ2
u): Random effect for participant i, capturing individual deviations

from the overall mean rating.

• vj ∼ N(0, σ2
v): Random effect for question j, capturing question-specific devi-

ations from the overall mean rating.

• ϵij ∼ N(0, σ2
ϵ ): Residual error term representing unexplained variability not

accounted for by the fixed or random effects.

This model effectively captures the hierarchical structure of the data, where

ratings are nested within participants and questions. The fixed effect β1 allows for

the assessment of the overall relationship between the predicted substitution values

and participant ratings across all participants and questions.

This approach acknowledges that observations are not independent but may be

correlated within participants or questions, and it adjusts for this in the estimation

process. It quantifies how well the model’s predictions align with human judgments

and identifies the extent to which variability in ratings is due to differences among

participants, questions, or unexplained factors.
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Model Results The fixed-effect coefficient for the predicted substitution value

was found to be statistically significant:

• Fixed effect (β1): 1.25, SE = 0.5, t = 2.26, p < 0.05.

• Intercept estimate (β0): 2.2, SE = 0.36, t = 6.05, p < 0.05.

This indicates a strong positive relationship between the model’s predicted substi-

tution values and the participants’ ratings, suggesting that the model effectively

captures human perceptions of substitutability.

The variance components for the random effects were estimated as:

• σ2
u (Participants) = 0.1

• σ2
v (Questions) = 0.78

• σ2
ϵ (Residual) = 1.27

The Intraclass Correlation Coefficient (ICC) was calculated to assess the pro-

portion of variance attributable to the random effects. The ICC provides a measure

of how much of the total variability in the data can be explained by the grouping

structure (Shrout et al. 1979) – in this case, differences between participants and

differences between questions.

The ICC is calculated by dividing the variance component of interest by the

total variance, which includes all variance components (random effects and residual

error). This gives the proportion of the total variance that is attributable to that

specific random effect.

For participants, the ICC is calculated as:

ICCParticipants =
σ2
u

σ2
u + σ2

v + σϵ2
=

0.1

0.1 + 0.78 + 1.27
=

0.1

2.15
≈ 0.049 (4.13)

For questions, the ICC is:

ICCQuestions =
σ2
v

σ2
u + σ2

v + σϵ2
=

0.78

0.1 + 0.78 + 1.27
=

0.78

2.15
≈ 0.363 (4.14)
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These ICC values indicate that approximately 5% of the variance is due to dif-

ferences between participants, and 36% is due to differences between questions. The

residual variance accounts for the remaining proportion:

Residual Variance Proportion =
σ2
ϵ

σ2
u + σ2

v + σ2
ϵ

=
1.27

2.15
≈ 0.59 (4.15)

This means that around 59% of the total variance is attributed to residual error,

representing unexplained variability at the individual response level.

An ICC of 5% for participants suggests that individual differences among par-

ticipants contribute only minimally to the variability in ratings. This indicates that

the model performs consistently across participants and is not strongly influenced

by specific individual biases or tendencies to rate substitutions higher or lower.

An ICC of 36% for questions highlights that about one-third of the variability can

be explained by the specific item pairs and contexts presented in the questions. This

suggests that some questions inherently stimulate higher or lower ratings, likely due

to the nature of their content or the perceived substitutability of the items involved.

These results suggest that the model generalizes well across participants. How-

ever, the relatively high variance attributed to questions (36%) indicates the need for

further investigation into how question content and context impact substitutability

ratings.

Random Effects Interpretation The random effects for questions (vj) represent

how much each question’s average response deviates from the overall average, after

accounting for the effect of the predicted substitution value. These random effects

capture question-specific variations not explained by the fixed effect of the predicted

substitution values.

Interpreting the random effects for questions:

• Positive Random Effect: Participants rated the substitution higher than

predicted by the model. This suggests an underestimation by the model for

that question.
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• Negative Random Effect: Participants rated the substitution lower than

predicted by the model. This indicates an overestimation by the model.

• Zero Random Effect: Participants’ ratings align closely with the model’s

predictions. This suggests the model accurately captures substitutability for

that question.

To assess whether the distribution of random effects for questions deviates from

zero, a statistical test was performed with the null hypothesis that the mean of the

random effects is zero. The random effects analysis yielded a mean of −2.66×10−14,

with a standard error of 0.1763, t = −1.51× 10−13, df = 22, and p = 1.0.

The extremely small t-statistic and a p-value of 1 indicate no evidence against

the null hypothesis. Therefore, the mean of the random effects for questions is not

significantly different from zero. This suggests that, on average, the model does not

systematically overestimate or underestimate substitutability across questions.

A plot of the random effects for each question is shown in Figure 4.3. The plot

indicates that the random effects for 12 questions are not significant (their confidence

intervals include zero). The remaining questions show significant deviations, with

some questions exhibiting positive random effects and others negative.

Only a few questions display random effects with absolute values greater than 1,

meaning the model’s predictions for these questions missed participant ratings by

more than 1 point on the Likert scale. These instances highlight where the model’s

performance was notably less accurate. A closer examination of these questions is

provided in the next section.
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Figure 4.3: Random effects for questions. The bars represent the estimated random effect vj for each question, with error bars indicating
the 95% confidence intervals. Positive values suggest underestimation by the model, negative values indicate overestimation, and values
not significantly different from zero imply accurate model predictions.
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Identification of Underperforming Questions

To investigate questions where the model’s predictions did not align well with partic-

ipant responses, a second mixed-effects model was fitted. This model aimed to assess

the differences between questions in terms of participant ratings and the predicted

substitution values:

Diffij = aij − p̃j = γ0 + γj + ui + ϵij (4.16)

where:

• Diffij: Difference between participant i’s rating and the scaled predicted sub-

stitution value for question j.

• γj: Fixed effect for question j, capturing systematic deviations in the differ-

ences for each question.

• ui ∼ N (0, σ2
u): Random effect for participant i, accounting for individual-level

variability.

• ϵij ∼ N (0, σ2
ϵ ): Residual error, representing unexplained variability.

This model evaluates how well the predicted substitution values align with par-

ticipant responses by focusing on the individual questions. Specifically, the fixed

effect γj provides insights into whether the model systematically overestimates or

underestimates substitutability for specific questions.

Estimated Marginal Means: Estimated Marginal Means (EMMs) (Xue et al.

2010) were used to analyze the systematic effects of the model across different ques-

tions, focusing on fixed effects to identify whether the model consistently overesti-

mates or underestimates substitutability for specific questions. Unlike the Intraclass

Correlation Coefficient, which quantifies the proportion of variance attributable to

random effects (differences among participants or questions), EMMs directly com-

pare adjusted group means, revealing systematic biases in the model’s predictions.
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This approach allows for the identification of underperforming questions where the

model fails to align with participant responses.

A plot of the Estimated Marginal Means with confidence intervals (Figure 4.4)

highlights clusters of questions based on their deviation from zero. These clusters

reflect how the model’s predictions align with participant responses for each ques-

tion. Letters assigned to each question indicate groups where questions are not

significantly different from one another, while different letters represent statistically

significant differences between groups.

