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Abstract
We present a multivariate functional mixed effects model for kinematic data from 
a large number of recreational runners. The runners’ sagittal plane hip and knee 
angles are modelled jointly as a bivariate function with random effects functions 
accounting for the dependence among bilateral measurements. The model is fitted 
by applying multivariate functional principal component analysis (mv-FPCA) and 
modelling the mv-FPCA scores using scalar linear mixed effects models. Simula-
tion and bootstrap approaches are introduced to construct simultaneous confidence 
bands for the fixed effects functions, and covariance functions are reconstructed to 
summarise the variability structure in the data and thoroughly investigate the suit-
ability of the proposed model. In our scientific application, we observe a statistically 
significant effect of running speed on both joints. We observe strong within-subject 
correlations, reflecting the highly idiosyncratic nature of running technique. Our 
approach is applicable to modelling multiple streams of smooth biomechanical data 
collected in complex experimental designs.
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1  Introduction

Advances in data collection, processing and storage technologies have led to 
an increased volume of data produced for biomechanics and human movement 
research (Ferber et al. 2016). Forces (kinetics) or displacement (kinematics) are 
measured hundreds or thousands of times per second during a single movement, 
leading to datasets characterised by high-dimensional observations. Functional 
data analysis (FDA) (Ramsay and Silverman 2005) is particularly well-suited to 
modelling human movement data as it treats a time series of kinetic or kinematic 
data as a single function (or curve) rather than as a sequence of discrete measure-
ments. This allows a more comprehensive analysis than reducing the time series 
to a single summary value (e.g., peak angle) or ignoring the time dependence 
in the high-dimensional sequences of measurements (Hébert-Losier et  al. 2015; 
Pataky et  al. 2015; Warmenhoven et  al. 2021). Applications of FDA in biome-
chanics and human movement research include: describing the effects of orthoses 
on running or walking (Coffey et al. 2011; Zhang et al. 2017), clustering runners 
according to footfall pattern (Liebl et al. 2014), predicting fatigue in recreational 
athletes (Wu et  al. 2019) and classifying different forms of activity (Aguilera-
Morillo and Aguilera 2020).

Our motivating dataset comes from the Dublin City University (DCU) Running 
Injury Surveillance Centre (RISC) study, which aims to investigate the relation-
ship between clinical and biomechanical variables and running-related injuries 
(RRIs) among novice and recreational runners. Although recreational running is 
one of the most popular recreational hobbies in the world and it provides sub-
stantial positive benefits for health and well-being, RRIs present a considerable 
barrier to participation and several other negative consequences, e.g., negative 
health aspects and financial costs (Hespanhol Junior et al. 2017). Despite this, our 
understanding of RRIs is limited, especially with respect to biomechanical fac-
tors, which has motivated studies to investigate the relationship between biome-
chanical variables and RRIs in populations of recreational runners. In particular, 
there has been a large focus on the population of recently-injured runners (see, 
e.g., Bramah et al. 2018; Becker et  al. 2017; Mann et al. 2015), as history of a 
recent RRI is the strongest risk factor for suffering a new one. It is hypothesised 
that recently-injured runners might retain some of the movement characteristics 
that contributed to the previous injury, or adopt compensatory mechanisms that 
cause them to be re-injured (Saragiotto et  al. 2014). Findings of these studies 
have largely been conflicting, in part perhaps because they have employed tra-
ditional statistical techniques using discrete kinematic variables (e.g., Ceyssens 
et al. 2019; Willwacher et al. 2022). The ability of FDA methods to preserve the 
salient structure in time-dependent biomechanical data could lead to more com-
prehensive analyses that improve our understanding of RRIs and biomechanical 
factors.

Male and female runners between 18 and 64 years of age participated in the 
RISC study. Whole-body kinematic data were recorded during a three-minute 
treadmill run, where the participant ran at a self-selected speed that reflected their 
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typical training pace. In addition, they completed a survey detailing their demo-
graphics, injury history (i.e., retrospective injury information) and training hab-
its and were monitored for the occurrence of RRIs for a 12-month period (i.e., 
prospective injury information); see Table  1 for summary characteristics of the 
participants in the dataset. For this dataset, the relationship between injury his-
tory and scalar clinical (Dillon et al. 2021) and scalar biomechanical (Burke et al. 
2022) variables has been examined, but approaches that preserve the full biome-
chanical time series data have not been employed. Focusing on the hip and knee 
angles in the sagittal plane (Fig.  1), we aim to to characterise the effect of ret-
rospective injury status on the full biomechanical time series, while accounting 
for and understanding the effects of other factors, e.g., sex, running speed and 
age. Function-on-scalar regression models (Faraway 1997; Ramsay and Silver-
man 2005) are an appropriate tool for characterising these relationships, where 
the biomechanical time series’ are treated as the functional response variable(s), 
modelling their dependence on scalar covariates, e.g., injury status, sex, running 
speed and age. Morris (2015, Sect. 5) provides a comprehensive review of con-
ventional function-on-scalar regression models.

