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Notation and Abbreviations
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'

Maps
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RL

Spaces
X
X
X3

X/
X/
X
N
N;
N
st(v)
Poset Notation
Pij
|P|
L
Y
Homology Notation
Cn(Y)
Hn(Y)
S(v1...Vg41)
Miscellaneous
F,
NCP

Unique rising chain

p-decreasing

Coxeter group
Artin group

Commutator subgroup of G

Abelianisation homomorphism on B(W)

Reflection length homomorphism on B(W)

Contractible B(W) complex
Quotient H\ X

Retract of X in F) case
Quotient X 5/B(Fy)’
Filtration of X’

Filtration of X3

Retract of Xker(RL)
Filtration of NV

Retract of Xp(cy)

Star of a vertex v

Truncation of poset P by its rank function
Order complex of poset P
The lattice of non-crossing partitions

Coxeter element of L

Free abelian group with basis the n-cells of Y

Nth homology group of Y
A cycle in Cy_1|Lpy

Groups with a K (I', 1) with finite n-skeleton

Non-crossing partition, an element of L

Factorisation of an NCP in terms of reflections

that are all increasing in the total order

Factorisation of v which decreases for 1st p

reflections and increases for remaining reflections



Abstract

Noncrossing Partitions and Subgroups of Artin Groups of Finite Type

Ben Quigley

In this thesis we use non-crossing partitions(NCP) to examine Artin groups of finite type
and their subgroups. We follow the work of Brady-Watt and Bessis to construct a con-
tractible universal cover for the Artin group B(W) using this NCP structure. This space
X can be factored out by normal subgroups H of B(W) and the resulting quotient space
is a K(H,1). We examine this quotient space to see what information it gives us about

the subgroup H.

The main result of this thesis is that B(Fj)’, the commutator subgroup of the Artin group
B(Fy), is finitely presented. It is already known whether the commutator subgroups of
the other irreducible Artin groups are finitely presented. We retract the space X in the
Fy case and filter it appropriately to apply a theorem of Brown. If the filtration is finite
mod B(Fy)" and successive stages of the filtration are obtained from the previous stage by

the adjunction of 3-cells then B(F},)' has finiteness type F» but not finiteness type Fs.

We also recover the fact that B(C3)’ is finitely generated but not finitely presented. This is
done by examining the fundamental group and second homology group of our K (B(C5)’,1).

The other subgroup we are interested in is the kernel of the map which sends the NCP
generators of an Artin group to the lengths of the corresponding non-crossing partitions.
We define a Morse function on the quotient space in this case to calculate the homology.
The Morse function on the quotient space also defines one on truncations of the NCP
lattice. The simplification resulting from this Morse function recovers the fact that the

homology of these truncations is entirely in the top dimension.



Chapter 1

Introduction

For any Coxeter group W we can define a total length function on the group and use it to
construct a partial order on W. Choosing some product of the simple reflections, v, to be
the maximum element of this poset determines the lattice of non-crossing partitions(NCP)
for W. These NCPs give an alternate presentation for the associated Artin group, which
we denote B(W). We follow [6], [8] and [3] to construct a contractible universal cover X
for the Artin group using this presentation. Factoring X out by normal subgroups H of
B(W) results in a K(H,1). In this thesis we use these spaces to study the subgroups H.
We are generally interested in two particular subgroups; the kernel of the abelianisation
map and the kernel of the map RL, which sends the NCP generators of the Artin group
to the length of the corresponding NCPs. In the first half of the thesis we recover some
results about the RL map, looking at the homology of the space H. In the second half of
the thesis we apply our constructions to the abelianisation map, in the C'5 and Fj cases
where it does not coincide with RL. The main result is that B(Fj;)’, the commutator

subgroup of the Artin group of type Fj, is finitely presented.

The layout of the thesis is as follows. In Chapter 2 we review background information
regarding Coxeter groups, posets and the lattice of non-crossing partitions. We describe
the non-crossing partition approach to Artin groups and how this can be used to produce
classifying spaces for subgroups of Artin groups. In Chapter 3 we consider the kernel
of the RL map and its classifying space. We define a Morse function on this space and
use discrete Morse theory to simplify its homology groups. As a consequence we get a

Morse function on truncations of the NCP lattice, which shows that the homology of



these truncations is all in the top dimension. In Chapter 4 we detail how we calculate
the homology of ker(RL). The appendix features matlab functions that were used to
calculate the homology, following this method, in the A, case for n < 7. This confirmed
these homology groups match those of Callegaro in [11]. In Chapter 5 we discuss some
techniques for analysing finiteness properties of groups utilising their classifying spaces.
In Chapter 6 we consider the C5 case, where the abelianisation and RL maps do not
coincide. We study the fundamental group of the K(B(C3)’,1) to show that B(C3)’ is
finitely generated and study the second homology group of the space to show that B(C3)’
is not finitely presented, recovering a result of Squier [22]. Finally in Chapter 7 we use
some of the techniques from Chapter 5 to show that the commutator subgroup in the Fy

case is finitely presented but not of finiteness type F3.



Chapter 2

Coxeter Groups and Non-crossing

Partitions

In this chapter we give a brief introduction to Coxeter groups, Artin groups and how
the theory of non-crossing partitions can be used to study such groups. For more detail
regarding Coxeter groups we recommend Humphreys [17] and Bourbaki [5]. We refer to

Armstrong [1] for facts about non-crossing partitions.

2.1 Coxeter groups

Definition 2.1.1. Suppose S = {s1,...,8,} is a finite set and M is an n X n matrix with

(4, 7)th entry m(s;, s;) € {1,2,3,...,00} which also satisfies

m(s,s’) =m(s',s) and

m(s,s')=1&s=54".

Let W be a group generated by S with one relation of the form (ss’)m(s’sl) = 1 for each
pair of generators (s,s’) € S x S. Note that m(s,s’) = co means that there is no relation

between s and s’. Such a group is called a Cozeter group and M is called a Cozeter matriz.

We call n the rank of the group. If there is a partition of the generators S = S’ U S”
such that the elements of S’ commute with the elements of S” then we say W is reducible.
Note that W = (S”) x (S”) in this case, where both factors are themselves Coxeter groups,

otherwise W is irreducible.



The numbers m(s;, s;) for a particular Coxeter group can also be given by a graph known
as a Cozxeter diagram. This graph has one vertex vg for each generator s € S. Whenever
m(s;,s;) > 3 the vertices vs; and v, are connected by an edge. If m(s;,s;) > 4 then we

label this edge by the number m(s;, s;).

It can be shown that every Coxeter group W has a geometric representation as a group
generated by linear reflections. In the case that W is finite these generating reflections
can be chosen to be Euclidean reflections and W is a finite reflection group. The details
of this representation can be found in chapters 5 and 6 of [17]. We are mainly interested
in the finite case and from now on we will use W to denote a finite irreducible Coxeter

group of rank n. The figure below displays the Coxeter diagrams for these groups.

O e)
Er O T ¢)

2 O T e)
1y O 1 O

Hy o2 o0

H, o ®)

Ir(m) QLO

Fig. 2.1.1: Coxeter diagrams for the finite irreducible Coxeter groups
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Example 2.1.1. The groups C,, correspond to the symmetry groups of the hypercubes.
In the Cy case S = {a,d} and we have two generators, each of order 2, and these satisfy
(ad)* = e. Cy is isomorphic to the symmetry group of the square. The elements a, d, ada
and dad are reflections through the lines in the Figure 2.1.2. The elements da, dada and

ad are clockwise rotations through 7/2, 7 and 37 /2 respectively.

dad d

ada

Fig. 2.1.2: Reflections in Cs

This example illustrates the fact that the reflections from the set S are not the only
reflections in the geometric representation. We sometimes refer to the elements of S as
the set of simple reflections. The set of all reflections is used to define the non-crossing

partitions for the group W.

Definition 2.1.2. We call
T = {wsw s € S,w € W}

the set of reflections.

We equip W with a length function, [ : W — Z, with respect to this larger generating set
T. That is [(w) is the minimum integer r such that there exists an expression w = t; ... ¢,
with £1,...,t. € T. We call such a minimal expression w = t; ...t a reduced word for w.

This function will induce a partial order on W.

2.2 Posets

Definition 2.2.1. A relation < on a set P is a partial order if it is reflexive, anti-symmetric

and transitive. The set P is called a partially ordered set or poset. If for any =,y € P we

11



have that either x < y or y < x then we call this a total order.

Let (P, <) be a partially ordered set. It is said to be graded if there exists a rank function,
p: P — N, that satisfies

(i) For every x,y € P such that x <y we have that p(x) < p(y).
(ii) If z < y and there does not exist any z such that x < z <y then p(y) = p(x) + 1.

Note we say that y covers x in this case.

The poset is said to be bounded if it has a maximum element 1 satisfying z < 1 for all
z € P and a minimum element 0 satisfying 0 < z for all x € P. The proper part of a
bounded poset P is P = P\{0,1}. We will often use the rank function to define other
truncations of a poset, let P; j = {x € P|i < p(z) < j}.

Definition 2.2.2. We define the order complex |P| of a poset P to be the simplicial
complex whose vertex set is elements of P and whose simplices are the non-empty finite

chains in P.

Definition 2.2.3. Let (P, <) be any partially ordered set.

An element y of P is an upper bound of z1,29 € P if 1 < y and 22 < y. The element
y is a least upper bound of x1,xs if it is an upper bound such that y < z for any other
upper bound z of z1, x».

An element y of P is a lower bound of x1,z5 € P if y < x1 and y < x9. It is a greatest
lower bound if z < y for any other lower bound z of 1, xs.

P is called a lattice if least upper bounds and greatest lower bounds exist for all pairs of

elements in P.

Let £(P) be the set of covering relations of P, meaning pairs (z,y) such that y covers
x and let A be a totally ordered set. An edge labeling of P with label set A is a map
A:E(P) — A. Let ¢ = 29 < 1 < --- < x, be an unrefinable chain of elements in P, that is
(zi,x41) € E(P) for all 0 < i <r—1. We let A\(¢) = (Mzo, 1), Mx1,22), -, N(Tp_1, 7))
be the label of ¢ with respect to \. We say c¢ is rising or falling with respect to A if the
entries of \(¢) are strictly increasing or strictly decreasing, respectively, in the total order
of A. We say that c is lezicographically smaller than an unrefinable chain ¢’ in P of the
same length if A(c) precedes A(¢) in the lexicographic order induced by the total order on
A.

12



Definition 2.2.4. An edge labelling A\ of P is called an EL-labeling if for every non-

singleton interval [u,v] in P

(i) there is a unique rising maximal chain in [u,v]| and

(ii) this chain is lexicographically smallest among all maximal chains in [u, v]

with respect to A\. The poset P is called EL-shellable if it has an EL-labelling for some
label set .

2.3 Non-Crossing Partitions

Definition 2.3.1. Define the absolute order on W by

wy < wy & l(we) = l(wy) + l(wl_le) Ywy, wy € W.