The EMM analysis identifies distinct clusters of questions, reflecting varying

levels of alignment between participant responses and model predictions.

• Group l: This group, positioned at the top of the plot (Figure 4.4), high-

lights a single question that significantly deviates from the others. Referring

to both the random effects plot of questions (Figure 4.3) and the distribution

of responses per question with predicted values (Figure 4.5), it becomes clear

that the model underestimated the substitution value for this question. This

discrepancy likely arises due to insufficient evidence in the training data to

justify the hypothesis that the corresponding item pair could function as sub-

stitutes within this specific context. However, survey participants identified

this substitution as valuable, potentially influenced by cultural or contextual

factors absent in the training dataset. Similar behavior is observable in cluster

k, but the deviations are less evident.

• Groups a and b: These groups, at the bottom of the plot (Figure 4.4),

represent questions with significant deviations. Response distributions indi-

cate inconsistent participant agreement on the substitutions. While the data

suggest potential substitutes, the lack of strong consensus leads to false posi-

tives. These errors, though not ideal, are less critical in retail applications, as

they highlight substitutes that may appeal to varying customer preferences or

contexts.
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Figure 4.4: Estimated Marginal Means (EMMs) for questions. The EMMs represent the average difference between participant ratings
and model predictions for each question, with error bars indicating 95% confidence intervals. Letters indicate statistical groupings, where
identical letters imply no significant difference between questions.
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Figure 4.5: Distribution of responses per question with predicted Values. The boxplots represent the participant response distributions
for each question, while the red points indicate the predicted substitution values using the proposed methodology. This visual comparison
helps identify alignment or misalignment between participant ratings and model predictions.
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Overall, the EMM analysis demonstrates that the majority of questions align well

with the model’s predictions, as most lie near the center of the plot. However, the

presence of outliers in Groups l and a/b highlights areas where further refinement

of the substitution model or additional data may improve alignment.

In summary, the overall performance of the substitution model is robust, with

the majority of questions aligning well with participant responses. Cases of under-

estimation and overestimation are limited.

4.3.4 Logistic Regression Analysis

To further evaluate from a question perspective, the survey responses were averaged

for each question across all users to determine a general substitutability rating for

each item pair. The approach of averaging across users is justified by the fact that

the variance attributed to differences between participants was found to be less

than 5%, as established in the previous section. Item pairs with an average rating

above 3 were classified as true substitutes, while those with an average rating of

3 or below were classified as non-substitutes. The threshold of 3 was chosen as it

represents the midpoint of the scale, where respondents indicated uncertainty (i.e.,

a rating of 3 implied “maybe yes, maybe no” regarding substitutability). By using

this midpoint, the classification effectively captures general user sentiment, aligning

with the non-personalized nature of the substitute item predictions generated by the

proposed model, which is based on overall behavioral patterns rather than individual

preferences.

To evaluate the performance of the substitution model, a logistic regression anal-

ysis was conducted (Peng et al. 2002). In this model, the observed classification

from survey responses (substitute/non-substitute) served as the dependent variable,

while the substitution score generated by the proposed methodology served as the

independent variable. The logistic regression aimed to evaluate the accuracy of the

model’s binary predictions and determine an optimal threshold within the model’s

output scale (0 to 1) for classifying items as substitutes or non-substitutes. Analysis
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identified an optimal substitution threshold of 0.43, which effectively separates item

pairs into substitutable and non-substitutable categories.

The logistic regression model is:

log

(
P (Substitute)

1− P (Substitute)

)
= β0 + β1p̃j (4.17)

where P (Substitute) is the probability that item pair j is a substitute, and p̃j is

the scaled predicted substitution value.

Table 4.2: Confusion matrix of logistic regression classification

Predicted Non-Substitute Predicted Substitute

Actual Non-Substitute 5 5
Actual Substitute 2 12

Performance metrics:

• Accuracy: 5+12
5+5+2+12

= 17
24
≈ 70.8%

• Precision: 12
12+5

= 12
17
≈ 70.6%

• Recall (Sensitivity): 12
12+2

= 12
14
≈ 85.7%

• Specificity: 5
5+5

= 5
10

= 50%

• F1 Score: 2× Precision×Recall
Precision+Recall

≈ 77.4%

The model demonstrates a good balance between precision and recall, with a

higher recall indicating that the model is effective at identifying true substitutes.

The lower specificity suggests that the model is less effective at correctly identifying

non-substitutes, leading to some false positives (Type I errors). However, in appli-

cations such as recommendation systems, false positives are generally less harmful

than false negatives, as suggesting an item that is not a perfect substitute may still

be acceptable to users. On the contrary, in critical fields such as healthcare, where

recommending the wrong drug could have severe consequences, false positives be-

come a significant issue. In such cases, a more nuanced adjustment of the developed

model is required to account for the higher cost of errors.
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4.4 Summary

Substitute item mining plays a crucial role in understanding consumer behavior

and enhancing decision-making processes in retail and recommendation systems.

This chapter explored the development and evaluation of a novel substitution model

designed to predict substitutability between items. By leveraging association rule

mining, the model offers a structured and scalable approach to identifying substitu-

tion relationships, addressing limitations in existing methodologies that rely heavily

on extensive metadata or subjective assessments.

The evaluation demonstrated that the developed substitution model performs

well, as evidenced by the mixed-effects analysis. The predicted substitution values

significantly align with human responses, confirming the validity of the model’s

methodology. While variability in responses is partially attributed to differences

among participants and questions, the model itself exhibits strong predictive and

generalization capability.

A small subset of questions showed misalignment, particularly those where the

predicted substitution value was overestimated. The data suggest that these sub-

stitutions were plausible within the given context, but participant ratings reflected

differing perspectives. This leads to Type I errors (false positives), which, while not

ideal, are less critical in retail applications. In fact, false positives can be beneficial

in these scenarios as they suggest potential substitutes that may appeal to different

customer segments, thus expanding the range of products that could be relevant to

diverse consumer preferences. In many cases, suggesting a broader variety of sub-

stitutes can enhance the user experience by offering more choices, even if some of

those suggestions might not be perfect for every customer.

Further evaluation through a classification model supported the findings, con-

firming that the model effectively identifies true substitutes. This demonstrates the

robustness and reliability of the proposed substitution model in practical scenarios,

making it a valuable tool for identifying substitution relationships.

89



Chapter 5

Visualization Technique for

Enhanced Interpretation of ARM

Results

5.1 Introduction

Association Rule Mining generates an extensive number of rules that can uncover

significant patterns and relationships within large datasets. However, the substantial

volume and complexity of these rules present considerable challenges for interpre-

tation and analysis. Effective visualization techniques are crucial for transforming

raw ARM results into actionable insights that support decision-making processes.

Traditional visualization methods often face limitations in scalability, interpretabil-

ity, and their ability to reveal hidden knowledge, particularly when handling large

and complex rulesets.

Previous chapters addressed the challenges associated with processing and man-

aging ARM results through the development of the specialized Trie of Rules data

structure and methodologies for substitution item mining without requiring exten-

sive metadata. Building on these foundations, this chapter emphasizes the visual-

ization of ARM results to enhance interpretability and uncover implicitly hidden
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knowledge, such as clusters. While the visualization method introduced here facili-

tates the identification of substitution patterns, the practical discovery and analysis

of substitution patterns using this visualization approach are demonstrated in Chap-

ter 6.