Conventional function-on-scalar regression models assume independent obser-
vations, and do not handle dependence induced by repeated observations from the 
same individual. However, these dependencies frequently arise in biomechanics for 
a number of reasons, e.g., multiple strides, trials or repetitions of a movement, or 
measurements from both sides of the body. In our case, although we have computed 
an average of all strides on the right and left side separately (Fig. 1), further averag-
ing across the right and left sides to produce a single bilateral average curve could 
lead to a substantial loss of information and it could potentially bias subsequent 
analyses if large asymmetries exist. Functional mixed effects (or multilevel) models, 
which are the analogue of classical scalar mixed effects models (Laird and Ware 
1982; Bates et al. 2015), extend conventional function-on-scalar regression models 
to handle repeated measures settings and more complex dependence structures. The 
literature on functional mixed effects models is rich—early pioneering work was by 

Fig. 1   The dataset used in this analysis. a The hip angle functions. b The knee angle functions. c The 
knee angle functions plotted against the hip angle functions in an angle-angle diagram. In each plot, the 
right and left side observations for a single participant are highlighted in turquoise and red, respectively. 
The data have been time normalised and registered in preparation for analysis as described in Sect. 3.1, 
and are evaluated on a grid of 101 points t = 0, 1,… , 100 for plotting
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Morris and Carroll (2006); Guo (2002), later developments by Scheipl et al. (2015); 
Cui et al. (2022), reviews are provided by Morris (2015); Liu and Guo (2012); Mor-
ris (2017) and a recent application in running biomechanics by Matabuena et  al. 
(2023).

Rather than fitting separate (univariate) functional mixed effects models to the 
data from the knee and hip, it makes sense from a methodological and applied per-
spective to model them collectively. From a statistical perspective, sharing informa-
tion among functional variables can lead to improved parameter estimates (Volk-
mann et  al. 2021; Zhu et  al. 2017), and from a biomechanical perspective it is 
preferable to model and interpret the knee and hip jointly (Fig. 1 (c)) because they 
work together as parts of a system and understanding their interaction (i.e., coordi-
nation) is crucial (Glazier 2021). Multivariate functional data analysis techniques 
(see, e.g., Gòrecki et al. 2018) concern the analysis of multiple functional variables 
(e.g., the knee and hip angles), and they have been shown to be useful for under-
standing co-ordination among multiple joints in sports biomechanics (Ryan et  al. 
2006; Trounson et al. 2020). Multivariate (or multiple-response) functional mixed 
effects models extend classical univariate functional mixed effects models to handle 
multiple functional variables as outcomes. However, the literature on these models 
is more scarce than in the univariate case1, with just three main approaches proposed 
(Goldsmith and Kitago 2016; Volkmann 2021; Zhu et al. 2017) and they have yet to 
be applied in human-movement/running biomechanics.

Goldsmith and Kitago (2016) developed a bespoke bivariate functional mixed 
effects model for kinematic data from a motor control experiment, where linear 
fixed effects of scalar covariates and subject-specific random effects were modelled 
using penalised splines. Their model was fitted in a Bayesian framework (using both 

Table 1   Summary characteristics of the participants in the RISC dataset included in this analysis

Mean Std. Dev.

Speed (km h−1) 11.0 1.6
Age (years) 43.3 9.0
Weight (kg) 72.4 12.9
Height (cm) 172.9 9.7

N (%)

Retrospective Injury 
Status

Never Injured 50 17.4

Injured > 2 yr. ago 67 23.3
Injured 1 − 2 yr. ago 51 17.7
Injured < 1 yr. ago 120 41.7

Sex Male 176 61.1
Female 112 38.9

1  Methods for multivariate functional regression and inference without random effects/multilevel struc-
tures have been developed by Jiang et al. (2022); Diquigiovanni et al. (2022); Zhu et al. (2022); Liu et al. 
(2022); Li and Xiao (2023).
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variational approximations and full Markov Chain Monte Carlo (MCMC) sam-
pling). Volkmann et al. (2021) proposed an alternative approach, by extending the 
univariate Functional Additive Mixed Model (FAMM) to the multivariate setting. In 
this model, smooth non-linear effects of scalar covariates and multiple layers of ran-
dom effects were modelled using penalised splines and multivariate Functional Prin-
cipal Components (mv-FPCs), respectively. It is fitted in a Frequentist framework 
by recasting the functional model as a large scalar additive mixed model and using 
the mgcv software (Wood 2011), readily accommodating functions that are sparsely 
or irregularly measured with error. Finally, Zhu et  al. (2017) extended the Bayes-
ian Functional Mixed Model (BayesFMM) basis modelling approach of Morris and 
Carroll (2006) to handle multivariate functional data. Their approach involves pro-
jecting each multivariate functional observation onto a set of basis functions and 
then modelling each basis coefficient separately using Bayesian scalar linear mixed 
effects models. This “divide and conquer" strategy makes it scalable to large data-
sets and facilitates the specification of a variety of complex random effects struc-
tures. Therefore, we use the general approach of Zhu et al. (2017) to model the RISC 
dataset, with modifications that are motivated by the application at hand.

In particular, we present a Frequentist implementation of the Bayesian basis mod-
elling approach, which was noted as a possible extension by Zhu et al. (2017) but not 
pursued. This allows the model to be fitted using existing open-source mixed effects 
modelling software. However, it does not produce posterior samples for pointwise 
and simultaneous inference of fixed effects, so for this we adapt existing Frequen-
tist resampling and simulation techniques. The basis modelling approach makes the 
assumption that each basis coefficient can be modelled separately, though the suit-
ability of this assumption is not always checked in practice. As such, we present 
an approach to graphically assess the suitability of this assumption for our applica-
tion by comparing covariance reconstructions to unstructured estimates. Finally, we 
extend the intraclass correlation coefficient (ICC) for univariate functional data (Di 
et al. 2009) to the multivariate case, to summarise the degree of intra-subject cor-
relation in our application.

The remainder of the article is structured as follows. In Sect. 2, we describe our 
proposed methodology and its implementation. Section 3 contains the data analysis 
and results of our scientific application. We close with a discussion in Sect.  4. A 
simulation study, additional methodological and application details, and a sensitivity 
analysis using alternative modelling approaches are contained in an online supple-
mentary material. Supplementary R code is available at https://​github.​com/​FAST-​
ULxNU​IG/​RISC1-​fda-​manus​cript-​01-​code.