Thus wi < ws if and only if there is a shortest expression for wy with a prefix which is a

shortest expression for w;.

(W, <) is a graded poset with rank function ! and the identity e € W is the unique
minimum element. In general though it does not have a unique maximum element. We

look at a special class of maximum elements.

Definition 2.3.2. A standard Cozeter element is any element of the form

Y= S6(1)S0(2):--Sa(n)s

where o is some permutation of the set {1,2,...,n}. A Coxeter element is any conjugate

of a standard Coxeter element in W.

Lemma 2.3.1.

(1) Any two standard Cozxeter elements are conjugate.

(2) If v € W is a Coxeter element then we have t <~ for allt € T.

A proof of this is given in [1], Lemma 2.6.2.

Definition 2.3.3. Fixing a specific Coxeter element v, we define the poset of non-crossing
partitions (NCP) to be the set of elements in the interval [e,7] = {w € Wle < w < ~}
with the order inherited from (W, <).

13



Note that the isomorphism type of [e,~] is independent of the choice of «y since the Cox-
eter elements are all conjugate and conjugation by a fixed group element w € W is an

automorphism of the poset.

Theorem 2.3.1. The poset [e,] is a lattice.

This property is proved in [9]. We will refer to this non-crossing partition lattice as L.

Example 2.3.1. Returning to our Cy example, we see T' = {a, d, b = ada, ¢ = dad} and we
could choose v = ad to be our Coxeter element. The non-crossing partition lattice simply
consists of T"U {e,v} in this case. The other two elements in Cy are da and dada = db,
both of which have reflection length two and do not precede . Figure 2.3.1 shows the

order complex |L| of this lattice.

Y

Fig. 2.3.1: Order Complex |L| in the Cy case

2.4 An Order on Reflections

We will need some of the machinery from [9] in our later calculations. First we review

some information regarding root systems for finite reflection groups.

Let V be a real n—dimensional Euclidean space with inner product (-,-). A hyperplane H
in V is defined as {z € V|(z,a) = ¢}, for a non-zero vector a € V. This vector « is called

a normal to the hyperplane. In the case ¢ = 0 this is called a linear hyperplane, otherwise

14



H is called affine. The formula for reflecting a general vector 8 € V through H is

(B.0)
()

A finite reflection group is a group generated by such reflections.

ro(B8)=8—2

Definition 2.4.1. A finite set of non-zero vectors ® in V is called a root system for the

finite reflection group W if the following conditions hold:

® NRa ={a,—a} for all a € P,
ro(®) = @ for all a € P.

A finite hyperplane arrangement A is a finite set of hyperplanes in V. The arrangement
is called central if all hyperplanes pass through the origin, otherwise it is affine. The
connected components of V'\ A are referred to as regions. Let A be the central hyperplane
arrangement for a finite reflection group W and fix a region C' of the arrangement, called
the fundamental chamber. The inward unit normals of C' is the set of simple roots, II =
{a1,...,an}. A positive root is a linear combination of the elements of II with non-
negative coefficients. Similarly, a negative root is a linear combination of these elements
with non-positive coefficients. The set of positive roots is denoted by ®T while the set of
negative roots is denoted by ®~. The set of roots ® is the disjoint union of positive and
negative roots. Note that the reflections in the hyperplanes normal to the simple roots

correspond to the simple reflections in the geometric representation of a Coxeter group.

In [23] a total order is put on the set of roots of W. First a specific ordering {ay, ag, ..., an}
is chosen on the simple roots so that {a;,...,as} and {as41,...,a,} are orthogonal sets.
This can always be done since the Coxeter diagram is a tree. Next a total ordering on the

roots is defined by
pi = R(Oél)R(OéQ) - R(ai_l)ai, with a4y == ay,

where R(v) is the reflection in the linear hyperplane with normal v. Let the Coxeter
element be v = R(ai)R(ag)...R(ay). It is shown in [23] this lists the nh/2 positive
roots first, with {asy1,...,a,} being the last n — s positive roots, perhaps after some
permutation. Here h is the order of v in W. Also note that this induces a total order on

the reflections of W. For 1 <i < nh/2, we let R; be the reflection R(p;).

In [23] another set of auxiliary vectors (they’re called Petrie polygon vertices) are defined.

These are constructed starting with the dual basis {51,...,8,} to {a1,...,ay}. Define

i = R(Oél)R(OéQ) e R(Oéifl)ﬁi, with Ojyn = Q4 and Bz’+n = ﬁl

15



In our computations of NCP lattices we will make use of Lemma 4.8 of [9], restated for
our purposes below. (The requirement on the ordering of the roots in the original Lemma

is not necessary.)

Lemma 2.4.1. For reflections R; and R; with corresponding positive roots p; and p; the
following are equivalent:

(a) (R Ryy) = — 2.

(b) pj - pi = 0.

Note that if condition (a) is true then [(R;R;) + [(R;R;7v) = l(7) and thus R;R; € L.

We also recall Theorem 4.2 of [2], which tells us that each element of L has a unique

factorisation as rising chain of reflections.

Theorem 2.4.1. If T is totally ordered as described above and v = R(aq)R(2) ... R(ay,)
then the natural edge labeling of L with label set T is an EL-Labeling.

Applying this result to an interval of length 2 we have the following corollary which we
use in Chapter 4. Since only one factorisation of the interval can be rising, the rest must

be falling.

Corollary 2.4.1. Let 0 < v have length two and order m in W. Then there are reflections

TL, T2y Ty 0 W with 71 < 79 < -+ < Ty, in the total order on reflections and
O =T1Tm = TmTm—1 = """ = ToT].

Example 2.4.1. Again consider the C5 case. Examining Figure 2.1.2 we choose the
fundamental chamber C' to be the cone on the points {(1,0), (1,1)}, thus the simple roots
are a1 = (0,1) and ap = (1,—1). Calculating the p vectors we find the roots to be

p1 = (07 1)) P2 = (17 1)7 p3 = (170)) P4 = (17 _1)7
ps=(0,-1), p¢=(-1,-1), pr=(-10), ps=(-1,1).

The first row contains the four positive roots, while the second row contains the four

negative roots. The order on the positive roots induces an order on the reflections
R(pl) =a, R(pQ) = b, R(p3) =G R(p4) =d.

The chain e < a < 7 is labelled by (a,d) since v = ad. Consider this interval [e, 7], the only
interval of size greater than 1 in this case. It has four possible chains; (a, d), (b, a), (¢, b), (d, ¢).
Of these (a,d) is the unique rising chain, the other three are all falling. Note also that

(a,d) is the lexicographically smallest chain.
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2.5 Artin Groups

Definition 2.5.1. The Artin group, or generalised braid group B(W) is the group with
generating set S and for each pair of generators (s;,s;) with ¢ # j in S x S we have a
relation that says the alternating product of s; and s; of length m(s;, s;), beginning with
si, is equal to the alternating product of the same two generators, of length m(s;, s;) and
beginning with s;. We require m(s;, sj) = m(sj,s;) € {2,3,...,00} with the convention

that there is no relation between s; and s; if m(s;, s;) = oo.

Example 2.5.1. The most well-known example of an Artin group is the classical braid
group B, = B(%,).

Example 2.5.2. Returning to the case W = Cy we find that B(C3) is the group generated
by two generators (which we also denote by a and d) subject to the single relation adad =
dada.

It is shown in [6], [8] and [3] that B(W) also has a presentation with a generator [w] for

each w € L\ {e} subject to the relations [w;][w] 'ws] = [wa] whenever w; S wo.

We also recall from [6], [8] and [3] that the universal cover of the presentation complex
of this second presentation is the 2-skeleton of a contractible simplicial complex X of

dimension n.

Definition 2.5.2. Let X be the abstract simplicial complex whose k—cells are ordered
(k+1) tuples from B(W) of the form {go, g1, . ., gr} with g; = go[w;] fore < w; < -+ < wy,
a chain in L. In particular, the vertex set of X is B(W).

We use the notation (go, {e < w1 < --- < wg}) for such a cell. Hence the cells of X are
identified with pairs (g,0) where g € B(W) and o is an initialised chain in L, that is a
chain beginning with e. The action of B(W) on X is given by

9-190,91,---,9x} = {990,991, ... 99x} or
g - (90,0) = (990, 0).

Note that the cell (go,{e < w1 < --- < wg}) has k faces of the form
(go,{e<w < - <y <+ <wg}), for 1<i<kEk,

obtained by deleting w; from ¢. The remaining face, which we call the ‘top’ face, is
obtained by deleting e from o and is given by the set {go[w1], go[wa], ..., go[wk]|} or in pair

notation (go[wi], {e < wytwa < - < wi twy}).
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Example 2.5.3. Returning to the case W = Cy we see that B(C3) also has a presentation
with generators a, b, ¢, d,y and relations v = ad = dc = ¢b = ba. The corresponding 2-

complex is a K(B(C2), 1) since n = 2 here and the universal cover coincides with X.

2.6 Subgroups

If H < B(W) then we can form a CW complex Xp, whose cells are of the form (Hg, o)
where the first component is now a right H coset and ¢ remains an initialised chain in L.

If o is the chain e < w; < -+ < wy, then this cell has boundary faces of the form
(Hg,{e<wy <+ < <---<wg}), forl<i<k,

and “top’ face (H (g[w1]), {e < w]'wy < --- < wy wy)}. There is an action of the quotient
group H\B(W) on Xy given by

(Hg1)(Hgz,0) = (H(g192),0).

If H arises as the kernel of a homomorphism ¢ : B(W) — D, we can identify the coset
Hg with the element ¢(g) € D through the first isomorphism theorem. Thus the cells of

Xp can be described as pairs (d, o) where d € im(¢) and o is an initialised chain in L.

Note that H acts freely on X and H\X = Xp. Since X is contractible this means that
Xpisa K(H,1).

Example 2.6.1. For each W, there is a homomorphism RL : B(W) — Z : [w] — (w)
which takes each NCP generator [w] to its total reflection length. In [7] it is shown that
Xp deformation retracts to a finite (n — 1)-complex for H = ker(RL). We will denote this

complex by N and now formally define it since we will use it later.

Definition 2.6.1. We let N be the finite subcomplex of Xker(RL) consisting of the cells

of the form
(mye <wp <wp < -+ <wg) withm €Z and 0 <m < n — |wyl.

Example 2.6.2. For each W, there is an abelianisation homomorphism AB : B(W) —
B(W)/[B(W), B(W)]. This homomorphism coincides with RL except when W is C,, F}

or Is(m) for m even.

Example 2.6.3. For W = (5, N is the finite 1-complex with two vertices labelled 0 and
1 and four arcs labelled by a, b, ¢ and d each joining 0 to 1. Consequently, ker(RL) is

18



free of rank 3. By contrast, the cover of N corresponding to ker(AB), given in Figure
2.6.1, is an infinite graph. The vertices of this cover are labelled (p, —p) or (p, 1 —p) where
p € Z. At each (p,—p) there are four edges originating with the edges labelled a and ¢
both terminating at (p + 1, —p) while the edges labelled b and d terminate at (p,1 — p).
Consequently, ker(AB) is not finitely generated.