The primary focus of this chapter is to introduce a visualization approach that

utilizes the FP-tree structure, adapted into the Trie of Rules, to represent asso-

ciation rules effectively. This method aims to address the limitations of existing

visualization techniques by offering a scalable and interpretable representation of

ARM results. By overlapping rules with common items and highlighting hierarchi-

cal relationships, the proposed visualization enhances understanding of the data,

facilitating the identification of patterns, clusters, and potential substitute items.

This chapter provides a detailed explanation of the visualization methodology,

focusing on its role in improving the representation of association rules. A case

study illustrates the practical application of the approach, while its effectiveness is

assessed by evaluating user cognitive load in comparison to traditional visualization

methods. The chapter concludes with a discussion of the findings’ implications

and suggestions for future work and potential enhancements to the visualization

technique.

5.2 Methodology

To utilize the Trie of Rules structure for visualizing association rules, the

concept of rules (discussed in Chapter 3) is adapted for visualization purposes. The

Trie of Rules method facilitates understanding of hierarchical relationships between

items and rule formation, while also minimizing the plot size by overlapping rules

with shared items.

Concept of Rules. In the Trie of Rules, each path from the root (Null node)

to a node represents an association rule, where the nodes along the path form

the antecedent, and the final node is the consequent (Fig. 5.1). This structure

allows users to trace the hierarchical relationships between items and understand
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the formation of rules, thereby enhancing the interpretability and manageability of

the visualization.

Figure 5.1: The structure of a rule in a Trie of Rules.

Metrics Display. Metrics are displayed through the color and size of nodes, and

optionally, through the size of the caption near nodes. For instance, in Figure 5.3a,

node size captures Confidence while node color represents Lift, although various

other configurations are possible.

The approach also facilitates the discovery of additional insights, such as clusters

and substitute items:

• Clusters: Groups of items that frequently occur together can be easily iden-

tified through their shared paths in the FP-tree structure, revealing natural

clusters within the data.

• Substitute Items: Items that can replace each other in transactions are

revealed through the overlapping paths in the tree, providing insights into

alternative itemsets.

5.2.1 Confidence for Compound Consequent

A unique feature of the proposed approach is the ability to calculate Confidence

for rules with compound consequents directly from the plot. The Confidence of

a compound-consequent rule can be calculated as the multiplication of Confidence
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values of the nodes in the consequent, as discussed in Chapter 3 Section 3.2.3 and

illustrated in Figure 5.2.

Figure 5.2: A rule with a compound consequent.

Although this method specifically applies to Confidence, the Support value for

items with a compound consequent does not require additional calculation. The

Support of a rule A,B,C → D is equal to the Support of the rule A,B → C,D.

This approach not only enables the derivation of metrics for complex rules but also

resolves the issue of visualizing rules with a consequent consisting of multiple items.

The behavior of other metrics in the context of a Trie of Rules is beyond the scope

of this thesis and is left for future investigation.

It is important to emphasize that the novel contribution of this visualization

approach lies in the structured representation of association rules through the Trie

of Rules format. By organizing rules into a hierarchical trie structure, the method

addresses challenges related to scalability, interpretability, and the overlap of shared

itemsets. Translating the ToR into a graph-style view requires careful adaptation

to ensure that hierarchical relationships are preserved and visually comprehensible.

The actual rendering of the visualization, including layout generation, node po-

sitioning, and graphical encodings (such as node size, color, and label placement), is

handled by standard graph visualization tools such as Gephi. These visual encod-

ing choices are flexible and can be adjusted independently of the underlying data

structure. Thus, the focus of the contribution is on the preparation and structuring

of ARM results into an efficient and interpretable format suitable for graph-based

visualization, rather than on the development of new rendering algorithms.
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5.2.2 Case Study

The implementation and testing of the Trie of Rules methodology were conducted

using the “Online Retail” dataset (D. Chen 2015). This dataset, known for its large

size and sparsity, includes 3,663 unique items and 18,484 transactions. A minimum

Support threshold of 0.015 was applied for the ARM algorithm, generating 234

association rules. The FP-growth algorithm (Han, Pei, and Yin 2000) was employed

to process the dataset, and the developed library (an implementation of the Trie of

Rules methodology1) was used to produce the graph file.

The resulting Trie of Rules was visualized as a graph structure using Gephi

0.9.2 (Bastian et al. 2009). An overlay method “Yifan Hu” (Hu 2006) in Gephi was

applied to enhance the clarity of the visualization.

Figure 5.3a illustrates the Trie of Rules generated from the Online Retail dataset.

The visualization highlights clusters, the hierarchical structure of association rules,

and substitute items, providing valuable insights into the dataset.

There are several valuable implications that can be drawn from exploring Fig-

ure 5.3b:

• The branch that starts with LB RED represents a cluster of rules that con-

sist solely of Lunch Bag (LB) items in different designs, such as Vintage, Pink

Polkadot, and Cars Blue. This indicates that these bags are frequently pur-

chased together in various combinations of designs. Based on this cluster, it

is possible to propose selling these items as sets. Additionally, sets of color

palettes can be suggested based on the association rules observed in the Trie

of Rules, for example, (RED, VINTAGE) or (RED, SUKI DESIGN, PINK

POLKADOT). Since (LB RED) is the starting point of this branch, it can

be inferred that (LB RED) is the most popular item and could serve as the

“default” item in these sets.

• The branch that starts with (PINK TEACUP) forms a hierarchy of rules,

highlighting sub-rules that demonstrate relationships between items. The color

1[https://github.com/ARM-interpretation/Trie-of-rules]

94



Chapter 5. Visualization Technique for Enhanced Interpretation of ARM Results

(a)

(b) Section A

Figure 5.3: (a) Trie of Rules visualization of the ARM results for the online retail
dataset without captions displayed. (b) Zoomed section A of Figure 5.3a. LB stands
for Lunch Bag.
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and size of the nodes indicate high Lift and Confidence values. This branch

consists of two rules:

1. PINK TEACUP → GREEN TEACUP

2. (PINK TEACUP,GREEN TEACUP )→ ROSES TEACUP

The first rule is a sub-rule of the second, illustrating a hierarchical structure

where simpler rules are nested within more complex ones. This hierarchy in-

dicates that these items are frequently purchased together with high probabil-

ity, progressing from individual items to combinations of items. Based on this

structure, these items could be sold as a cohesive set of designs. The hierar-

chical organization naturally suggests a single color palette: (PINK, GREEN,

ROSES).

5.3 Evaluation

Evaluating visualization approaches for Association Rule Mining is a complex task.

Previous studies have employed various methods to assess the effectiveness of visu-

alization techniques:

• Expert-feedback: some researchers simply invite one or two experts to pro-

vide subjective feedback on their method’s effectiveness (Menin et al. 2021;

Varu et al. 2022).

• Example-based-validation: others demonstrate the utility of their visual-

ization techniques using “validation through awesome example” (Ong et al.