2 � Methodology

2.1 � Model

We denote the bivariate functional observation from the ith individual on side j as

https://github.com/FAST-ULxNUIG/RISC1-fda-manuscript-01-code
https://github.com/FAST-ULxNUIG/RISC1-fda-manuscript-01-code
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for i = 1,… ,N where N is the total number of individuals, j ∈ {left, right} and 
t ∈ [0, T] which is a normalised time interval. We let xij = (xij1,… , xijA)

⊤ denote the 
vector of length A of scalar covariates for subject i on side j. The covariates could be 
subject specific (e.g., sex, height) or subject-and-side specific (e.g., an indicator for a 
subject’s dominant side).

The bivariate functional mixed effects model is

where the bivariate function �0(t) = (𝛽(hip)
0

(t), 𝛽(knee)
0

(t))⊤ is the intercept function, 
the bivariate function �a(t) = (𝛽(hip)a (t), 𝛽(knee)

a
(t))⊤ is the fixed effect regression 

coefficient function corresponding to the ath covariate, the bivariate function 
ui(t) = (u

(hip)

i
(t), u

(knee)

i
(t))⊤ is the functional random intercept for the ith subject 

and �ij(t) = (𝜀(hip)
ij

(t), 𝜀(knee)
ij

(t))⊤ is the functional random error specific to the ith 
subject on side j.

The model is the bivariate functional analogue of a scalar linear mixed 
effects model with a single grouping variable (e.g., Laird and Ware 1982). For 
a = 1,… ,A , the fixed-effect function �a(t) captures how the ath scalar covari-
ate influences the “expected level and shape" of the bivariate functional response 
(Bauer et  al. 2018). We assume that the bivariate functional random intercepts 
ui(t), i = 1,… ,N are independent realisations of a zero-mean multivariate Gauss-
ian process with a matrix-valued covariance function Q . The bivariate functional 
random intercepts take into account the grouping structure in the data, i.e., that the 
left and right side hip and knee angle functions from the same subject are likely 
to be similar and should share a subject-specific average function. A standard mul-
tivariate function-on-scalar regression model without these random effects would 
ignore this intra-subject correlation, effectively treating an individual’s observations 
from the right and left side as independent. Analogous to random intercepts in scalar 
linear mixed models, they can be thought of as capturing the correlation between 
observations from the same subject, or accounting for average differences between 
subjects. We assume that the bivariate functional random errors �ij(t), i = 1,… ,N , 
j ∈ {left, right} are independent realisations of a zero-mean multivariate Gaussian 
process with a matrix-valued covariance function S . They are often referred to as 
“curve-level functional random effects” because they capture correlation within, 
rather than between, functional observations (Morris 2015).

We stack all functional terms in the model to give

where the matrix Y(t) = (y1,left(t) | ⋯ | yN,right(t))⊤ represents the functional 
observations, the matrix B(t) = (�0(t) | ⋯ | �A(t))

⊤ represents the functional fixed 
effects, the matrix U(t) = (u1(t) | ⋯ | uN(t))⊤ represents the functional random 

yij(t) = (y
(hip)

ij
(t), y

(knee)

ij
(t))⊤,

yij(t) = �0(t) +

A∑

a=1

xija�a(t) + ui(t) + �ij(t),

(1)Y(t) = XB(t) + ZU(t) + E(t),
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effects, the matrix E(t) = (�1,left(t) | ⋯ | �N,right(t))⊤ represents the functional ran-
dom errors and X and Z are 2N × (A + 1) and 2N × N design matrices for the fixed 
and random effects, respectively. Written in this way, the model is a bivariate ver-
sion of the general functional mixed model (Morris and Carroll 2006).

Our approach for fitting the model, described in the remainder of this section, 
can be summarised as follows. First, the multivariate functional data are expanded 
on a basis of multivariate functional principal components (mv-FPCs) (Sect. 2.2). 
Scalar mixed models are fitted to each of the resulting FPC scores independently 
(Sect.  2.3). Estimates of the model parameters are combined across the bivariate 
FPCs to give estimates of the functional model terms (Sects. 2.4 and 2.5). The main 
steps are also summarised graphically in Fig. 2. A short simulation study to assess 
this approach in realistic data-generating scenarios is contained in Sect.  4 in the 
Supplement.

2.2 � Basis expansion

The first step in the basis modelling strategy is to represent each individual observa-
tion using a basis expansion, that is

where {y∗
ijk
}K
k=1

 are scalar basis coefficients and {� k(t) = (𝜓hip

k
(t),𝜓knee

k
(t))⊤}K

k=1
 are 

bivariate basis functions. As noted by Ramsay and Silverman (2005) and Morris 
(2015), the type of basis chosen should suit the characteristics of the data at hand. 
Popular choices for univariate functions are wavelets or FPCs (Morris and Carroll 
2006; Aston et al. 2010; Lee et al. 2019).

yij(t) =

K∑

k=1

y∗
ijk
� k(t),

Fig. 2   A flowchart summarising the main sequence of steps in our modelling approach
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For multivariate functional data, such as the kinematic data in our application, 
multivariate FPCs are a natural choice of basis, because they capture common vari-
ation across the dimensions of the multivariate functional data. That is, in our appli-
cation, mv-FPCA produces a set of basis functions that are useful for capturing vari-
ation in the hip and knee jointly.