Fig. 2.6.1: Cover of N corresponding to ker(AB)
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Chapter 3

A Morse function on N

In this chapter we define a discrete Morse function on the complex N which is a K (ker(RL), 1).
Because of the structure of NV this will be equivalent to a sequence of Morse functions on
truncations of the non-crossing partition lattice. We give an introduction to discrete Morse
theory and how it can be used to calculate the homology of cell complexes. We explain
how to construct a function on N and prove that it is a Morse function. We then use the
Morse function to show that the homology of a truncation of the NCP lattice is only in the
top dimension. We can also explicitly state the critical cells that give rise to this homology.
The important property of the non-crossing partitions that we use is the ordering on the
reflections from [23] and that every non-crossing partition has a unique factorisation as a

‘rising chain’ of reflections with respect to this ordering.

3.1 Introduction to Morse functions

Definition 3.1.1. A Morse function p on a complex X is an assignment of a distinct real
number to each cell. The assignment satisfies the following properties:

1. For any cell o1, the number of facets o9 of o1 which satisfy u(o2) > p(o1) is at most
one.

2. For any cell o1, the number of cells o9 of which oy is a facet which satisfy u(o2) < p(o1)

is at most one.

A cell for which both of these numbers is zero is called a critical cell. These critical cells

form a Morse complex with the same homology as the original complex X, see [13] or
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Chapter 11 of [18]. The boundary map for this Morse complex counts the number of
paths from each facet of a critical cell to the critical cells of one lower dimension. By path
here we mean a sequence of cells {71, 72,..., 7} where pu(7;) > u(7i41) and either 7,41 is

a facet of 7; or vice versa.

Example 3.1.1. Consider the 2-cell shown in Figure 3.1.1. The function u, defined by

Table 3.1.1, is an example of a Morse function on this space.

Note that the only critical cell is the vertex a and this vertex is the Morse complex for
this space. We have also included arrows in the diagram connecting pairs of non-critical
cells. Each cell oy is paired with its facet o9 satisfying p(oq) > p(o2). We can think of

deforming the space by ‘pushing’ in the direction of the arrows to give the Morse complex.

a h

Fig. 3.1.1: A 2-cell collapsing to its Morse complex

Note that when X is finite, the values of u can be chosen to be positive integers and the
Morse function is equivalent to a total order on the cells. Thus we can think of building
the cell structure of X by attaching the cells to each other in this order. In the rest of this

section we describe a canonical Morse function for IV by putting a total order on its cells.

Q

a<c

a<b

a<b<ec

=
N o o e w o =Y
o

b<ec

Table 3.1.1: Morse function on a 2-cell
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3.2 Constructing the Morse function

We consider the filtration N, 1 C N,,_o C --- C N1 C Ny = N of the complex N where
N; is the subcomplex of N given by the union of all cells of the form

(i, {6 <wy < < wn_i_l})

and their faces. Here u < v means that v covers u.

Notation: We order these maximum dimension cells of N; lexicographically using the
total order on reflections. Let 0 = {e<w; <+ <wp—;i—1} and 7 = {e<Wi <+ - <Wp_i_1}.
Then we say (i,0) < (i,0) if wj__lle < @j__ll@j for some 1 < j <n—i—1and w, = wy

for all k < j.

We use the above filtration to build the Morse function starting with N,_1, which consists
of the single cell (n — 1,{e}). Thus, (n — 1,{e}) is the first cell in our ordering. Then,
assuming that IV;11 has been constructed, follow the steps below to attach the other cells

of N; in the appropriate order.

3.2.1 Constructing N; from N,

We will use a recursive algorithm to attach the cells of N; \ N;y1. The algorithm will take
as input a k-cell, 7 = (i,{e < w1 < --- < wg}) in N;. It will ensure that all the faces of
7 are attached. In addition, the algorithm will ensure that either 7 itself is attached and

‘true’ is returned, or it will not attach 7 and ‘false’ will be returned.
Algorithm

1. Check if the cell 7 has already been attached. If so, return ‘true’. Otherwise move to
step 2.
2. Input each of the k facets

(i,{e <wy <+ <wg_q1 < Wi}), ({e<w < <Wp_1 < w}),

...7(i,{e<11)1<~--<wk_1<wk})

into the algorithm in this order. If at any stage a facet returns ‘false’ then attach 7
followed by that facet. Proceed then with the remaining facets before returning ‘true’ for

7. Otherwise do not attach 7 and return ‘false’.
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Note: In step 2 above the face of 7 not considered by the algorithm is the top face
(i + Jwg], {e < wilwg < --- < wy 'wy}). However this has already been considered since it

belongs to N;41.

Note: The terms ‘true’ and ‘false’ have the following meaning. ‘True’ is returned for a
cell if it has been attached previously or is being attached at this stage. ‘False’ is returned

for a cell if its entire boundary has already been attached when the cell is first considered.
Note: We will see that it is impossible for more than one facet of a cell to return ‘false’.

To construct N; from N;yq, take its first cell of maximum dimension in the lexicographic
order. Input this cell into the algorithm. If the cell returns ‘false’, attach this cell after
the algorithm has completed. If the cell returns‘true’ then it has already been attached.
In both cases its entire boundary has been attached. Continue to repeat this process
for the next cell of maximum dimension in the lexicographic order until all cells have
been attached. Note that once this lexicographic order is chosen there is no choice in the

process.

Example 3.2.1. Consider the case W = (}, the classical presentation is
Cz3=<abc | (ab)'=(ac)’ =)} =a®>=t>=c*=1>.

However Cj5 is isomorphic to the set of symmetries of a cube and we wish to use the non-
crossing partition presentation in terms of reflections. The following notation is used for

the nine reflections in Cj:

[1] =+ (2,9.2) = (2,9, 2)

2] (2,9.2) = (2, —y,2)

8]+ (2,9,2) = (2,94, —2)
(L,2) : (2,9,2) = (y,2,2)
(L,3) & (z.9,2) = (2,9, )
(2,3) ¢ (z,y,2) = (z,2,9)
(L,2) & (z,y,2) = (—y, —2,2)
(L,3) : (z,9,2) = (=2, —2)
(2,3) : (2,9,2) = (z,—2, —y).

A set of simple roots is {(2, 3), [1], (1,3)} and we choose v = (2, 3)[1](1,3). The nine length
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2 elements of L are

[1]( 73)7 [172] = [1](172)7 [173] = [1](173)7 (1727 ) = (273)(173)7
(17273) = ( 73)(173)7 [273] = (273)[3]7 (173)[2]7 (17273) = (173)(172)7 (172)[3]‘

Here N is 2-dimensional and we follow Chapter 2 to order the roots and the vertices. This
ordering is given Table 3.2.1. Note that for the rest of this example we will refer to the

reflection R; simply by the digit 7.

number 1 2 3 4 5 6 7 8 9
reflection | (2,3) [1] (1,2) (1,3) [2] (2,3) (1,2) [3] (1,3)

Table 3.2.1: Order on the reflections of C5

Using the geometric model for the NCP lattice from [9], we can visualise the NCP lat-
tice with the following diagram. The vertices of the graph, in black, represent the nine
reflections. The midpoint of each edge represents a length two NCP. The different colours
denote points which are identified. Note that this graph is homotopy equivalent to the
proper part of the lattice and the minimum and maximum elements, e and -y, are not

included.

> (2,3)

Fig. 3.2.1: Proper part of C'5 lattice

The table on the following page outlines the Morse function on N. Here the critical cells
are alone in rows while each non-critical cell in column 1 is paired with its facet in col-

umn 2. Cell number 1 is the sole element of Ny. Cells 2 through 11 are in Ny \ Ng,
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the single 0-cell being matched with the lexicographically first 1-cell and the rest of the
1-cells critical. The remaining cells are in Ny \ Ny with, once again, the single 0-cell being
matched with the lexicographically first 1-cell but now the remaining 1-cells are matched
with eleven 2-cells leaving the remaining ten 2-cells critical. We notice that the critical

cells are top-dimensional in the subset of the filtration in which they first appear.

To illustrate how this example is constructed, consider starting to attach Ny \ N1, having
already built N;. We take the lexicographically first 2-cell in the space which is o = (0,e <
(2,3) < (2,3)[1]) or in the short notation (0,e < 1 < 12). This cell has not been attached
so we consider its facets in turn. First (0,e < 1), again this has not been attached and
so we look at its facets. The vertex (0,e) returns false at step 2, since it has no smaller
facets to input. Hence it is matched with (0,e < 1). We note that the other vertex (1,¢)
returns true at step 1. We then input the next facet (0,e < 12) of o into the algorithm.
This does not return true at step 1 so again we move to step 2 and examine its facets.
This time both vertices return true at step 1, so the cell itself (0,e < 12) returns false at

step 2. It is then matched with o.

Now let 0 = (0,e < 3 < 27), the first critical cell of Ny \ Ny. It does not return true at
step 1, so we move to step 2 and look at its facets. The cell (0,e < 3) has already been
seen as a facet of (0,e < 3 < 14) and so returns true. The cell (0, e < 27) has already been
seen as a facet of the cell (0,e < 2 < 27) and it also returns true at step 1. So o returns
false at step 2. It is a maximum dimension cell, so we attach it now before moving on to

the next maximum dimension cell. It has not been matched, so it is critical.

Finally we note that 27 = 32 and a factorisation of v is 321, which is falling. In fact all the
critical cells of Ny \ N1 correspond to decreasing factorisations of 7. For example 981 is
another decreasing factorisation and corresponds to the critical cell (0,e < 9 < 29), note

that 29 = 98. We will see later how we can generalise this property.
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Number Cell Number Cell
1 (2,e)
2 (L,e< 1) 3 (1,e)
4 (l,e<2)
5 (1,e < 3)
6 (1l,e < 4)
7 (1,e < 5)
8 (1,e < 6)
9 (Le<7)
10 (1,e < 8)
11 (1,e <9)
12 (0,e < 1) 13 (0,e)
14 (0,e <1< 12) 15 (0,e < 12)
16 (0,e <1< 14) 17 (0,e < 14)
18 (0,e <1< 18) 19 (0,e < 18)
20 (0,e <1< 19) 21 (0,e < 19)
22 (0,e <2< 12) 23 (0,e < 2)
24 (0,e <2< 27) 25 (0,e < 27)
26 (0,e < 2 < 29) 27 (0,e < 29)
28 (0,e < 3 < 14) 29 (0,e < 3)
30 (0,e <3< 27)
31 (0,e <4 <29) 32 (0,e < 4)
33 (0,e <4< 14)
34 (0,e < 4 < 45) 35 (0,e < 45)
36 (0,e <4 <47) 37 (0,e < 47)
38 (0,e < 5 < 18) 39 (0,e < 5)
40 (0,e <5 <27)
41 (0,e < 5 < 45)
42 (0,e < 6 <47) 43 (0,e < 6)
44 (0,e < 6 < 18)
45 (0,e <7< 19) 46 (0,e < 7)
47 (0,e < 7<27)
48 (0,e <7 <47)
49 (0,e <7< 78) 50 (0,e < 78)
51 (0,e < 8 < 29) 52 (0,e < 8)
53 (0,e < 8 < 18)
54 (0,e <8< T78)
55 (0,e <9< 19) 56 (0,e < 9)
57 (0,e <9 < 29)
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3.3 Properties of the Function

In the first step of our algorithm we need to check if a cell has already been attached
to the complex. One way to do this is to run through the cells that have been attached
and look for it. The lemma below gives a more efficient method of performing this check.
It also provides the basis for proving that the algorithm gives a Morse function and for

identifying critical cells.