2002; C. K. S. Leung et al. 2009).

• Comparative-analysis: another common approach is to outline the advan-

tages and disdavantages of the proposed methods without conducting rigorous

user studies (Fernandez-Basso et al. 2019; Jentner et al. 2019; Hahsler and

Chelluboina 2011; Fister et al. 2023).
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However, those methods are not considered robust enough or objective; liter-

ature suggests using more comprehensive evaluation methodologies, such as those

described by Elmqvist et al. (2012), emphasising the importance of assessing cog-

nitive load and user efficiency, especially when dealing with complex visualization

tasks. Cognitive load refers to the amount of cognitive resources required to per-

form a task. As highlighted by W. Huang et al. (2009), Henike et al. (2020), and

Yoghourdjian et al. (2021), it provides a quantitative measure to compare the effi-

ciency of different visualization methods, making cognitive load a suitable metric in

this study. A conceptual construct of cognitive load in the context of visualization

efficiency (W. Huang et al. 2009) is illustrated in Fig. 5.4.

Figure 5.4: The construct of cognitive load for visualization understanding. The
figure illustrates the components contributing to cognitive load, highlighting factors
critical for effective interpretation of visualizations. Adapted from W. Huang et al.
(2009).

The evaluation in this study focuses on measuring efficiency and learnability,

similar to the approach used by W. Huang et al. (2009). The evaluation process

involved a carefully designed survey and tasks, structured as follows.

5.3.1 Survey Construction

A survey, approved by the ethical committee of Dublin City University, was designed

and conducted as part of this study. To the best of our knowledge, this is the first

attempt to evaluate Association Rule Mining visualization methods using cogni-
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tive load or any other statistical-based method. This evaluation approach provides

unique insights into the usability and efficiency of ARM visualization techniques.

The survey involved 34 participants, all with higher education backgrounds, who

completed it remotely on their personal computers. The LimeSurvey2 platform was

utilized to collect responses and record the time taken for each question, with partic-

ipants informed in advance that their response times were being tracked. Although

the survey was conducted anonymously, the participant pool included 14 second-

year computer science students from Dublin City University. The remaining 20

participants were recruited through SurveySwap3, with a restriction to individuals

having higher education and a technical background. This selection aimed to reflect

the perspectives of potential users of the proposed visualization.

The survey, which took approximately 50 minutes for each participant, included

four sections – one for each type of visualization: scatter plot, matrix-based, graph-

based (for more details on these visualisation techniques see Section 2.5), and the

proposed Trie of Rules approach. The sections were presented in a random order for

each participant. At the beginning of the survey, participants were introduced to

Association Rule Mining to ensure they could perform the tasks effectively. Partic-

ipants were not limited in time and were asked the same questions across different

visualization methods, but with varying items to ensure consistency.

Each section contained 9 questions:

• One introductory question to assess the ease of understanding the visualization

method on a scale from 1 to 10, measuring learnability.

• Four simple questions focusing on tasks such as finding the Support or Confi-

dence of a rule and identifying the rule with the maximum Support or Confi-

dence. For example, “What is the Support of the rule A → B?” or “Which

rule has the highest Support in this dataset?”

2LimeSurvey is an open-source survey tool for creating and managing online surveys. More
details are available at https://www.limesurvey.org.

3SurveySwap is an online platform for exchanging survey participation among researchers. More
details are available at https://surveyswap.io.
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• Four complex questions requiring deeper analysis, such as determining rela-

tionships between rules, identifying substitute items, assessing clusters, count-

ing rules with a specific item, or finding the longest rule. For instance, “Is

item A as popular as item B when purchased with item C?” or “What is the

maximum number of items in a rule in this dataset?”

The questions were divided into two groups – simple and complex – to evaluate

how well each visualization method supports tasks of varying difficulty. Simple ques-

tions were designed to test the basic functionality and efficiency of the visualization

methods, focusing on straightforward tasks. In contrast, complex questions required

deeper cognitive processing, testing the ability of the visualization methods to facili-

tate advanced reasoning and analysis, such as exploring relationships between items

or interpreting complex patterns. This division helps assess whether the methods

are equally effective for both basic and advanced tasks, ensuring a comprehensive

evaluation of their usability and effectiveness.

5.3.2 Measured Metrics

The following metrics were measured to evaluate the effectiveness of the visualization

techniques:

• Response Time (RT): The time taken to complete each task. Shorter re-

sponse times indicate more efficient visualizations.

• Cognitive Gain (CG): The correctness of the answers provided. Higher

accuracy indicates higher cognitive gain and, consequently, more effective vi-

sualizations.

• Mental Effort (ME): Self-reported effort on a scale of 1 to 10. Lower mental

effort suggests that the visualization is easier to understand and use.

To standardize the results and facilitate a fair comparison across different visu-

alization methods, z-scores were calculated for these metrics following the method-

ology proposed by W. Huang et al. (2009). The z-score transformation normalizes

99



Chapter 5. Visualization Technique for Enhanced Interpretation of ARM Results

the data by subtracting the mean and dividing by the standard deviation of the

respective metric, resulting in a standardized score with a mean of 0 and a standard

deviation of 1. The formula for calculating the z-score is:

z =
X − µ

σ
(5.1)

whereX is the raw score, µ is the mean of the scores, and σ is the standard deviation.

The following formula for visualization efficiency was utilized (W. Huang et al.

2009):

E = ZCG − ZME − ZRT (5.2)

In this formula, E represents the efficiency via cognitive load, ZCG is the z-score

for cognitive gain, ZME is the z-score for mental effort, and ZRT is the z-score for

response time. This metric captures the trade-off between cognitive gain, effort, and

time, providing a comprehensive measure of visualization efficiency. High efficiency

is achieved when high cognitive gain is associated with low mental effort and short

response time.

5.3.3 Survey Results and Analysis

The results of the evaluation are summarized in Table 5.1 and Table 5.2.

Table 5.1: Means and standard deviations of response time, cognitive gain, mental
effort, and efficiency on simple questions

Trie of Rules Matrix Graph Scatter
Mean Std Mean Std Mean Std Mean Std

Time (sec.) 56 39 43 29 73 44 40 28
Cognitive Gain 0.44 0.18 0.34 0.23 0.20 0.22 0.44 0.15
Effort 3.11 1.10 3.32 1.26 3.03 1.08 2.57 1.10
Efficiency 0.23 -0.46 -2.76 2.99

In terms of cognitive gain, the Trie of Rules method demonstrated better perfor-

mance on complex questions (0.59) compared to the other methods (Matrix: 0.17,

Graph: 0.29, Scatter: 0.23). This indicates that while the Trie of Rules may be novel
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Table 5.2: Means and standard deviations of response time, cognitive gain, mental
effort, and efficiency on complex questions

Trie of Rules Matrix Graph Scatter
Mean Std Mean Std Mean Std Mean Std

Time (sec.) 35 24 40 32 46 33 35 22
Cognitive Gain 0.59 0.13 0.17 0.19 0.29 0.05 0.23 0.10
Effort 3.11 1.10 3.32 1.26 3.03 1.08 2.57 1.10
Efficiency 1.89 -1.99 -1.56 1.66

and less familiar to users, its structured representation of association rules enables

more accurate analysis of complex relationships. However, for simple questions, the

cognitive gain of the Trie of Rules (0.44) was on par with the Scatter plot (0.44)

and better than the Matrix (0.34) and Graph (0.20) methods. This suggests that

while the Trie of Rules is effective for both simple and complex tasks, its advantage

becomes more pronounced with increased complexity. This aligns with the design

of the Trie of Rules, which is specifically built to facilitate the analysis of intricate

patterns and complex associations in large rulesets.