Implicitly, this is the same type of basis that Zhu et al. (2017) used to represent 
the multivariate functional data in their work. Though they did not explicitly men-
tion mv-FPCA, they expanded the functional data within each dimension on an 
orthonormal univariate basis and then performed a standard PCA of the combined 
matrix of basis coefficients, using the resulting PCA scores as new basis coefficients 
in the modelling. As demonstrated by Happ and Greven (2018), this is one approach 
to estimating mv-FPCs. However, there are other approaches to estimating the mv-
FPCs that are equally valid. In our application, we chose to construct the mv-FPC 
basis from univariate B-spline (non-orthonormal) basis expansions within each 
dimension (Happ and Greven 2018), as B-splines are known to be suited to repre-
senting smooth functions with local features (Ramsay and Silverman 2005; Morris 
2015). The mv-FPCA basis could also be estimated directly from discrete obser-
vations of the multivariate functional data Li et al. (2020); Ramsay and Silverman 
(2005).

The only requirement is that the basis expansion is near-lossless, which accord-
ing to Morris (2017, p. 72), means it is “sufficiently rich such that for all practical 
purposes it can recapitulate the observed functional data". In general, this property 
is controlled by K, the number of mv-FPCs retained. Because we calculate the mv-
FPCA from univariate expansions, the richness of the basis additionally depends on 
the number of univariate basis functions used within each dimension. We use a large 
number of univariate basis functions within each dimension, as the estimated mv-
FPCA has been shown to be sensitive to using too few univariate basis functions 
(Golovkine et al. 2023). When choosing K, the number of mv-FPCs to keep, retain-
ing a larger number will give a closer fit to the observed data, while retaining fewer 
mv-FPCs (“truncation” or “compression”) makes the representation smoother and 
reduces computation time taken to model the scores. As our data are smooth and we 
assume that they are measured without error, we choose a large number of mv-FPCs 
to explain a high variance-explained threshold of 99.99% (Zhu et al. 2017). How-
ever, if we wanted to induce regularisation and avoid over-fitting, we could more 
carefully choose K through cross-validation for near-lossless basis expansions (Zoh-
ner 2021, Chap. 2).

Here and in the analysis that follows, we assume that the overall mean has been 
subtracted from Y(t) and we add it back when interpreting results. We let �(t) denote 
the K × 2 matrix containing the mv-FPCs so that we can write Y(t) = Y∗

�(t) , where 
Y∗ is the matrix of basis coefficients (i.e., mv-FPCA scores) which is obtained by 
projecting the Y(t) onto the mv-FPCs. The central idea of the basis modelling para-
digm is to use the same basis for all terms in the model (1), i.e., B(t) = B∗

�(t) , 
U(t) = U∗

�(t) and E(t) = E∗
�(t) so that the following “basis-space” model can be 

fitted instead
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which is obtained by projecting both sides of (1) onto �(t) (see, e.g., Morris 2017, 
Sect. 3.1.4). This simplifies the task from fitting a bivariate functional mixed model 
(the “data-space” model) to fitting a multivariate scalar linear mixed model (the 
“basis-space” model). Because mv-FPCA scores are (marginally) uncorrelated, we 
attain further simplification by assuming that the columns of Y∗ are approximately 
independent and can be modelled separately. This reduces the problem to fitting a 
series of univariate scalar linear mixed models to the columns of Y∗ , reducing com-
putation times and memory requirements.

2.3 � Estimation

A Gaussian scalar linear mixed effects model is fitted separately to each FPC score, 
i.e., each column of Y∗ . The model for the kth basis coefficient, k = 1,… ,K , is

where u∗
ik

i.i.d.
∼ N(0, qk) and �∗

ijk

i.i.d.
∼ N(0, sk) . Here, the Gaussian specification for the 

random effects and random errors follows from the assumption of a Gaussian pro-
cess for ui(t) and �ij(t) , and hence that their projection onto an orthonormal basis 
yields Gaussian coefficients (Golovkine et  al. 2022). The model can be estimated 
using either Bayesian or Frequentist methods; Zhu et  al. (2017) took a Bayesian 
approach using a custom MCMC algorithm written in MATLAB and C. We opt for a 
frequentist approach because it allows a fast and straightforward implementation 
using standard open-source software; we use the lmer() function from the lme4 
(Bates et al. 2015) R (R Core Team 2022) package to fit the models using REML. 
An introduction to REML estimation of linear mixed models is given by Wood 
(2017, Sect. 2.4.5) and Pinheiro and Bates (2000, Sect. 2.2.5).

Implicitly, modelling each basis coefficient separately assumes that Cov(u∗
ik
, u∗

ik�
) = 0 

and Cov(�∗
ijk
, �∗

ijk�
) = 0 for k ≠ k′ . Although the mv-FPCA step produces basis coeffi-

cients that are marginally uncorrelated, the projections of the individual processes ui(t) 
and �ij(t) onto the mv-FPCA basis are not guaranteed to be uncorrelated across k. How-
ever, this assumption is commonly made in basis modelling approaches for functional 
mixed models because it brings about simplifications in modelling and computation 
while maintaining a high degree of flexibility (Aston et al. 2010; Lee et al. 2019; Zhu 
et al. 2017). In Sect. 2.5, we describe a way to graphically assess the extent to which 
this assumption is reasonable for each process, based on the reconstruction of their 
respective covariance functions.