Lemma 3.3.1. Let o be a cell first considered by the algorithm as a face of the mazimum
dimension cell 0 = (i,{e <wy; < -+ <wp_j—1}) and suppose o is given by deleting from
the chain of 0 the following (possibly empty) set of entries {wj,,wi,, ..., w; }. Let R be
the first reflection in the total order which precedes wgii_lfy and let T be the facet of o
obtained by deleting the entry wj. Then the algorithm will return ‘true’ for T at step 1 if
and only if one of the following properties is satisfied:

(1): j > 1y or

(2): wj_fle > wj_leﬂ, where wj_leﬂ = R in the case j =n —i— 1.

Proof. The algorithm considers the faces of 6 with deleted entry w,,_; 1 first, followed by
wWp—i—2 and so on. Hence if (1) holds 7 would have been previously attached as a face of

the cell with deleted entries

[{wi1vwi27"' 7wil} \ {wil}] U {wj}'

So ‘true’ would be returned at step 1 when 7 was considered as a face of . Note that, for

property (1) to hold, we need o # 6.

If (2) holds then 7 is a face of the maximum dimension cell
0= (i, {6 Wy < <<Wi—1 < wj_l(wj_le+1) <Wj41 < -+ < wn—i—l})
which precedes 6 in the lexicographical order. In the case j =n —i — 1, we can set

0= (i,{e<w) < - <wp_j—2 < wp_;—2R})

and the statement still holds.

For the converse, we note that ‘true’ would be returned at step 1 of the algorithm if 7
had already been attached and there are only two ways this could occur. First, 7 could
be a facet of more than one face of # and one of those faces might have previously been
considered by the algorithm, so (1) would hold. Second, 7 could be a face of a previous

maximum dimension cell, that o was not a face of, in which case (2) holds. O
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Note: To elaborate on these properties:

(1) says that the segment of the chain of o before the element w; is not saturated, that
is, there is a deleted element before w;.
Every maximum dimension cell gives a factorisation of the last element wy, as a product
of reflections

wy, = wi (wy Mwa) (wy wg) -+ - (wi L wg).

Property (2) says that this factorisation is decreasing at w;. Note that we will often
compare w;_lle with w;lel in the propositions that follow. In the case where j =
n —1 — 1, we always take wj_leH = R, where R is the first reflection in the total order

-1

which precedes w, ", v, as was the case for Lemma 3.3.1.

Theorem 3.3.1. Let 0 = (i,{e < w; < -+ < wy_i—1}) be a mazimum dimension cell
and denote its face o by the (possibly empty) set of deleted entries {wj,, wiy, ..., wi}. If
w;_lle < w;leﬂ, for some j < i1 then exactly one of the facets of o will return false.
Hence o will return true at step 2.

In the case that o = 0, and i1 does not exist, we check this condition for any j.

Proof. We use induction on [, the number of entries w; which satisfy w;}le < wj_leH

and j < 4.

Start with [ = 1 so that w,;_llwk > w;IWk+1 for all k < i1 except for k = j. Then all facets
with deleted entry wy, except for k = j will return true at step 1, since one of the properties
of Lemma 3.3.1 is satisfied. Now consider 7 with deleted entries {w;,w;,, ..., w; }. Neither
of the two properties of Lemma 3.3.1 are satisfied so the algorithm will not return true
at step 1. Instead it will move to step 2 and examine all the facets of 7. Consider the
facet with deleted entry wyg. If & > j then this facet satisfies property (1) of Lemma 3.3.1.
If k < j we know that w,;_llwk > U)I;]-U)k_t'_l, so this facet satisfies property (2) of Lemma
3.3.1. Hence all the facets of 7 will return true, which means that 7 itself will return false.

Now assume that the case [ = p holds and consider [ = p + 1. This means that

-1 -1 . . . .
w; W, < w; wi, 41 for 1<m<p4+1, jm <Jmy1, Jp+1<i

m

and w,;_llwk>wk_1wk+1 for k <i7; otherwise.

The facets of o with deleted entry wy, for k > i; will all return true by property (1) of

Lemma 3.3.1. The facets of o with deleted entry wy, for jp,41 < k < 71 will all return true
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by property (2) of Lemma 3.3.1. Consider the facet of o with deleted entry w;,,,. The
algorithm will not return true at step (1) for this cell. However we note that this cell is a
face of § with deleted entries {jp+1,41,...,%} and p entries satisfying w,;_llwk < w,;lwkﬂ,

k < jpy1. By the induction assumption then, it will return true.

Similarly the facets of o with deleted entries wy, for 1 < k < j,41 will all return true,
either by the induction assumption or property (2) of Lemma 3.3.1, except when k = jj.
In this case the algorithm is considering a cell 7 which is the face of 8 with deleted entries
{j1,i1, ..., 7} and w,;_llwk > w,;lwkﬂ for k < j;. It will not return true at step (1) for
7 so it will move to step (2). The facets of 7 with deleted entry wy will return true by
property (1) of Lemma 3.3.1 for £ > j; and true by property (2) for k& < j;. Hence the

algorithm will return false for 7 and it is the only facet of o that will return false. O

Corollary 3.3.1. Let 0 and o be as above but w;_lle < w;leH s not satisfied for any

j <y (or for any j in the case that o = 0). Then the algorithm will return false for o.

Proof. The cell T at the end of the proof of Theorem 3.3.1 satisfied exactly this condition

and we showed that it returned false. O

Corollary 3.3.2. This algorithm gives a total order on the cells of N;, we say that o1 < o9
if o1 was attached by the algorithm before oo. This ordering defines a Morse function p

by assigning the nth cell attached by the algorithm the function value n.

Proof. A Morse function must satisfy the two properties mentioned in section 3.1. The
theorem, together with corollary 3.3.1 imply that at most one facet of a cell o will return
false during step 2 of the algorithm. Only the facet of o that returns false during step
2 of the algorithm will be after ¢ in the order and hence have a greater Morse function
value. The number of such facets is at most one so the first property holds. For the
second property, suppose we are completing the algorithm for a cell o and look at its facet
7 for the first time. This facet will either return true or false, if false then we will have
(o) < p(r). In either case whenever we come across 7 again, as a facet of some cell 7,
it will return true at step 1 and we have p(7) < p(6). So this ordering on the cells of NV;

satisfies both Morse function properties. O

Corollary 3.3.3. The only critical cells of N; that are not in N;y1 are of maximum

dimension, n — i — 1. They are precisely the cells of the form

(i,{e<wi < - <wp_j—1}) with w;_lle > w;leﬂ for all j.
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Proof. Consider the critical cells of N;. First we have all the critical cells in N;y; and we
have new critical cells that are added by the algorithm. A critical cell o added by the
algorithm must have had all its facets return true. Otherwise the facet that returned false
would have a greater Morse function value. However this means o itself will return false.
If o is first considered as a facet of another cell 8 then by returning false it will be given a
Morse function value greater than # and it would not be critical. The only cells which are
not facets of other cells in NV; are those of maximum dimension. Hence the new critical

cells added are all of maximum dimension.

In particular these are maximum dimension cells which have returned false, so that they
have a greater Morse function value than all of their facets. By Corollary 3.3.1 this requires

that they are of the above form. O

Definition 3.3.1. We will refer to factorisations of v which are decreasing for the first p
steps and increasing afterwards as p-decreasing factorisations. That is 71 ... 7p7p41 ... ™

is a factorisation of v with I(r;) = 1 for all 7 and

7 > Tipy1 for 1 <i<p,

T < Tip1 for p<i<m.

Theorem 3.3.2. The critical n — i — 1 cells in the Morse complex for N are in one to

one correspondence with factorisations of v which are n —i — 1 decreasing.

Proof. The critical n —¢ — 1 cells in N are precisely those maximum dimension cells in V;

which return false. Hence they must be of the form specified in Corollary 3.3.3.

Now consider factorisations of « as given in the hypothesis. Each such factorisation de-

termines a maximum dimension cell in X; of the form:

(i,{e<m <(mm) < - <(miT2:  Thoi-1)})-

With w; = 779 - 7, we have wj__lle > wj_le+1 for 1 < j < n—1i— 2 since the first
n — i — 2 reflections are decreasing. The other requirement for this cell to be critical is

-1
for 71 =w, _

i_oWn—i—1 > R, where R is the first reflection in the unique rising chain
for w;}i_lfy. However w;ii_lfy = T,_; - Tp and in fact this chain is rising as well since
7j < Tjy1 forn —i < j < n —1. Hence R = 7,_; since the unique rising chain for an
interval is also the lexicographically smallest. Since we have 7,—_;_1 > 7,—; this cell is

critical by corollary 3.
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Similarly every critical cell, w; < --- < w,_;—1, in N; has associated with it such a fac-
torisation of v. We choose the obvious factorisation for w,_;_; and the unique increasing

factorisation for w;i i1 O

We recall from [7] that each N; has the structure of a mapping cone on a truncation of
|LI:

Theorem 3.3.3. (Proposition 6.1 of [7]) N; is the mapping cone of a map
fiollpn—i—yl = Nig1 w1 <ws < - <wg = (i + |wi,e < wi twy < -+ < wi twy)

wherep=n—1i—1 and ’L[Lp]| is the order complex of Ly p), the truncation of the lattice

L to elements w with 1 < l(w) < p.

We deduce the following corollary, which can also be derived from Theorem 4.2 of [2]

together with [4]

Corollary 3.3.4. Truncations |Ly | have the homotopy type of a wedge of top dimen-

stonal spheres.