Regarding mental effort, an Analysis of Variance (ANOVA) test was conducted

to assess differences between the methods. The results indicated a statistically

significant difference in mental effort across the methods (F = 2.83, p = 0.041).

To further examine these differences, pairwise comparisons were performed using

Tukey’s HSD test.4

The results of the Tukey HSD test, shown in Table 5.3, demonstrate that the

Trie of Rules method showed no statistically significant differences in mental effort

compared to the Graph-Based, Matrix-Based, and Scatter Plot methods. Specif-

ically, all adjusted p-values for comparisons involving the Trie of Rules exceeded

0.05, indicating that mental effort required by this approach is comparable to other

methods. This finding supports the conclusion that the Trie of Rules is not more

cognitively demanding than traditional methods.

The only significant difference observed was between the Matrix-Based and Scat-

4Tukey’s Honest Significant Difference (HSD) test is a post-hoc statistical test used to determine
whether the means of different groups differ significantly. It controls the family-wise error rate
and is typically used following an ANOVA to perform pairwise comparisons while accounting for
multiple testing.
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Table 5.3: Multiple Comparison of Means of Mental Effort – Tukey HSD

Group 1 Group 2 Mean Diff p-adj Lower Upper Reject
Trie of Rules Graph-Based 0.0789 0.9903 -0.5992 0.7570 False
Trie of Rules Matrix-Based -0.2105 0.8512 -0.8886 0.4676 False
Trie of Rules Scatter Plot 0.5263 0.1865 -0.1518 1.2044 False
Graph-Based Matrix-Based -0.2895 0.6844 -0.9676 0.3886 False
Graph-Based Scatter Plot -0.4474 0.3199 -1.1255 0.2307 False
Matrix-Based Scatter Plot -0.7368 0.0274 -1.4149 -0.0587 True

ter Plot methods (p = 0.0274), with the Scatter Plot requiring the least effort

(mean = 2.57). This result aligns with the intuitive and widely recognized nature

of scatter plots (Friendly 2008; Ware 2012).

The response time for simple questions was slightly higher for the Trie of Rules

(56 seconds) compared to the other methods, with the Scatter plot being the fastest

(40 seconds). This suggests that users may need more time to familiarize themselves

with the Trie of Rules. However, for complex questions, the Trie of Rules (35

seconds) performed on par with the Scatter plot (35 seconds), indicating that once

users become familiar with the method, they can analyze complex information just

as quickly as with more traditional methods.

5.4 Summary

Existing data representation methods often struggle with scalability, interpretability,

and the effective representation of rule structures, which limits their practical utility

in real-world applications. This chapter introduced the “Trie of Rules” as a novel

visualization technique that addresses these limitations by providing a structured

and efficient way to represent association rules. The Trie of Rules captures a wealth

of information, reveals implicit insights such as clusters and substitute items, and

maintains a manageable visualization size by overlapping common items.

The evaluation results demonstrate that the Trie of Rules method significantly

outperforms existing visualization methods in terms of efficiency and accuracy, par-

ticularly for complex queries. While the slightly higher response time for simple
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questions suggests a learning curve due to its novel representation, the method

remains comparable to traditional approaches, such as Scatter Plots, in terms of

mental effort. The benefits of the Trie of Rules become more pronounced in sce-

narios involving larger datasets and more complex association rules, highlighting its

potential for scaling effectively with data size.

These findings underscore the Trie of Rules’ ability to enhance the interpretabil-

ity and usability of ARM visualizations. By offering an accurate and efficient means

to analyze intricate relationships within the data, the method facilitates better

decision-making and knowledge discovery.
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Case Study: Evaluating the Trie of

Rules for Substitution Mining and

Visualization

This case study demonstrates the practical application of the methodologies de-

veloped throughout this thesis, focusing on the Trie of Rules data structure for

substitution mining. By integrating key components such as theoretical insights,

computational analysis, and visualization, it showcases how these methodologies

work together to improve the efficiency, scalability, and usability of Association

Rule Mining processes. The study highlights the effectiveness of the proposed ap-

proach compared to traditional methods, emphasizing its potential for real-world

applications.

6.1 Substitution Analysis Using the Trie of Rules

In the Trie of Rules, association rules are stored in a hierarchical manner where

common antecedents share the same paths before diverging into different conse-

quents. This structure inherently exposes points of divergence, which are critical in

the proposed substitution analysis. Specifically, when branches split within the trie,

it indicates that the same context (antecedent) leads to different items (consequent),
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suggesting potential substitution relationships.

For example, consider a branch in the trie representing the context C leading

to item A, and another branch where the same context C leads to item B. The

point at which the paths diverge, as illustrated in Figure 6.1, indicates the potential

substitution between items A and B within the context C. By focusing on these

divergence points, the analysis can be limited to relevant item pairs, significantly

reducing the number of computations required.

Figure 6.1: Illustration of the Trie of Rules highlighting divergence points for sub-
stitution analysis. Common antecedent or context (C1, C2, C3) leads to different
consequents (A and B), indicating potential substitutes at the split nodes.

Traditional substitution mining approaches often require scanning all possible

item pairs, leading to a computational complexity of O(n2) for n sets of items.

This becomes impractical with large datasets, as the number of possible pairs grows

exponentially.

By utilizing the Trie of Rules, the computational complexity is reduced. The

trie allows to:

• Prune Irrelevant Paths: Only paths that share a common context up to a

divergence point need to be considered for substitution analysis.

• Focus on Split Nodes: Potential substitutions are indicated by split nodes
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where the trie branches into different items, reducing the number of item pairs

to analyze.

This targeted approach reduces the number of necessary computations from

O(n2) to O(k), where k is the number of split nodes in the trie, and typically

k < n. By analyzing different thresholds on the retail dataset (D. Chen 2015), it

was observed that k is consistently several times smaller than n (Figure 6.2 ). This

relationship demonstrates the efficiency of the Trie of Rules structure in focusing

only on relevant nodes for computation.

Figure 6.2: Comparison of total nodes versus split nodes across different thresholds.
The figure demonstrates a linear dependency between the number of total nodes
and split nodes as thresholds vary, highlighting the consistent scalability of the Trie
of Rules structure.

To evaluate the efficiency of the Trie of Rules in substitute item mining (Al-

gorithm 8, Appendix A), a comparative analysis was conducted against the same

technique implemented using a traditional data structure, specifically a flat, table-

like representation in the form of Pandas. The execution time for each method was

measured on rulesets of varying sizes generated by applying different minimum Sup-

port thresholds. The results, shown in Figure 6.3, indicate that the Trie of Rules

consistently outperformed traditional implementation in terms of execution time.