2.4 � Fixed effects

We do not try to interpret the individual models fitted to the basis coefficients. Instead 
we combine the estimated parameters across coefficients with the basis functions to 

�
∗ = XB∗ + ZU∗ + E∗,

y∗
ijk

= �∗
0k
+

A∑

a=1

xija�
∗
ak
+ u∗

ik
+ �∗

ijk
,
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reconstruct the functional model terms. This step is referred to as “transforming the 
estimates back to the data space”. For a given fixed-effect function �a(t) , we use the 
estimates �̂∗

ak
 of �∗

ak
 , k = 1,… ,K to construct an estimate

2.4.1 � Pointwise confidence intervals

Pointwise confidence intervals for �a(t) can be constructed based on a Gaussian 
approximation �̂

∗

a
∼ NK(�a, �̂a) , where �̂a = diag

{
V̂ar

(
�̂∗
a1

)
,… , V̂ar

(
�̂∗
aK

)}
 . This 

gives the pointwise variance function

so that an approximate pointwise confidence interval can be constructed as 
�̂a(t) ± q1−�∕2 × ŜE(�̂a(t)) where ŜE(�̂a(t)) is the square-root of V̂ar(�̂a(t)) and 
q1−�∕2 is the (1 − �∕2) th quantile of the standard Gaussian distribution. These are 
Wald intervals because they are based on the Gaussian approximation for each �̂∗

ak
 

and are only asymptotically valid because the estimate V̂ar(�̂∗
ak
) is used in place of 

the true Var(�̂∗
ak
) (Kenward and Roger 1997). Despite this, Wald intervals are quick 

and straightforward to compute and are returned by default by standard mixed 
model software. For our application with a large number of study participants the 
approximation should be reasonable so they are a convenient tool. In Sect.  2.4.2, 
we describe a more computationally intensive bootstrap technique for construct-
ing simultaneous confidence bands which can also be used to construct pointwise 
intervals.

2.4.2 � Simultaneous confidence bands

Pointwise confidence intervals for bivariate functional parameters only provide 
coverage within a given dimension p ∈ {hip, knee} at a specific point t ∈ [0, T] . 
They will not, in general, provide nominal coverage for the entire function �a(t) 
because of the multiple-testing problem (Degras 2017). We define a simultaneous 
confidence band as the band [�a,L(t), �a,U(t)] providing simultaneous coverage

The band can be thought of as providing an adjustment for multiple testing along the 
whole domain [0, T] and across the hip and knee dimensions.

��a(t) =

K∑

k=1

�𝛽∗
ak
� k(t) = �(t)⊤��

∗

a
, where ��

∗

a
= (�𝛽∗

a1
,… , �𝛽∗

aK
)⊤.

�Var(��a(t)) ≈ �(t)⊤��a�(t),

P(�(p)
a
(t) ∈ [�(p)

a,L
(t), �(p)

a,U
(t)],∀ p ∈ {hip, knee} and t ∈ [0, T]) ≈ 1 − �.
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Resampling or simulation techniques are typically used to build simultaneous 
confidence bands. A sketch of the general procedure first introduced by Ruppert 
et  al. (2003, Sec. 6.5) for scatterplot smoothing, which has been subsequently 
been shown to work well for univariate functional data (Crainiceanu et al. 2012; 
Park et al. 2018; Cui et al. 2022), is given in Algorithm 1. The algorithm admits 
a number of ways to construct the bands in our application, differing in how 
the samples �̂a(1)(t),… �̂a(R)(t) and the estimate ŜE(�̂a(t)) are obtained (Step 1). 
The Wald approximation in Sect.  2.4.1 can be used to simulate samples from 
NK(�̂a, �̂a) . Alternatively, parametric or non-parametric bootstrap techniques can 
be used to obtain the samples and estimate �̂a . We opt for the non-parametric 
bootstrap, where bootstrap samples are created by resampling subject indices 
with replacement, hence called the “bootstrap of subjects" (Crainiceanu et  al. 
2012; Park et al. 2018; Cui et al. 2022). Each time a subject appears in a bootstrap 
sample, they are assigned a new pseudo-ID which is used in model estimation. 
We use the bootstrap to estimate �a and then draw samples from NK(�̂a, �̂a) for 
Step 1 of Algorithm 1, however the bootstrap samples could also be used directly 
(Crainiceanu et al. 2012). 

Algorithm  1   Level � simultaneous confidence bands for �
a
(t) (Crainiceanu 

et al. 2012).

Data: β̂a(t), ŜE(β̂a(t)).
Result: Simultaneous confidence bands of

{βa(t), p ∈ {hip, knee} and t ∈ [0, T ]}.
1. Obtain samples β̂a(1)(t), . . . β̂a(R)(t) by simulation or bootstrap;
for r = 1, . . . , R do

2. Calculate zr = maxt,p{|β̂a(t)− β̂a(r)(t)|/ŜE(β̂a(t))};
end
3. Compute z(1−α), the (1− α)th empirical quantile of {z1, . . . , zR};
4. The simultaneous confidence band is calculated as

β̂a(t)± z(1−α)ŜE(β̂a(t)).

2.5 � Covariance reconstruction

In scalar linear mixed effects models, we are not concerned with estimating the random 
effects themselves; instead we try to estimate the parameters that describe the random 
effects’ distributions, i.e., the variance and covariance parameters (Faraway 2016, p. 
195). Analogously in bivariate functional mixed effects models, we are concerned with 
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estimation of the auto- and cross-covariance functions describing the bivariate func-
tional random effects.

The bivariate functional random intercepts are given by

and due to the independence assumption for the basis coefficients, we have

where q1,… , qK are random-intercept variances from the scalar mixed models 
(Sect. 2.3). Therefore, the matrix-valued covariance function for the bivariate func-
tional random intercepts is given by

Similarly the matrix-valued covariance function for the bivariate functional random 
error is

where S∗ = diag{s1,… , sK} . In practice, we replace qk and sk by their estimates q̂k 
and ŝk to obtain the reconstructions Q̂ of Q and Ŝ of S.