Proof. The Morse function on N; \ Njy1 determines a Morse function on |Ly; ;1| Let

f(Ry) = 0 and otherwise

plwy < <wp—i—1) = pi,{e<<wy <+ <wp—i—1}),

where p is a Morse function determined by the algorithm of section 3.2 with u(o) > 0 for
all o € Ny \ N;i. Note that the cell (i,e < R;) would be matched with the vertex (i,e) in
N;\ Niy1. However (i, e) is the cone point and does not have an equivalent in |L; ,j|. Thus
Ry becomes a critical vertex but otherwise [ is the same as p. This Morse function defines
a Morse complex with the same homotopy type as the space. By Corollary 3.3.2 the only
critical cells of the Morse function, besides the vertex Ri, are in the top dimension. Hence

the Morse complex is a wedge of spheres about R;. 0
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Chapter 4

Homology calculations on N

In the appendix we detail matlab functions that were used to calculate the homology of
N, which is a K(ker(RL,1)) in the cases of Ay up to A7. We confirmed these homology
groups match those of Callegaro in [11]. We refer to [7] for more detail on the connection
between the different spaces used. In this chapter we detail some of the structure of NV
which is used to simplify these calculations. The Morse function from Chapter 3 could
also be used to calculate the homology of the space but the boundary maps for the Morse

complex are complicated. It was easier to use a different geometric basis for H,_; ([ L1 pD)-

4.1 The Boundary Map

In [7] it is shown that each filtration N; of N has the structure of a mapping cone on
truncations of the lattice L. We restated the map that gives rise to this structure in
Theorem 3.3.3. This allows the homology of N to be computed as the homology of a

chain complex whose groups are homologies of truncations of L:

Theorem 4.1.1. (Theorem 6.4 of [7]) The homology of N is isomorphic to the homology
of the chain complex whose pth group is ﬁp_l(]L[Lp] |) and whose boundary homomorphism

is given, at the level of chains, by > ayo — > a,Q(0), where

Qwy <wy < -+ < wp) = (wy twe < witwg < - < w wy).
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4.2 Spheres from factorisations.

From the above and the previous chapter we can compute the homology of N by com-
puting the images of the Morse generators for ﬁp,1(|L[1,p] |) under the map induced by €.
However, since the computation of the Morse generators involves following all alternating
paths from the critical cells we will use a different basis. To introduce this basis we first

identify a large but finite set of cycles in Cp_1(| L1 ).

Let 1 < k < n —1, we note that each factorisation of a length £ + 1 NCP determines a
cycle in Cg_1(| L1 x|) which contains (k + 1)! simplices of dimension k — 1, one for each
permutation in X1 as follows. Suppose that ¢ = vy ... vg11 is a length £+ 1 NCP where
v; is a reflection in W. For each subset {ii,...4;} of {1,2,...,k + 1} define the NCP
w(i1,...,1;) to be the product of v, vs,, ... ,Vi; in increasing order, that is, in the order
in which they appear in the given factorisation of 0. We observe that w(iq,...4;) is the
least upper bound of the reflections v;,, vi,, ..., v;; in the lattice L. Our (k — 1)-sphere in

|Lj1,5| is the signed sum of the simplices corresponding to the chains

Vi = w(z’l) < w(il,ig) << w(z’l, .. .,ik) =0
where (i1,142,...,9,+1) ranges over the permutations of (1,...,k + 1) and the sign is the
usual sign of the permutation given by (i1, 42, ...,%+1)-

Notation: We will denote the (k — 1)-sphere determined by v; ... vg41 by S(v1 ... vg+1).

Example 4.2.1. Suppose o = abed is a length four NCP in W. The corresponding two
sphere in L 3)| is shown in Figure 4.2.1 stereographically projected from the d vertex.
Note that S(abed) consists of twenty four 2-cells. These can be split into four groups of
six, each group being the barycentric subdivision of a larger 2-cell whose vertex set is three
of {a,b,c,d}. For example consider the 2-cell on {a, b, c}, this consists of the following six

2-cells in Ly gl:

a < ab<abc, b<ab< abe,
b < bc <abe, c<bc<abe,

c<ac<abc, a<ac<abec.
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ad abd bd

abce
ac be

acd bed

cd

Fig. 4.2.1: S(abed) in Ly 3

Theorem 4.2.1.

QS (1. vkg1) = Y (DS (070 .0 vjh o).
J

Proof. We observe that for each j with 2 <57 <k+1
vj ) Vj vj
(%) O = U1... Uj—1UjVUj41 - - - U1 = V01" Vg o 0110541 U

and we compute

QS(v1...vp41)] = N Z sign(7) (v-) < w(T(1),7(2)) <--- <w(r(1),...,7(k)))

TEX k41
= > sign(n)Q(vrq) < w(r(1),7(2)) < <w(r(1),...,7(k)))]
TEX 41
= Y siga(r) (v;(ll)w(T(l),T@))<---<v;(11)w(7(1),...,7(k))).
TEX k41

Grouping the terms according to the first reflection in the product and applying equation

(%) gives the result. O]
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Example 4.2.2. Consider 0 = abed, a length four NCP in W as in Example 4.2.1. The

six 2-cells around the vertex b are

b<ab<abd, —0b<ab< abc,
b<bd <bed, —0b<bd< abd,

b<bc<abc, —0b<bc<bcd.
The image of each of these cells respectively under €2 is

o’ <abd, —ab<dbe,
d<ecd, —d<ad,

c<abc, —c < cd.

This is —S(a’cd), a copy of S'. Grouping the six cells around each of the other three
vertices, the image under 2 is S(bed), S(a°bd), —S(adbic?).

Fig. 4.2.2: Boundary of S(abed)
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4.3 A geometric basis for ﬁp_l(\L[Lp]\)

Definition 4.3.1. Let o be the unique rising chain for (vy...vp41) 1y, Then for each
p with 1 < p < n — 1 we define the geometric basis for lEIp_l(|L[1,p]\) to be the set

{S(v1...vp41)} where each of the factorisations vy ...vp410 is p-decreasing.

Theorem 4.3.1. The geometric basis is a basis for ffp_l(]L[Lp]D.

Proof. Both the Morse and geometric generators are in one-to-one correspondence with
p-decreasing factorisations. Thus we order both sets of generators lexicographically using
the total order on reflections. For a specific such factorisation f denote by M (f) and G(f)

respectively the corresponding Morse and geometric cycles.

We express each Morse generator M (f) in terms of the geometric basis elements. By
Theorem 3.3.2, the facet of M(f) corresponding to f is the only facet whose factorisation
is p-decreasing. G(f) also contains this facet but some of its other facets could correspond
to other p-decreasing factorisations f’. However, these other p-decreasing factorisations
must be lexicographically earlier than f since f is p-decreasing. Repeating this process we
find that M(f) — G(f) can be expressed as an integral linear combination of G(f’) where
1 is lexicographically earlier than f. This means the matrix expressing the ordered set of
M(f)’s in terms of the ordered set of G(f)’s is upper triangular with 1’s on the diagonal.
This gives {G(f) | f p-decreasing } a basis for ﬁp_1(|L[1,p]\). O

Example 4.3.1. Recall Example 3.2.1. where we put a Morse function on N in the Cs
case. By Corollary 3.3.4 this also induces a Morse function on L; o). The ordering on the

reflections was as follows.

number 1 2 3 4 5 6 7 8 9
reflection | (2,3) [1] (1,2) (1,3) [2] (2,3) (1,2) [3] (1,3)

Consider the factorisation f = Rs;R3R;. The Morse cycle M(f) consists of the cell Rs <
RsR3 = RoR7 and a complex of non-critical cells that could contract to the critical cell
R;. In this case M (f) =

Rs; < RoR; —Rs < RiRs +Ri <RiRys —Ro<RyRy +Ry<RiRy —Ri<RiRo.

The cycle G(f) is precisely S(Rs;RsR1) =

Rs; < RoR; —Rs < RiRs +R3<RiRy —R3<RyR;y +Ri<RiRs —Ri<RiRy.
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Of these cells, only R < RoR; and R3 < RoR; correspond to 2-decreasing factorisations;
RsR3Ry and R3RyR; respectively. We note that S(R3RaR;1) =

R3s < RoR; —R3< RiRy —Rs<RoR7 +Ro<RiRy —Ri<RiRy +Ri<RiRy.

None of these other five cells correspond to 2-decreasing factorisations, so the process stops
here. We see that the cells in M (f) — G(f) are precisely those in S(R3R2R1).

S(RsRsR1) RiRs

Ry
S(RsR2Ry)

R1R2

Fig. 4.3.1: Cells in M(R5R3R1)

4.4 Syzygies in Cp,_1(| Ly p])-

Recall Corollary 2.4.1, if o < v has length two and order m in W, then there are reflections

T, T2y ..., Tm in W with 7 < 79 < --+ < 73, in the total order on reflections and
O =T1Tm = TimTm—1= """ = ToT]. (4.4.1)
To compute the homology of the chain complex
Hyo(|Lpn-yl) = Hos(| L n-gl) = - = Ho(|Lpyl) = Ho(X1)

we need to express the image of a geometric generator in Hy_1(| L1 y|) in terms of geomet-
ric generators in Hy_3(|L(; x—1)|). By Theorem 4.3.1, it is sufficient to express an arbitrary
S(v1...vg41) in terms of those S(vy ... vgy1) corresponding to k4 1-decreasing sequences.
Our approach is to replace each S(v; ... vg11) with an increasing segment o = v;jv;41 by a
combination of S(v; ...vg4+1)’s where the corresponding o segments are decreasing. Since
the corresponding factorisations are lexicographically later by equation 4.4.1, the process

is finite.
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Lemma 4.4.1. Let S(v1...vr41) be a cycle in Cy_1(|Lp ) as above and suppose the
product vy ...vpy1 factors as acB where o itself factors as in equation 4.4.1. Then, in

Cr—1(|Lp1,k), we have

S(a(r1mm)B) + S(a(TmTm=1)8) + - - + S(a(mm)B) = 0.

Proof. Consider S(a(7117,)08) first and recall that S(c«(717,)3) is a sum over permutations
0 in Yg 1 of the k-cell determined by the permuted reflections with coefficient given by
the sign of #. Fix a specific permutation 6 for which 7, is the ith place and 7 is the jth
place with 1 < ¢ < j < k + 1 and consider the corresponding term in the expansion of
S((TmTm—1)8). Precisely the same k-cell arises in the expansion of S(a(7y,7m—1)8) but

this time with coefficient sign((i, 7)) = —sign(#) and the corresponding terms cancel.

Similarly, each term of S(c(7yTm—1)8) in which 7,,_1 appears before 7, cancels with a
corresponding term of S(a(7py,—1Tm—2)5) in which 7,,_1 appears before 7,,_2 until eventu-
ally each term of S(a(7o71)53) in which 71 appears before 75 cancels with a corresponding

term of S(«(717,)03) in which 71 appears before 7,,. O

Example 4.4.1. Consider the sphere S(RaR7R;) in the C5 case. Note that RoR; =
R7Rs = RsR3 = R3Rs. Hence by the Lemma we have

S(R2R7R1) + S(R7R5R1) + S(R5R3R1) + S(RgRQRl) =0. (4.4.2)

Writing the spheres on the left hand side of equation 4.4.2 in terms of their edges in |L(; g|

we get:
+Ry < RoRy R7 < R7Rs Rs < RsR3 R3 < R3Ry
—Ry < RoRy Ry < R7Ry Rs < Rs Iy Rs < R3Ry
+R7 < R7 Ry Rs < RsRy R3 < R3?y Ry < RoRy
—R7 < R7Rs Rs < R5R3 R3 < R3Rs Ry < RoRy
+R1 < Ri1Ry Ri < R1Ry Ri < RiRg Ri < RiRy
—Ry < R1Ry Ry < R1Rg Ry < RiRy Ry < R1Rs.