A paired t-test was performed to statistically validate the observed differences in

execution times. The null hypothesis, stating that the difference in execution times

between the Trie of Rules and the pandas-based approach is not significantly different

from zero, was rejected. The test confirmed that the performance improvement
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achieved by the Trie of Rules is statistically significant, yielding t = −3.24, df = 49,

and p = 0.002.

Figure 6.3: Comparison of substitute item mining times between a plain structure
and the Trie of Rules. The Trie of Rules significantly reduces mining times, partic-
ularly for larger rulesetes.

6.2 Visualization and Calculation of Substitution

Relationships

To demonstrate the application of the proposed visualization approach and substitu-

tion calculation methodology, the analysis was applied to the Sporting Goods Store

dataset (Microsoft 2019), a transactional dataset from a bike and sports store. The

dataset was processed with a minimum Support threshold of 0.004 and no minimum

Confidence threshold, resulting in 129 association rules. The visualization of these

rules using the Trie of Rules structure is presented in Figure 6.4. The plot high-

lights distinct clusters and potential substitution pairs within each cluster, providing

insights into customer purchasing patterns.
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Figure 6.4: Visualization of the Trie of Rules gathered from Sporting Goods Store dataset, where node colour indicates Support and node
size represents Confidence
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(a) Section A of Figure 6.4 (b) Section B of Figure 6.4

Figure 6.5: Sections A and B of Figure 6.4

In Figure 6.5a (Section A of Figure 6.4), the context (C) consists of “Water Bottle

30 oz.” and “Sport-100 Helmet, Black”. Two possible consequents – “Mountain

Bottle Cage” (Support = 0.006) and “Road Bottle Cage” (Support = 0.004) – are

observed. This suggests that customers who purchase a helmet and a water bottle

tend to choose bottle cages based on their bicycle type: mountain or road.

The substitution value between “Mountain Bottle Cage” and “Road Bottle

Cage” within this context was calculated as follows:

Similarity = 1− sup(C → Mountain)− sup(C → Road)

sup(C → Mountain) + sup(C → Road)

= 1− 0.006− 0.004

0.006 + 0.004

= 0.8.

The co-appearance value, calculated based on the joint Support of both outcomes,

is:

Co-appearance =
sup(C → Mountain, Road)

sup(C → Mountain) + sup(C → Road) + sup(C → Mountain, Road)

= 0,

since there are no transactions where both bottle cages were purchased together.
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Finally, the substitution value is:

Substitution = Similarity× (1− Co-appearance)

= 0.8× 1

= 0.8.

This result indicates a strong substitution relationship between the two items, align-

ing with the assumption that customers choose between these items based on their

specific bicycle type.

Section B (Figure 6.5b) presents a context of “Road Tire Tube” (Tire Tube,

denoted as TT ) with three possible consequents:

1. “Sport-100 Helmet, Blue” (Helmet Blue, denoted as HB),

2. “Sport-100 Helmet, Black” (Helmet Black, denoted as HBl), and

3. “ML Road Tire” (Tire, denoted as T ), where ML refers to Medium Load tires.

Within the context of TT, people might purchase either a helmet or tire. While

two types of helmets (HB and HBl) may be substitutable for each other, a tire (T )

does not appear to be a logical substitute for a helmet. Calculations support this

observation and is based on the data from Table 6.1.

Table 6.1: Support values for items in Section B.

Rule Support

TT → HB 0.01
TT → HBl 0.01
TT → T 0.022
TT → HB,HBl 0
TT → T,HBl 0.00314
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The substitution value between HB and HBl is calculated as follows:

Similarity = 1− |sup(TT → HB)− sup(TT → HBl)|
sup(TT → HB) + sup(TT → HBl)

= 1− |0.01− 0.01|
0.01 + 0.01

= 1.

Co-appearance =
sup(TT → HB, HBl)

sup(TT → HB) + sup(TT → HBl) + sup(TT → HB, HBl)

=
0

0.01 + 0.01 + 0

= 0.

Substitution = Similarity× (1− Co-appearance)

= 1× 1

= 1.

This calculation confirms that HB (Helmet Blue) and HBl (Helmet Black) are per-

fectly substitutable. In contrast, the substitution value between HBl (Helmet Black)

and T (Tire) is significantly lower, as shown below:

Similarity = 1− |sup(TT → HBl)− sup(TT → T )|
sup(TT → HBl) + sup(TT → T )

= 1− |0.01− 0.022|
0.01 + 0.022

= 1− 0.375

= 0.625.

Co-appearance =
sup(TT → HBl, T )

sup(TT → HBl) + sup(TT → T ) + sup(TT → HBl, T )

=
0.00314

0.01 + 0.022 + 0.00314

= 0.11.

Substitution = Similarity× (1− Co-appearance)

= 0.625× 0.89

≈ 0.56.
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The substitution value of 1 between two Helmets of different colours (HB and HBl)

indicates perfect substitutability, while the lower substitution value of 0.56 between

HBl (Helmet) and T (Tire) shows a lower likelihood of being a substitute and

suggests a lack of meaningful substitution. This demonstrates how the proposed

methodology effectively identifies true substitutes using only data-driven observa-

tions without relying on external metadata.

6.3 Summary

The case study presented in this chapter demonstrates the practical utility and

versatility of the proposed Trie of Rules data structure and associated methodologies.

These innovations, when applied to real-world datasets, have demonstrated their

effectiveness in addressing challenges related to scalability, substitution analysis,

and visualization in Association Rule Mining. The results validate the theoretical

contributions of this thesis, showcasing significant improvements in efficiency and

interpretability. These findings support the value of the proposed approach and

underscore its potential for adoption in various domains.
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Conclusion

7.1 Summary of Contributions

This thesis has addressed critical challenges in the post-mining phase of Association

Rule Mining, focusing on scalability, interpretability, and practical applicability. By

proposing novel methodologies and data structures, this research contributes to the

field in three significant ways:

• A Trie of Rules data structure was developed, enabling efficient storage,

retrieval, and manipulation of large rulesets. The Trie of Rules organizes

association rules into a hierarchical structure, where nodes represent items

and paths encode rules, allowing common prefixes to be shared among related

rules. This approach reduces redundancy and significantly optimizes memory

usage compared to traditional “flat structures”. Experimental evaluations

demonstrated that the proposed method achieves substantial improvements in

time efficiency, with query processing and rule retrieval times being up to 7

times faster on average compared to baseline methods. These enhancements

establish the Trie of Rules as a scalable and effective solution for handling the

large and complex datasets characteristic of modern ARM applications.

• A robust methodology for substitute item mining was introduced, lever-

aging the Trie of Rules to efficiently identify patterns of substitutability within
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association rules. By encoding and traversing the hierarchical structure of

the Trie of Rules, the methodology detects relationships between items based

on co-occurrence and similarity of rules. This approach provides a system-

atic way to analyze substitutability across large datasets, ensuring accuracy

and scalability. Evaluations using mixed models demonstrated strong align-

ment between predicted and observed substitutability patterns, confirming

the methodology’s reliability. Its potential applications span inventory man-

agement, consumer behavior analysis, and recommendation systems, where

understanding item interchangeability is crucial for optimizing operations and

enhancing decision-making processes.