As mentioned in Sect. 2.3, the independence assumption for the basis coefficients 
restricts Q∗ and S∗ to be diagonal, limiting the types of covariance structures that 
can be estimated. Lee et al. (2019) recommend checking this assumption graphically 
by plotting the reconstructed covariance functions. For functions on large and pos-
sibly high-dimensional grids (e.g., images), it has typically not been feasible to com-
pute unrestricted covariance estimates to compare the model reconstructions with. 
In this work, we obtain fully unstructured estimates of the covariance functions by 
extending the multilevel FPCA method of Di et al. (2009) to multivariate functional 
data. By comparing the model and unstructured estimates graphically, we can assess 
whether the diagonal assumptions for Q∗ and S∗ are reasonable. Full details on the 
calculation of the unstructured estimates are provided in Sect. 2 in the Supplement.

2.6 � Functional intraclass correlation coefficient

Random-intercept scalar mixed models allow a partitioning of variability into 
between-subjects and within-subjects elements through the intraclass correlation 
coefficient (ICC) (Faraway 2016, Sect.  8.1). Di et  al. (2009, Sect.  2.2) extended 
the ICC to univariate functional data by integrating each term over the functional 
domain. We further extend it to multivariate functional data by integrating over the 
functional domain and summing over the dimensions. The multivariate functional 
ICC for our model is

ui(t) =

K∑

k=1

u∗
ik
� k(t) = �(t)⊤u∗

i
,

Cov
(
u∗
i

)
= Q∗ = diag{q1,… , qK},

Q(t, t�) = Cov(ui(t),ui(t
�)) = �(t)⊤Q∗

�(t�), t, t� ∈ [0,T].

S(t, t�) = Cov(�ij(t), �ij(t
�)) = �(t)⊤S∗�(t�), t, t� ∈ [0, T],
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In our application, it can be interpreted as the proportion of variability in the hip and 
knee angles (after accounting for fixed effects) attributable to differences between 
subjects. The remainder (1 − ICC) represents the proportion attributable to differ-
ences within subjects between the left and right sides (asymmetry). Further details 
on the ICC are provided in Sect. 3 in the Supplement.

3 � Data analysis and results

3.1 � Data extraction, segmentation and alignment

This section summarises the data collection, extraction and preparation for analy-
sis. As per the Vicon Plug in Gait model (Vicon Motion Systems, Oxford, UK), 28 
reflective markers (14 mm in diameter) were placed at bony landmarks on the lower 
limbs, pelvis and trunk with an additional two markers placed on the anterior aspect 
of the mid tibia and mid thigh bilaterally. After a dynamic warm-up including tread-
mill running (FlowFitness, Runner-DTM2500i, Netherlands) for 6 min at a speed of 
9 km h−1 , participants completed a three-minute run at a self-selected pace that best 
represented their typical training pace. During the first minute of this three-minute 
run, kinematic data were collected using a 17-camera, three-dimensional motion 
analysis system (Vantage, Vicon, Oxford, UK) recording at 200Hz. The marker tra-
jectories were then filtered using a fourth-order zero-lag Butterworth filter at 15Hz, 
chosen by residual analysis (Winter 1979). Functional joints and minimisation of 
soft tissue were calculated using the “OSSCA" method in NEXUS 2 (Taylor et al. 
2010). Sagittal plane hip and knee angles were then extracted bilaterally.

The extracted data were segmented into individual strides at the initial contact of 
the foot with the ground, which was identified as the first occurrence of two events: 
1) the first negative vertical acceleration of the toe maker, and 2) the peak vertical 
acceleration of the heel marker. Both events were identified within a search window 
defined between the local maxima of the toe marker anterior position and the subse-
quent local minima of the ankle marker vertical position. For each stride, the time-
argument values were then linearly re-scaled so that all curves shared the normal-
ised domain [0, 100], where 0 represents the start of a stride and 100(%) represents 
the end (i.e., linear time/ length normalisation, Helwig et al. 2011). When discretisa-
tion of the functions was required, e.g., for plotting or computing the simultaneous 
bands, a grid of 101 points t = 0, 1,… , 100 was used. Landmark registration (Kneip 
and Gasser 1992) was performed to further reduce timing variation in the functions. 
A single landmark was chosen to align the functional data from each stride—the 
peak of the knee flexion angle. This landmark was chosen because it is clear and 
well-defined for every stride and easy to identify using a simple grid search. The 
hip and knee angles were registered simultaneously to this landmark to preserve the 
temporal correlation between them.

ICC =

∑K

k=1
qk

∑K

k=1
qk +

∑K

k=1
sk

.
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3.2 � mv‑FPCA

As described in Sect. 3.1, the raw marker trajectories were filtered to remove obser-
vational error. Therefore, no additional smoothing was performed to avoid over-
smoothing and dampening features in the data. Instead, the first-stage basis-function 
expansion interpolated, rather than smoothed, the data and reduced its dimension 
(i.e., reduced a large number of observation points, differing between curves, to a 
smaller number of common basis coefficients).

First, a B-spline basis was chosen to represent the univariate functional data 
in each dimension because it is a flexible basis and is well suited to smooth func-
tions, such as the kinematic data at hand (Ramsay and Silverman 2005; Morris 
2015). We found that Khip = Kknee = 80 B-spline basis functions were sufficient 
to approximate the functional data from each stride almost perfectly. The basis 
coefficients were computed by ordinary least squares because no smoothing was 
required. Given the basis representation of the functional data for each individ-
ual stride, the reduced dataset of left and right side averages used in the analy-
sis (Fig.  1) was obtained by averaging the basis coefficients of all strides for a 
given subject on a given side of the body. Computed from the univariate B-spline 
expansions, the bivariate FPCA yielded K̃ = 38 bivariate FPCs, satisfying the 
99.99% variance explained threshold. As expected, the majority of the variance 
was explained by the leading FPCs, e.g., 95% of the variance was explained by 
the first seven FPCs, and 99% by the first 13. Additional information on the basis 
transformation is provided in Section 5.1 in the Supplement.