The first column are the edges in S(R2R7R1) and three of them cancel with edges in the
second column, elements of S(R7R5R;). The remaining three edges in the second column
cancel with three in the third column, which are elements of S(R;R3R;1). Similarly the
remaining three edges in the third column cancel with three edges in S(R3R2R;) and

the final three edges of this sphere cancel with the edges remaining in S(RoR7R;1). So
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equation 4.4.2 holds and we can write S(RaR7R;) in terms of spheres with decreasing

factorisations.

Note: In the case of W = A,,, we use Lemma 4.4.1 in the case m = 2 or m = 3.

We need one final syzygy in order to write any sphere as a linear combination of basis

elements.

Lemma 4.4.2. Let vy ...v49 be a factorisation of a length k + 2 element of L. Then

k+2 4
Z(—l)]S(Ul...@j...?}k+2) =0. (443)

Jj=1

Proof. Consider the sphere S(v; ...vg42). The cells in this sphere can be split into &k + 2
groups, each of which is the barycentric subdivision of a larger k-cell whose vertex set is
{vi,...9;,... vk42}. Note that the boundary of such a k-cell is simply S(vq...0;5... v542).
Since these large k-cells fit together to form a k-sphere, the sum of their boundaries must
be 0, that is equation 4.4.3 holds. ]

Given a sphere, Lemma 4.4.1 allows us to write it as a combination of spheres with
decreasing factorisations. Let S(v1...vg41) be a sphere with v; > vy for 1 < ¢ < k and
0 = Upyo...V, be the unique rising chain for (vy...ve 1) 'y If vgy1 < vgyo then the
factorisation vy ...vg110 is k-decreasing and S(v; ...vE11) is a member of the geometric
basis for H, k—1(|L1,k]). However if vg 1 > vy this is not the case, in fact the factorisation
is (k 4 1)-decreasing. We apply equation 4.4.3 to write S(vj...vk11) as a combination
other spheres. Note in this case that all the other factorisations are lexicographically

earlier, so again this process is finite.

The matlab programmes in the appendix work as follows. First they calculate all fac-
torisations of . They use these factorisations and Theorem 4.3.1 to identify a basis for
each ﬁp(L[l,pH]). Theorem 4.2.1 is used to calculate ) of these basis elements in terms
of spheres of a lower dimension. Lemmas 4.4.1 and 4.4.2 are then used to write this as a
combination of basis elements of FIp_l(L[Lp}). We put these results into matrices and find

their Smith normal forms to calculate the homology groups.
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Chapter 5

Finiteness Properties of groups

The construction from [7]/Chapter 2 gives classifying spaces for subgroups of Artin groups.
It is natural to try use these classifying spaces to infer information about the subgroups.
For the remainder of this thesis we will concentrate on the case where this subgroup is the

commutator subgroup. We will denote the commutator subgroup of G by G’.

Gorin and Lin computed finite presentations for the commutator subgroups of the braid
groups, which correspond to the Artin groups B(Ay), in [15]. In [24], Zinde used simi-
lar computations to find presentations for the commutator subgroups of the other Artin
groups, not all of which are finite presentations. Orevkov adds a finite presentation for
the Hj case in [21] and corrects the claim from [24] that B(C3)’ is a free group on four
generators. He notes that B(C3) and B(Fy)" are finitely generated but that it is still open
whether they are finitely presented. He summarises the presentations of the remaining

commutator subgroups as follows.

Theorem 5.0.1. (Orevkov) The groups B(I2(2k)) .k > 2 are free groups on countable
sets of generators. The commutator subgroups of the remaining irreducible Artin groups,

besides the Cs and Fy cases, are finitely presented.

These results essentially use the Reidemeister-Schreier method to compute the presenta-
tions. More details of these calculations are given in [19]. (Although they also say B(Cj3)’
is a free group on 4 generators.) Regarding the C3 case, Squier shows in [22] that the

commutator subgroup is not finitely presented.

We are mainly interested in using our classifying space to show that B(Fy)’ is finitely

presented; this is done in Chapter 7. In addition, Chapter 6 uses this construction to
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recover the fact that B(Cj3)’ is finitely generated but not finitely presented. This current
chapter will review some tools we need for these tasks, methods to infer information

regarding the presentation of a group from its classifying space.

5.1 Finiteness Properties

For a group I', we know that a K(I',1) exists. See Example 1B.7. of [16], for example.
We further classify groups by the existence of K (I',1)’s with particular properties.

Definition 5.1.1. A group I has type F), if there is a K(I',1) whose n-skeleton is finite.

I" has type F} if and only if I" is finitely generated. Similarly I' has type F3 if and only
if I is finitely presented. In general, I' has type F;, if and only if we can find a finite n-
dimensional CW complex X with 7r1(X) isomorphic to I and 7;(X) =0, for 2 <i <n—1.

Example 5.1.1. For any finite W, the groups B(W) are of type F,, for any n by [3] and
[8], while the groups ker(RL) are of type F), for any n by [7]. On the other hand, we
can draw no such immediate conclusions for B(C3)" and B(F}y)', since, as we will see in
Chapters 6 and 7, our classifying space for ker(AB) is not finite for these two cases. The

rest of this thesis will be occupied with finiteness properties of these two groups.

5.2 Hopf’s Formula

One way to establish that a group I' is not finitely presented is to prove that Ha(T'") is
not finitely generated. This is the approach we use in Chapter 6 for I' = B(C3)" and the

conclusion is based on the following formula of Hopf.

Theorem 5.2.1. Suppose a group T’ has a finite presentation F/R, where F is free and

R is a normal subgroup of F' generated by relation words, then

o) - 201

Our approach will be to compute Hs(I') as Ho(X) where X is our classifying space for
ker(AB) and I' = B(C3)". We will also show that T is finitely generated by directly finding

generators for m (X).
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5.3 Brown’s Theorem

Applying the Hopf approach to B(Fy)" did not establish that the group is not finitely
presented so we began to wonder if B(F}) was, in fact, finitely presented. One approach
to showing this is to apply Brown’s theorem from [10], or more specifically, Corollary 3.3(b)
of that paper. The approach of that paper is to deduce finiteness properties of a group I'
from a filtration of a nice I'-complex. Essentially, we try to show that the passage from
one stage of the filtration to the next is eventually equivalent, up to homotopy, to the

adjunction of cells of a fixed dimension.

The finiteness property considered in [10] is defined using projective resolutions, a notion
which we will not use in this thesis. We will instead follow section 7.4 of [14] where Brown’s

Theorem is stated as

Theorem 5.3.1. (Brown) Let the (n — 1)-connected free T'-CW complex Y admit a T'-
filtration {K;} where each T'\K; has finite n-skeleton. Then I' has type F,, if and only if
{K;} is essentially (n — 1)-connected, i.e., for each k with 0 <k <n — 1, the sequence of
maps

{m(Ko) — mi(Ky) = -+ = mi(K) = mp (K1) — ... }

induced by inclusions becomes a sequence of trivial homomorphisms for i large enough.

This is the approach we use in Chapter 7, where Y is the universal cover of our classifying
space X for B(Fy)'.
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Chapter 6

B(C3)" is not finitely presented.

We now turn our attention to the commutator subgroup of the Artin group of type Cs.

We show that the group is finitely generated but not finitely presented.

We recall the notation used in Example 3.1.1 for the elements of L in the C3 case. We

note that the classical presentation of the Artin Group B(C3) is
B(Cs) =< a,b,c | abab = baba,ac = ca,bchb = cbc > .

As explained in Chapter 2, the Artin Group has another presentation with a generator [w]
for each w € L\{e} and relations [w;]|[w; "ws] = [ws] whenever w; S wy. Note that we will
refer to the generator [w] by w for the rest of this chapter to avoid awkward notation such
as [[1]]. The generators of the classical presentation correspond to the simple reflection

generators in the non-crossing partition presentation, that is

a=1[1], b=(1,3), c=(2,3).

We will denote the commutator subgroup of this Artin group by B(Cj3)’. It is the subgroup

generated by all the commutators in B(C3), that is elements of the form

l9.h] =g 'h'gh, g,h € B(Cs).

Now we follow Section 2.6 to construct Xp(c,). Since B(C3)’ < B(C3) we can form the
complex X,y = B(C3)'\X whose cells are of the form (B(C3)'g, o). Now B(C3)" is the
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kernel of the abelianisation homomorphism:

a +—rex
AB: B(C3) — B(C3)/B(03)/ 19b ey

cC > €9

Note that when we abelianise the Artin group the relation beb = cbe becomes b = ¢ so the
image is Z x Z. We write the cells of Xp(c,) as ((x,y),0) where (z,y) € Z x Z and o is

an initialised chain in L.

We want to study the homotopy type of this space. This would be easier if we could retract
it onto a space that is easier to understand. Fortunately we already have an obvious choice

for such a retraction. We note that

q: XB(C’S)’ - Xker(RL) : {(‘Tay)vg} = {IE +v, U}

is a covering space map. Further we know that Xy (rp) retracts onto the subspace N so
we can use homotopy lifting to lift this retraction to a subspace of Xp(c,) . Consider the

following commutative diagram

h
XB(C ) Xl.......... ,XB Cs)’ qfl(N)
. 9
(9,id) q
f r
Ker (p) * | Kier (p) _

The maps ¢ and r are inclusion and retraction maps respectively. The map f is the
homotopy with f(z,0) = =, f(z,1) = ir(z) and f(n,t) = n for all ¥ € Xy rr),n €
N and t € I. The composition f-(q,id) is denoted by g. Now the identity map on Xp(c,)
is a lift of g(-,0), that is g-id = g(-,0). Hence by the homotopy lifting property there exists
a unique homotopy h : Xp(c,y xI — Xp(c,y that lifts g and satisfies h(:,0) = id. So for all
y € Xp(cy)y we have q- h(y,1) = g(y,1) = f(q(y),1) € N which implies h(y,1) € ¢~ (N).
Thus Xp(c,) and ¢ '(N) have the same homotopy type.

6.1 A generating set for B(C3)’

Now let us consider this space N’ = ¢~ (V) whose fundamental group is isomorphic to

B(C3)'. First we will recover the fact that this group is finitely generated. N’ is the union
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of all cells of the form

{(z,y),e<wi <wz}, z+y=0

and their faces. From now on we will refer to the vertices of this complex just by the pair
(x,y), rather than the full name ((z,y),{e}). We let the star of a vertex v, denoted st(v),
consist of every cell that contains v as a vertex and every cell which is a facet of such a

cell. Consider the star of the vertex (0,0) illustrated in Figure 6.1.1 .