• An advanced visualization technique was proposed to improve the inter-

pretability of ARM results by transforming complex association rulesets into

intuitive and interactive visual representations. This technique leverages the

hierarchical structure of the Trie of Rules to generate interpretable plots that

highlight key patterns and relationships, enabling users to explore and an-

alyze data more effectively. Usability studies and user feedback indicated

that these visualizations reduced cognitive load by simplifying the navigation

of large datasets and improved decision-making efficiency. By bridging the

gap between complex data and actionable insights, these tools empower both

technical and non-technical users to make informed decisions based on ARM

outputs.

These contributions collectively address the identified gaps in current literature

and advance the usability of ARM in real-world scenarios.

7.2 Implications for Association Rule Mining

The methodologies presented in this thesis significantly extend the practical capa-

bilities of Association Rule Mining by addressing its key limitations and providing

robust, scalable, and versatile solutions. These advancements have implications for
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both theoretical research and practical applications, as detailed below:

• Scalability: The Trie of Rules data structure represents a breakthrough in

handling the constantly increasing size of modern datasets. By reducing redun-

dancy and efficiently organizing rules in a hierarchical format, this approach

minimizes storage requirements and processing times. This scalability ensures

that ARM remains relevant and practical for industries dealing with massive

transactional datasets, such as retail and finance, where quick and accurate

rule retrieval is essential for timely decision-making.

• Interpretability: Enhanced visualization method improves the efficiency of

knowledge discovery by allowing an easy transition from complex data out-

puts to actionable insights. By leveraging advanced graphical representations

tailored to the Trie of Rules structure, domain experts can intuitively distin-

guish key patterns without requiring deep technical expertise. These tools also

facilitate collaborative decision-making by enabling non-technical users to par-

ticipate in interpreting and applying ARM results effectively, thus broadening

access to data insights.

• Applicability: The introduction of a robust substitute item mining method-

ology opens new avenues for applying ARM beyond its traditional use cases.

By relying solely on the inherent structure and co-occurrence patterns within

the data, rather than requiring external meta-data, this methodology achieves

a high degree of adaptability. This independence from meta-data broadens

its applicability to diverse domains where such additional information might

be unavailable or inconsistent. Businesses can utilize this approach to opti-

mize inventory management and pricing strategies, respond dynamically to

consumer preferences, and address supply chain disruptions. Furthermore, its

versatility extends ARM’s utility into areas such as personalized recommenda-

tions, market basket analysis, and sustainability initiatives, where identifying

substitutability can support waste reduction and resource efficiency. This ver-

115



Chapter 7. Conclusion

satility highlights the methodology’s capability to improve decision-making

across different industries and applications.

Overall, these advancements position ARM as a critical tool for data-driven

decision-making, ensuring its adaptability and relevance in the world of big data.

By addressing the foundational challenges of scalability, interpretability, and appli-

cability, this research provides a pathway for future innovations in the field.

7.3 Future Research Directions

While this thesis provides significant advancements, it also opens new avenues for

future research, which are outlined below:

1. Dynamic Substitution Analysis: Future work could explore real-time sub-

stitution analysis, incorporating temporal and spatial dynamics to better un-

derstand context-dependent relationships. This would involve studying how

substitutability evolves over time or varies across different data features, such

as geographical regions. Temporal dynamics could help identify seasonal or

trend-based changes in substitution patterns, while spatial dynamics could

uncover location-specific preferences or constraints. For example, integrating

this methodology with real-time inventory data or consumer behavior ana-

lytics could enable businesses to respond proactively to market changes, thus

enhancing the methodology’s practical utility.

2. Integration with Graph-Based Machine Learning: Combining the Trie

of Rules with graph-based machine learning techniques presents an exciting

avenue for uncovering deeper and more complex patterns. By treating the Trie

as a graph structure, a wide variety of machine learning methods designed for

graphs can be utilized to analyze relationships within the data. Techniques

such as clustering, community detection, and graph-based similarity measures

can uncover inherent structures and dependencies in the data. Additionally,

statistical methods like graph centrality metrics, spectral graph analysis, and
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random walk models can provide insights into latent substitutability patterns

and higher-order relationships. These approaches can reveal subtle interac-

tions that may not be evident through traditional analysis, enabling more

nuanced recommendations and enhanced decision-making processes.

3. Visualization Enhancements: Developing interactive and customizable vi-

sualization tools would further empower users to tailor insights to their specific

needs. Future research could focus on creating dynamic dashboards that al-

low users to filter, group, and drill down into specific rule subsets based on

contextual requirements. Incorporating features such as real-time updates,

comparative visualizations, and augmented reality interfaces could make these

tools more engaging and practical for stakeholders. Additionally, providing

domain-specific visualization templates could ensure that these tools meet the

diverse needs of industries like retail, healthcare, and finance.

4. Expansion to Multi-Domain Applications: Applying the proposed method-

ologies in domains such as bioinformatics, finance, and social network analysis

offers opportunities to uncover unique challenges and extend the methodol-

ogy’s utility. This could be further enhanced by introducing multi-layer net-

works, which could integrate the Trie of Rules with knowledge graphs. These

layered structures could combine transactional data with domain knowledge,

enriching the rule-mining process. For instance, in bioinformatics, integrat-

ing genetic interaction networks with the Trie could facilitate the discovery

of substitution patterns in gene functions or pathways. In finance, layering

transaction data with market sentiment graphs could yield insights into con-

sumer behavior shifts. In social network analysis, combining user activity logs

with social connections could reveal nuanced substitution patterns in online

interactions.
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7.4 Closing Remarks

This thesis has made meaningful contributions to Association Rule Mining, address-

ing critical challenges in scalability, interpretability, and applicability. The Trie of

Rules introduces a robust approach to efficiently storing and processing large rule-

sets, ensuring ARM remains scalable in the world of growing data demands. The

substitute item mining methodology broadens ARM’s applicability, providing an

adaptable framework for uncovering substitutability patterns without reliance on

external meta-data. The advanced visualization technique increases the efficiency

of interpretability without introducing additional complexity in understanding the

plot.

Through these rigorous empirical studies, we provide practical solutions to long-

standing issues in ARM while opening avenues for future exploration. By combining

innovation with applicability, this research ensures that ARM continues to evolve

as a critical tool for navigating the complexities of big data. This thesis not only

addresses current challenges but also sets the stage for transformative applications

across diverse domains, supporting the importance of ARM in our data-driven world.
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Data Availability The datasets used in this study are publicly available. The

Groceries dataset can be downloaded at https://github.com/mhahsler/arules/

blob/master/data/Groceries.rda. The Retail dataset can be downloaded at

https://archive.ics.uci.edu/dataset/352/online+retail. The Sporting Goods

Store dataset can be downloaded at https://www.kaggle.com/datasets/cnezhmar/

sporting-goods-store
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Appendix A

Algorithms

Algorithm 1 Rule Object Definition with Constructor Procedure

1: class Rule:
2: attributes:
3: - antecedent : list[str] ▷ Sequence of items in the rule antecedent
4: - consequent : list[str] ▷ Sequence of items in the rule consequent
5: - metrics : dictionary[str, float] ▷ Dictionary to store metrics
6:

7: procedure Rule():
8: self.antecedent ← []
9: self.consequent ← []

10: self.metrics ← {’Support’: None, ’Confidence’: None }

Algorithm 2 Creating a Trie from Ruleset

Description: This function creates a Trie data structure from a given set of rules
and their corresponding frequent sequences.