3.3 � Fixed effects

The fitted model was

where xi1, xi2 and xi3 are dummy-coded variables representing the “Injured more 
than 2 years ago", “Injured 1-2 years ago" and “Injured less than 1 year ago" catego-
ries of the retrospective injury status variable and the reference category is “Never 
injured", speedi is the self-selected running speed of subject i in km h−1 , sexi is a 
dummy-coded variable for sex of subject i ( 0 = male, 1 = female), agei is the age 
of subject i in years, weighti is the weight of subject i in kilograms and heighti is 
the height of subject i in centimetres. All numeric variables were centred to make 
the intercept function more interpretable. The regression coefficient functions for 
numerical and dummy-coded variables can be interpreted analogously to multiple 

�ij(t) = �0(t) +
3
∑

a=1
xia�a(t)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
Injury Status

+ speedi × �4(t) + sexi × �5(t) + agei

× �6(t) + weighti × �7(t) + heighti × �8(t) + �i(t) + �ij(t),
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linear regression; e.g., �(hip)
4

(t) represents the expected change in the hip angle at t 
for a 1-km h−1 increase in speed with all other variables held constant, and �(knee)

5
(t) 

represents the expected difference in the knee angle at t between females and males 
with all other variables held constant.

Figure 3 shows the estimated regression coefficient functions. The solid lines 
represent the point estimates, the shaded ribbons represent the 95% simultane-
ous bands and the dashed lines represent 95% pointwise confidence intervals. 
Results obtained via the Wald and bootstrap approaches were practically indis-
tinguishable so only the bootstrap intervals are shown. The simultaneous bands 
are about 1.5 times as wide as the pointwise intervals. The confidence bands for 
the retrospective injury status regression coefficient functions contain zero (solid 
grey horizontal line) for all t, meaning that there is no evidence of a difference 
between any of the categories and the reference category of “Never injured". Sim-
ilarly, there is limited evidence of an age, height, weight or sex effect; although 
the simultaneous bands do not contain zero at certain points, the magnitude of 
each effect is small. However, self-selected speed has a strong effect in both the 
hip and knee dimensions—the coefficient function has a distinct shape and the 
confidence band only contains zero when the function is changing from positive 
to negative. In the Supplement (Sec. 5.2), we provide a more intuitive visualisa-
tion to interpret this effect, where we predict the hip and knee angles from our 
model at different speeds, and present the predicted joint angle curves relative to 
time and relative to one another on an angle-angle diagram.

3.4 � Random effects

Figure  4 displays filled-contour plots of the estimated multivariate covariance 
functions. The random-effects covariance function Q (top panel) is reconstructed 
by the model almost perfectly—the model estimates (left panel) appear very 
similar to the unstructured estimates (right panel). The random-error covariance 
function S (bottom panel) is also well estimated, the model captures the general 
shape of the function. However, there are certain parts of S which the model 
cannot reconstruct. For example, in the knee-knee component of S in the region 
t, t� ∈ [75, 100] there is a discrepancy between the model and unstructured esti-
mates. We show in Section 5.3 in the Supplement that this discrepancy is due to 
the diagonal assumption for S∗ and can be resolved by allowing a small number of 
non-zero off-diagonal correlations in S∗ . Overall, however, we can conclude that 
the covariance functions are reconstructed well.

The functional ICC was estimated at 0.78 (bootstrap 95% CI = [0.76, 0.81]), indi-
cating that approximately 78% of the variability in the average hip and knee angle 
functions (after accounting for the fixed effects) can be explained by subject-level 
differences, and 22% of variability is due to differences within subjects between 
sides. This high degree of “clustering" highlights the presence of idiosyncratic run-
ning patterns that are consistent across both sides of the body.
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Fig. 3   The estimated fixed-effect hip (top panel) and knee (bottom panel) regression coefficient func-
tions. The solid line represents the point estimate function. The shaded ribbons represent 95% simulta-
neous confidence bands obtained via bootstrap. The dashed lines represent 95% pointwise confidence 
intervals obtained via bootstrap. Note: Wald confidence intervals are omitted because they are almost 
identical to those obtained with the bootstrap approach
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4 � Discussion

This article has presented a multivariate functional mixed model for kinematic data 
from recreational runners collected during a treadmill run. Using an existing basis 
modelling approach (Zhu et  al. 2017), we project the multivariate functional data 
onto a mv-FPCA basis to reduce it to a to a set of uncorrelated scores and fit a series 
of scalar linear mixed models to the scores. We have provided a frequentist imple-
mentation of the model which means it can be fitted using existing open-source soft-
ware and adapted bootstrap and simulation techniques for inference on the fixed-
effect function estimates. We introduced reconstructions and comparisons of the 
multivariate covariance structures to graphically assess the model, which demon-
strated that the assumptions being made on these structures were appropriate for our 
data application. We also extended the univariate functional ICC to summarise the 
degree of intra-subject correlation in our application, showing strong correlations 

Fig. 4   Filled-contour plots of the multivariate covariance functions. Top panel: The model (left) and 
unstructured (right) estimates of the multivariate functional random effects covariance function Q(t, t�) . 
Bottom panel: The model (left) and unstructured (right) estimates of the multivariate functional random 
error covariance function S(t, t�)
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in runner’s bilateral kinematics (or equivalently, high inter-subject variability/ 
idiosyncrasy).