(0,0
Fig. 6.1.1: st(0,0) in N’

Of the nine reflection generators in B(C3) the map AB sends three of them, [1],[2] and

[3], to e1 and the other six to es. Of the nine generators corresponding to length 2 non-

crossing partitions, three of them, (1,2,3),(1,2,3) and (1,2, 3), are sent to 2es by AB and

the remaining six sent to e; + es. Thus the labels in Figure 6.1.1 refer to the number of
edges ((z,y){e < w}) joining each pair of vertices. We can see there are three types of
2-cells in this subcomplex, the first joining the vertices (0,0), (1,0) and (1, 1), the second
joining the vertices (0,0),(0,1) and (1,1) and the third joining the vertices (0,0), (0, 1)
and (0,2). There are nine 2 cells of each type.

To build up N we sew in another copy of this subcomplex for each simplex (z,y) with
x4y = 0. We will examine the fundamental group of N’ in the same way by calculating the
fundamental group of st(0,0) and then adding in subsequent copies of this cell structure.
The space N’ is illustrated in Figure 6.1.2, note that the blue lines here emphasize the six

edges where each pair of adjacent stars intersect.
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(0,0)

(la 71)

Fig. 6.1.2: Tllustration of N’

6.1.1 The fundamental group of the star of (0,0).

We use the following method to compute the fundamental group of this subcomplex. First
we choose a maximal tree of its 1-skeleton. Thus each additional edge defines a loop in the
subcomplex and a generator in its 1. We then look at the 2-cells. The boundary of each
2-cell defines a loop that is now homotopic to the trivial loop. So each 2-cell will define
a relation on the generators. Many of these relations will end up identifying generators.

Eventually we will show that

Theorem 6.1.1. The group 71(st(0,0)) has a presentation with four generators and two

relations.

Proof. First we will change our notation. Each edge in this subcomplex is of the form

((z,y), {e <s})

where (x,y) is the starting vertex and s is an element of L of length one or two. We

will instead refer to each set of edges joining a pair of vertices by a letter in the set
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{T,U,V,W,X,Y,Z}. Figure 6.1.3 indicates which letters are used for each vertex set.

A specific edge in one of these sets will be denoted by the subscript s, the non-crossing

partition that labels the edge.

(0,0)

Fig. 6.1.3: Edge labelling in st(0,0)

For example we will now refer to the edge ((0,0),e

We choose our maximal tree to consist of the edges X 2), Y1 2),

ing twenty seven edges then determine loops.

< [2]) by Vjg.

Vi and Zpy;. The remain-

Table 6.1.1 gives names to each of these

generators and says precisely which set of edges determine each loop. We have chosen the

vertex (0,1) as the basepoint.

Name Loop Possible values of s
T, X2+ Vi + 15 — Zpy (1,3),(1,3),(1,2),(2,3),(1,2),(2,3)
U, —Xqa2) +Us — Zpy [1,3],[1)(2,3), [2,3], [1,2], [2](1,3), (1,2)3]
Ve | =X+ Vi — Ve + X1 9) 2], [3]
W, Yoy — We+ X(12) (1,2,3),(1,2,3),(1,2,3)
X ~Xa2) + Xs (1,3),(1,3),(2,3),(1,2),(2,3)
Y, Vi —Ys (1,3),(1,3),(2,3),(1,2),(2,3)
Zs Zn — Zs 2], [3]

Table 6.1.1: Loops in st(0,0)

Table 6.1.2 will deal with the 2-cells. All of the cells start at the vertex (0,0) so we omit

this and simply refer to each by its chain in L. We state the boundary of each 2-cell and
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the relation that occurs when this boundary loop is made trivial.

2-cell Boundary Relation
1 e <[1] <[1,3] Tazy—Ung + W T(1,3) = 0[1,3]
2 e <[1] <[1,2] Ta2) = Upng + Vy T2 = Up g
3| e<[1] <[1)(2,3) Ti2,3) — Unje,3) + Vi T23) = Upj2.3)
4 e <[2] <[1,2] Tz —Ung + Vg Tz = Vg + Uy
5 e<[2] <[2,3] Ti23) — Upg + Vi Vig) = Ti2.3) — Up.a) = Upj23) — Up)
6 | e<[2]<[2](1,3) | Tugz —Ugag + Vi Tz = Vig + U3
7 e <[3] <[L,3] Tz —Ung + Vi Tz = Vg + Upg
8 | e<[3]<(1,2)3 Ta2 —Ua2s + Vg | Vi =Ta2) — U = Unz — Uaop
9 e <[3] <[2,3] Tio3) — Upa + Vg To3) = Vig + Upg
10 | e < (2,3) <(2,3)[1] | =X(23) + Uz — )y U = Xe)
11| e<(2,3)<[2,3 —X23) + Upg — Zp3) Ups = X(23) — 2
12| e<(1,3) <[L,3] X3+ Upa — Z) | Zy = —Upg + Xa3 = —Xaz + X
13| e<(1,3) <[1,3] —Xa3 +Upng — Zp Uns = X3
14 | e<(1,3) < [2)(1,3) | =X13) +Ugaz) — Zp Upa3) = X3 — 2
15| e<(1,2)<[1,2] —X13) +Ung — Zpy Ung = X3
16 | e<(1,2) <[1,2] —Xa2) T Upng — Zp Zigy=—Upg =—-Xq3
17 | e < (1,2) < (1,2)[3] | =X12) + Un 2z — Zj3) Unop = —Zpg
18| e<(2,3) <23 —X3) +Upng — Zpy Ups = X3 — 2
19 | e<(2,3) < (1,2,3) | Yu3 — Waas + X3 Wiss =Yas — Xes)
20 | e < (2,3) < (1,2,3) | Y — Waos) + Xos) W23 = Ya3 — Xes)
21 | e<(1,3) < (1,2,3) | Y13 — Waag + X3 Yoz =Wazs + Xa3
22 | e<(1,3) < (1,2,3) | Y120~ W3 + X3 W(1,2,3) = —X(l,s)
23 | e<(1,2) < (1,2,3) | Yio3) — W23 + X2 ~(2,3) =Wi23) = 37(1,3) - X(2,3)
24 | e<(1,2) < (1,2,3) | Yo 3 — Wz + X12) Vo3 = W3
25 | e<(1,3) < (1,2,3) | Y2 — Wiz + X3 Wiz = —X@13)
26 | e<(1,2) <(1,2,3) | Yo3y— Wia3) + Xa2 Wiz =Yes — Xaz
27 | €< (2,3) < (1,2,3) | Y13 — W3 + X3 Y/(1,3) = W(1,2,3) + X(2,3)

Table 6.1.2: 2-cells in st(0,0)

We see that relations 1 —4, 7 and 9 express the six T generators in terms of the Uand V.
Relations 5 and 8 then write the V generators in terms of U. Next relations 10, 11, 13 -
15 and 17 define these U loops in terms of the X and Z . Relations 12 and 16 express the

two Z generators in terms of the X. The relations 19, 20 and 22 write the W generators
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as a combination of the X and Y. After a bit of simplification, relations 21, 23 - 25 and

27 give the following formulas for the Y generators in terms of the X.

24
25

27

(24)

(25)

(23) Yz =—-Xap)
(27) X
(21)

Yaz) = X3 + X3 — X3 + X3

So, we are left with the five X generators and the three relations 6, 18 and 26. Writing

every generator in relation 26 in terms of the X, we have

Xaz) = Xes — Xes + Xaz — X0

Similarly, relation 18 gives

Xaz = X3 +Xes — Xas +Xas)-

Setting these two expressions equal to one another gives one relation between the four

generators. Finally, using these expressions for X (1,2): relation 6 simplifies to

—Xa3) + X3 + X3 — Xag + Xas) — X + Xas) — Xes) + Xes — Xas = 0.

Hence 71(st(0,0)) has four generators and two relations. O

6.1.2 The fundamental group of N’

We are now in a position to show that B(Cj3)’ is finitely generated.

Theorem 6.1.2. The fundamental group of N’ is generated by the set of four generators
for w1 (st(0,0)).

Proof. Let A = st(0,0), B = st(1,—1) and P be an open neighbourhood of AN B that
retracts onto AN B. Then A= AUP and B= BUP are open sets in AU B that retract
onto A and B respectively. We use van Kampen’s theorem to calculate the fundamental

group of AU B from 71(A) and 71 (B). Choose (1,0) as the basepoint since it is common
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to both A and B. Let iap : m (AN B) — m(A) be the homomorphism induced by the

inclusion ANB — A and ig4 be defined similarly. Then van Kampen’s theorem says that
A B
(AU B) = A *m(B)
G
where G is the subgroup generated by all elements of the form iap(w)ipa(w)~! for w €
m1 (AN B). We will show that these relations allow us to write the generators of m(A4) in

terms of the generators of m1(B) and vice versa.

We will use the same notation as before to refer to edges and loops and a superscript to
denote whether we are talking about the subcomplex A or B. Note that the edges that
make up a loop in A are those given in Table 6.1.1 conjugated by —V};) + X(1 2), to deal
with the change in basepoint. We consider the four generators of B. Note that we can
invert the Y equations (24), (25), (23), (27) and (21) above to get

So we can use these four Y2 loops as the generators of m; (B) instead of the XZ.

Choose T("l1 9) = Y(?Q) to be the maximal tree in AN B. Then the generators of 71 (AN B)
are

A A B B B
Thoy =T =Yag =Y =Y,

S

where s € {(1,2), (1,3)(1,3),(2,3),(2,3)}. The van Kampen relations identify the left and
right hand sides of this equation. The left hand side can be written as

Thoy — T = (Tho) = Zfy = X2 + Vi) — (Vi) + X(19) + 20 = TS

S
A A
— T(172) - TS .
We have already seen that the T loops are homotopic to some combination of the X, hence

these Y& generators can also be written in terms of the X4.

To prove the other direction we note that the X can be written in terms of the 7. The
cells 10 - 18 in Table 6.1.2 write the four X and two Z in terms of the U. They also write
0(2’3)[1], U[Q](Lg) in terms of the other four U and put one relation between these four U.
Then cells 1 - 9 express these four U along with the two V in terms of the 7. They also
give

T3 = T(l,s) - T(1,3)» T(z,:’a) = T(lé) + T(2,3) - T(l,?) + T(I,Q)
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and put one more relation between the remaining 7. We show that the van Kampen
relations can be used to write the 74 in terms of the Y 5.
Start with the van Kampen relation
A B A
T2 =Y T 123
B A 1A A A
=Y tTa2) T 125 — Taz T 1y
B A A A
= 0 =Ye3 +Tas + 123 — Ty
A A B A
= Tiog = ~Tay — Yoz + 1y

Next we note that T(?,z) = ff(ﬁi) + T(I?j) and thus

A v B HA v B A
12 H e = Yey ~ 1y ~ Yo T 1oy
= A o B B o B
= Tag = Yes — Yoy T Ve
This gives allows us to express Té ) in terms of the Y2 and once we have that the other
van Kampen relations easily allow us to write the other T, and hence the X4, as a

combination of the Y B.