1: function create trie(rule set, frequent sequences) → Trie ▷ rule set is
a list of rule objects, frequent sequences is a dictionary with sequences of items
as keys and their associated Support values

2: trie ← Trie() ▷ Initialize an empty trie
3: for each rule in rule set do
4: trie.insert rule(rule, frequent sequences) ▷ Insert the rule into the trie
5: end for
6: for each child in trie.root.children do
7: trie.extend node(child, frequent sequences) ▷ Calculate metrics

starting the recursive traversal from the root node children, using the frequent
sequences

8: end for
9: return trie

10: end function
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Algorithm 3 Trie Structure with Constructor Procedure

1: class Trie:
2: attributes:
3: - root : TrieNode ▷ Represents the root node of the trie
4: - item frequency : dictionary[str, int] ▷ Frequency of individual items
5: methods:
6: - insert rule(self, rule): void ▷ Inserts a new rule into the trie
7: - search rule(self, rule): Rule or None ▷ Searches for a rule in the trie
8: - extend node(self, node, frequent sequences): void ▷ Extend nodes with

ARM metrics
9:

10: procedure Trie():
11: self.root ← TrieNode(predecessor=None, value=None)
12: self.root.metrics ← {’Support’: 1.0, ’Confidence’: 1.0 }
13: self.item frequency ← {}

Algorithm 4 Trie Node Structure with Constructor Procedure

1: class TrieNode:
2: attributes:
3: - children: dictionary[str, TrieNode] ▷ dictionary of child nodes (item

name : node)
4: - predecessor : TrieNode ▷ The parent node
5: - value: str ▷ Name of the item associated with the node
6: - metrics : dictionary[str, float] ▷ Dictionary to store metrics
7:

8: procedure TrieNode(predecessor, value):
9: self.children ← {} ▷ Initially, no children; dictionary is empty
10: self.predecessor ← predecessor
11: self.value ← value
12: self.metrics ← {’Support’: None, ’Confidence’: None }
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Algorithm 5 Inserting a Rule in the Trie - Trie Class Method

Description: This procedure inserts a rule into a Trie object after sorting the
antecedent and consequent items based on their frequency.

1: procedure Trie.insert rule(self, rule, frequent sequences)
2: current node← self.root
3: ▷ Update item frequencies
4: for each item in rule.antecedent + rule.consequent do ▷ Concatenate two

lists
5: if item not in self.item frequency then
6: self.item frequency[item]← frequent sequences[item]
7: end if
8: end for
9: ▷ Sort the antecedent items by their frequency (descending)

10: sorted antecedent← sort(rule.antecedent, λ(x, y)→ self.item frequency[x] >
self.item frequency[y])

11: ▷ Sort the consequent items by their frequency (descending)
12: sorted consequent ← sort(rule.consequent, λ(x, y) →

self.item frequency[x] > self.item frequency[y])
13: rule itemlist← sorted antecedent+ sorted consequent ▷ Concatenate two

lists
14: for each item in rule itemlist do
15: if item not in current node.children then
16: current node.children[item] ← TrieNode(predecessor =

current node, value = item)
17: end if
18: current node← current node.children[item]
19: end for
20: end procedure
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Algorithm 6 Extend Trie with ARM Metrics - Trie Class Method

Description: This procedure adds Support and Confidence metrics to the node
and its children recursively.

1: procedure Trie.extend node(self, node, frequent sequences) ▷
frequent sequences is a dictionary with sequences of items as keys and their
associated Support values

2: item list← []
3: current node← node
4: while current node ̸= self.root do
5: item list← item list+ current node.value ▷ Append items in the path to

the root to the list
6: current node← current node.predecessor
7: end while
8: node.metrics[’Support’]← frequent sequences[item list] ▷ Set Support

metric from the frequent sequences
9: ▷ Calculate Confidence for the node:
10: node.metrics[’Confidence’]← node.metrics[’Support’] / node.predecessor.metrics[’Support’]
11: for each child in node.children do
12: self.extend node(child, frequent sequences) ▷ Recursively traverse child

nodes
13: end for
14: end procedure
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Algorithm 7 Searching a Rule in the Trie - Trie Class Method

Description: This function searches for a rule in the Trie and returns its metrics
if found.

1: function Trie.search rule(self, rule)
2: current node ← self.root
3: sorted antecedent← sort(rule.antecedent, λ(x, y)→ self.item frequency[x] >

self.item frequency[y])
4: sorted consequent ← sort(rule.consequent, λ(x, y) →

self.item frequency[x] > self.item frequency[y])
5: for each item in sorted antecedent do
6: if item not in current node.children then
7: return None ▷ Rule not found
8: end if
9: current node ← current node.children[item]

10: end for
11: rule confidence ← 1.0
12: for each item in sorted consequent do
13: if item not in current node.children then
14: return None ▷ Rule not found
15: end if
16: current node ← current node.children[item]
17: rule confidence ← rule confidence × current node.metrics[’Confidence’]
18: end for
19: rule.metrics ← {’Support’: current node.metrics[’Support’], ’Confidence’:

rule confidence}
20: return rule.metrics
21: end function
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Algorithm 8 Substitute Item Mining with Context

Description: This procedure finds all substitute item pairs along with their re-
spective contexts in the Trie of Rules.

1: procedure find substitute pairs with context(node, context, substi-
tutes)

2: if context is None then context ← [] ▷ Initialize context if None
3: if substitutes is None then substitutes ← [] ▷ Initialize substitutes if None
4: if node.value is not None then
5: context.append(node.value) ▷ Update context with the current node’s

value
6: children items ← list of children items of node.children
7: if len(children items) >1 then
8: branches ← collect items from branch(node)
9: for each pair of items item a and item b from different branches do
10: substitutes.append((context, item a, item b)) ▷ Store substitute pair

with context
11: end for
12: end if
13: for each child in node.children do
14: find substitute pairs with context(child, context, substitutes) ▷

Recursively explore child nodes
15: end for
16: return substitutes
17: end procedure

Algorithm 9 Collecting Items from a Branch

Description: This procedure collects all items in a branch from the current node
down to its leaf nodes.

1: procedure collect items from branch(node)
2: items ← []
3: procedure traverse(current node, path)
4: if current node.value is not None then
5: path.append(current node.value) ▷ Add current node’s value to path
6: end if
7: if current node.children is empty then
8: items.append(path) ▷ Store the path at leaf nodes
9: else
10: for each child in current node.children do
11: traverse(child, path) ▷ Recursively traverse child nodes
12: end for
13: end if
14: end procedure
15: traverse(node, [])
16: return list of tuples of items from the branch
17: end procedure
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