From a scientific perspective, we did not detect evidence of a statistically sig-
nificant effect of retrospective injury status on the kinematic data after accounting 
for the other covariates. It is difficult to directly compare this result with existing 
literature due to differences in study designs, and also because previous analyses 
have focused on discrete kinematic variables whereas we modelled kinematics over 
the course of the full running stride. For example, the findings are consistent with 
the work of Messier et al. (2018) who, in a large prospective study of runners who 
were all asymptomatic at baseline, found that discrete measures of knee flexion were 
not significantly different between those who did and not become injured. On the 
other hand, Bramah et al. (2018) found a significant difference in knee flexion at the 
start of the stride between injured and uninjured runners in a retrospective study, 
were the injured runners were symptomatic at baseline. Although our model did aim 
to comprehensively characterise effects of injury status on both hip and knee kin-
ematics across the whole running stride, we cannot rule out the possibility that our 
injury groupings were too broad (both in terms of injury types/ location and the 
times since the runners were symptomatic), that our sample size was insufficient to 
detect a difference using these groupings, or that other joints or planes of motion are 
more important for RRIs.

In contrast, we did find a strong, statistically significant effect of running speed 
on hip and knee kinematics—participants who run faster tend to so by producing 
greater hip and knee flexion at various stages throughout the movement. The func-
tional effects that we have characterised using FDA are understood qualitatively in 
the biomechanical literature—Grimshaw et al. (2007, p. 256) explain that “As speed 
increases, the flexion of hip and knee joints during the swing phase increases, this 
serves to reduce the moment of inertia of the limb, thus allowing for a faster swing. 
There may also be a slight increase in the degree of knee flexion at impact”. Addi-
tionally, almost identical qualitative effects of running speed were found by Oren-
durff et al. (2018) in experiments where the individuals ran on a treadmill at multiple 
different speeds (i.e., speed was a within-subject variable). However, their statistical 
modelling approach was limited to simply plotting the group average curves at the 
different speeds without any inference, and then reducing the curve data to discrete 
variables (e.g., peak knee flexion) and performing a repeated measures ANOVA on 
them, treating speed as a categorical covariate. Although this might be sufficient 
in some applications, including speed as a continuous covariate in our multivari-
ate functional mixed effects model allows us to obtain estimates that appropriately 
characterise the effect of speed across the whole running stride, obtain simultaneous 
inference on this effect that is valid across the whole running stride and across both 
the hip and knee joints, and to make predictions of full curves at different running 
speeds (Supp. Sect.  5.2), while still accounting for repeated measures. An added 
benefit of modelling the hip and knee jointly rather than fitting separate univariate 
models is that it leads to intuitive visualisations of combined effects on hip-knee 
kinematics using angle-angle diagrams (Supp. Sect.  5.2), which are a practically 
useful tool for biomechanics researchers and practitioners conducting coordination 
research (Lamb and Bartlett 2017).
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Some limitations and extensions of this work are as follows. The kinematic data 
had already undergone filtering in the extraction step, as is typical for human move-
ment data collected using motion capture systems, so further smoothing was not 
applied. However, in other scenarios where the data are less smooth, it may be desir-
able to regularise the estimated fixed effects functions. This could be achieved by 
pre-smoothing the individual functional observations in the first-stage basis transfor-
mation or retaining fewer FPCs in the second stage. However, in certain situations, 
heavily pre-smoothing individual observations may neglect uncertainty in their esti-
mates in downstream analysis (Bauer et al. 2018). The fixed effects estimates could 
also be post-smoothed by evaluating them on a grid and employing any scatterplot 
smoother (Fan and Zhang 2000; Cui et al. 2022). Finally, variable selection could be 
used in the scalar linear mixed effects models, which would lead to a sparse repre-
sentation of the fixed-effect functions, i.e., each fixed-effect function would be rep-
resented by a small number of FPCs (Morris and Carroll 2006; Aston et al. 2010).

In the second simulation scenario, and our scientific application, the random-
effect and random-error covariance functions are reconstructed with error because 
the diagonal assumption for Q∗ and S∗ is too restrictive to fully capture the covari-
ance structures. However, the approximation still works well to provide approximate 
fixed effects inference and summaries of the variance structure, i.e., the ICC.

If better estimates of the covariance functions were required, a modification could 
be made to the current approach to allow a small number of off-diagonal elements 
in Q∗ and S∗ to be non-zero. We show in Section 5.3 in the Supplement that unre-
stricted versions of Q∗ and S∗ can be estimated using the algorithm of Fieuws and 
Verbeke (2006), and variants of the graphical LASSO (Friedman et al. 2008) used 
to select which off-diagonal elements to retain. The final model could then be fitted 
with certain FPCs modelled in pairs or small groups, rather than completely inde-
pendently. We worked with linear-time normalised and landmark-registered curves, 
but did not include the respective parameters of these transformations (i.e., curve 
lengths and landmark times) in subsequent analysis. It is likely that these parameters 
also depend on the covariates used in our model. A unified modelling of amplitude 
and phase (see, e.g., Hadjipantelis et al. 2015) could be achieved by modelling the 
phase variation parameters along with the mv-FPC scores, likely allowing for cor-
relation among them. We leave further investigation of this approach to future work.

Two main extensions of the model and application will be pursued. Our first goal 
is to extend the model to include all strides rather than an average for each side. 
As the strides admit a time ordering, longitudinal functional data analysis methods 
will be required—simply adding another level to the current model and ignoring the 
ordering of the strides may not be sufficient. There are a number of papers on uni-
variate longitudinal functional data (Greven et al. 2010; Park and Staicu 2015; Lee 
et al. 2019), however we are developing bespoke methodology to handle the mul-
tivariate three-level case. The second extension is to include kinematic data from 
other joints, such as the ankle or pelvis, or from the other two planes of motion (i.e., 
frontal and transverse) in the model. This extension is more straightforward method-
ologically, but will be more computationally demanding and may provide interesting 
scientific results.
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