Note that there are five relations between these generators of m (AU B): two from 7 (A),

two from 7r1(B) and one from the fifth van Kampen relation.

Now consider the generalised van Kampen theorem from [12]. Define

n

En= | st(k,—k),
k=—n
Py as an open neighbourhood of E,, Nst(n+1,—n —1) that retracts onto this subspace, P»
as an open neighbourhood of E,, N st(—n — 1,n 4 1) that retracts onto this subspace and
E, = E’n U Py U P,. Then the spaces E,, are open subsets of N/, all of which include the
basepoint (0,0), such that N = (J E,,. By the generalised van Kampen theorem 1 (N")
is the direct limit of the system (mi(E,),0;;), where the homomorphisms 6;; : 71 (E;) —
71 (Fj) are induced by inclusion. By repeated application of the argument above for a
pair of stars, these homomorphisms are onto and it follows that 71 (N') is generated by

the four generators of 7 (st(0,0)).
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6.2 B(C5) is not finitely presented.

As explained in Chapter 5, we can show that B(C3)’ is not finitely presented by examining
the second homology group of N’. We now calculate Hy(N') and show it is not finitely
generated. First we will look at the homology of st(0,0), as we did for the fundamental
group, and then we will use Mayer-Vietoris sequences to add on additional copies of this
subcomplex. We used Matlab to calculate Ha(st(0,0)) and show it was equal to Z?. The
table of 2-cells in the previous section gives the boundary of each 2-cell. We put these
boundaries into a matrix and computed its Smith Normal Form. This showed that there
were two generators for the kernel of the map 9 : Cy — (4. Since there are no 3-cells,
there is no torsion and Ha(st(0,0)) = Z>.

n

Theorem 6.2.1. Fizn > 0, let D, = |J st(k,—k) be the union of n + 1 stars. Then
k=0
HQ(Dn) — Z3n+2'

Proof. We use induction and note that the case n = 0 holds since we have seen that

Hy(st(0,0)) = Z2. For the general step define D,,1 as the union of

n
A= U st(k,—k) and B=st(n+1,—n—1).
k=0
We recall the Mayer-Vietoris sequence for A and B.

-+ — Hy(AN B) — Hy(A) @ Hy(B) — Ha(AU B)

The maps in this sequence are defined as

¢n: Hy(ANB) = Hy(A)® Hy(B) : x — (z, —x)
Yn : Ho(A) & Ho(B) — Ho(AUB) : (a,b) = a+b
On: Hy(AUB) = H,_1(ANB) :x +— da

where we write z, a cycle in AU B, to be a sum a + b of chains in A and B and we have
da = —0b since d(a + b) = 0.

There are no 2-cells in AN B so

0 — Ho(A) @ Ho(B) 22 Hy(AUB) — ...
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is the first part of this sequence. We know that Hy(A) = Z3"*2 by the induction assump-
tion and Ho(B) = Z2. Since the sequence is exact we have ker(i)2) = 0 and these 3n + 4
homology generators are embedded in Hy(A U B).

There is one more homology generator coming from the intersection between A and B.
Let C; be the 2-cell described in row ¢ of Table 6.1.2. In st(n, —n) we have that

0(C1 = Co+Cy—C5 —Cr+Cy) =Tz — Ty + Tz — Tez) — Ta3) + T23)-
In B we have
0(C20 — C2 + Ca1 — Ca3 — Cro + Caa) = Y13y — Y(12) + Y12) — Yio3) — Yu3) + Y2.3)-

Subtracting the cells in st(—n,n) from those in B we have a cycle C. We know that this
cycle is not in Im(t)2) since it is not in the kernel of d;. Hence this is a new homology
class in Ha(AU B).

Finally we note that there are no homology generators missing from this description. The

next part of the Mayer-Vietoris sequence is
= Hy(AUB) 2 Hi(ANB) 2 Hi(A) @ Hi(B) > ...

where we know that H;(A N B) = Z°. We also know that Hi(B) = Z* as it is the
abelianisation of its fundamental group. These four generators for H;(B) are clearly in
the image of ¢1. Suppose there was an additional generator C of Hy(A U B) that is not
a linear combination of the previous generators. Then C' ¢ Im(t) which means that
52(C) # 0. Both 85(C) and d5(C) are in ker(¢) and they are linear independent. This
would contradict the rank-nullity theorem for H;(A N B). Thus

Hy(AUB)=7""" 7> 07 = 73"+,

Corollary 6.2.1. B(C3)’ is not finitely presented

Proof. Consider the directed system (Ha(E,),0;;) where

n

E,= | st(k,—k)
k=—n

as in Corollary 6.1.2 and 0;; : Ho(E;) — Ha(FEj) is the homomorphism induced by the

inclusion EA} — Ej. Note that the space En is isomorphic to Ds, and so it is clear from
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Theorem 6.2.1 that the 6;; are embeddings. Hence the direct limit of the system is not
finitely generated. We note that N’ is the direct limit of the spaces E, and that each
compact set of N is contained in some E,,. By Proposition 3.33 of [16] we have that the
natural map

lim Ho(E,) — Ha(N')
—

is an isomorphism. It follows that Hy(NN’) is also not finitely generated and then by Hopf’s
formula, 71 (N') is not finitely presented. O
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Chapter 7

B(F}) is finitely presented.

7.1 Introduction

In this chapter we show that the commutator subgroup of the Artin group B(F}) is finitely
presented but not of type F3. First we recall how the non-crossing partition lattice is used
to construct the space X from chapter 2, which is a B(Fy)" complex. We also recall how
it is retracted in [7] to the space X[y 3. We then examine the quotient of this space by
B(Fy)" and get an understanding how cells of this quotient relate to the lattice L. We use
the quotient to define an appropriate filtration {X;} of X [0,3] that satisfies the hypothesis
of Brown’s theorem from Chapter 5. At this stage we need to show that we can obtain
Xj+1 from X; by the adjunction of 3-cells, up to homotopy. Brown’s theorem would then
tell us that B(Fy) is of type F but not of type F3. In order to do this we split the vertices
that are added onto X1 from X; into four different types. We add these vertices, and
the cells that are incident on them, to X; one type at a time, and inside these types one
vertex at a time. It turns out that each vertex cones off a subcomplex in the space. In
a series of propositions we examine these four different subcomplexes and show they are
homotopy equivalent either to a single 2-sphere or a wedge of four 2-spheres. Coning off

these 2-spheres then is equivalent to adjoining 3-cells to the complex, as required.

7.2 The Space

We recall from Chapter 2 the use of the non-crossing partition lattice of a finite Coxeter

group to construct a classifying space for the corresponding Artin group. The universal
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cover X of this classifying space is the abstract simplicial complex with a vertex for each
element g of B(Fy). There is a k—simplex {go, ..., gr} on these vertices if for each i we
have g; = go[w;] where e < w; < ... < wy, is a chain in L. We write such a simplex in the
form {go,e < w1 < ... <wyg}. In [7] it is shown that X deformation retracts, equivariantly
with respect to the ker(RL) action, to the three dimensional subspace consisting of all the
cells of the form

(g,e<w1 <w2<w3), RL(Q):O) /w37éf)/

and their faces. We will denote this subspace by Xjg 3. Since ker(AB) < ker(RL), Xo g is
the universal cover of a classifying space for ker(AB) = B(Fy)'. We wish to apply Brown’s
theorem from Chapter 5 to the group I' = B(Fy)" and the space Y’ = X| 3. It remains to

choose an appropriate filtration of the space that satisfies the hypotheses of this theorem.

7.3 The Quotient

We first examine the quotient space Xjo3)/B(Fy)’, which we will denote X’. We will

require the images of the subsets in the filtration to all be finite in this quotient.

For each coset gB(Fy) with RL(g) € [0, 3] we have a vertex in X’. In the appendix we
show that B(Fy)/B(Fy) =2 7Z x Z as in the C3 case. We labelled the 24 reflections of F}
by r;, 1 <i <24, and we defined the abelianisation map, AB on the generating set {[r;|}
by

(0,1) if7is odd
AB : B(F4) — B(F4)/B(F4)/ : [T‘,} —

(1,0) if ¢ is even.

So the vertices of X’ are the elements (z,y) of Z x Z with z,y > 0and 0 < x4y < 3.
The last condition follows from the fact that RL(g) = = +y for AB(g) = (x,y).

Note that we will sometimes refer to the non-crossing partitions {r;|i even} as even re-

flections and {r;| i odd} as odd reflections.
We use the function AB to define the quotient map
AB*: X[O,3] — X' {907 s 7gk’} = {AB(QO)a s 7AB(gk‘)}

This allows us to examine the higher dimensional cells of X’. The space has edges of the
form AB*({g,e < w;}) joining AB(g) to AB(g[w1]), labelled by the element w; # 7. Note
that AB(g[w1]) = AB(g) + AB(Jw1]). The appendix describes the different possible values
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AB([w;]) | Number of NCPs w;
12
12

39
12

)
)
)
) 8
)
)
) 12

Table 7.3.1: Abelianisation of the generators [wj]

for AB([w1]) and the number of non-crossing partition generators that map to each value.

This is summarised in Table 7.3.1.

Thus, for example, at every vertex (z,y) in X’ with z + 1+ y < 3, there are 12 edges
joining (x,y) to (x + 1,vy).

The space has 2-cells of the form AB*({g,e < w; < wsy}). Such a 2-cell has vertices
{AB(g), AB(g) +AB([w1], AB(g) + AB([w2])} and its edges are labelled by the appropriate
NCPs: wi,ws and wl_lwg. Table 7.3.1 shows that there are 55 choices for wo where
[(we) = 2 and 24 choices for we where I(w3) = 3. The number of different options for wy
depends on the factorisations of the element wy. The appendix lists all factorisations as
a product of reflections of an element ¢; where [(¢;) = 2. Table 7.3.2 lists the number of

factorisations for these elements.

If AB([t;]) = (2,0) then ¢; must be the product of two even reflections and if AB([t;]) =
(0,2) then t; must be the product of two odd reflections. If AB[t;] = (1,1) then half of the
factorisations of ¢; are of the form 7even”oqq and the other half are of the form r,qq7even-

Hence, for example, at every vertex (z,y) in X’ with  + y + 2 < 3, there are 54 2-cells

AB([t;]) | Number of factorisations of ¢; | Parabolic subgroup | Number of NCPs ¢;
(2,0) 3 Ay 8
(0,2) 3 Ay 8
(1,1) 2 Zo x Lo 24
(1,1) 4 Cy 15

Table 7.3.2: The parabolic subgroups of length 2 NCPs
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connecting (x,y), (x + 1,y) and (z + 1,y + 1). Of these 24 come from the NCPs in the
third row of Table 7.3.2 and 30 of these come from the NCPs in the last row.

The appendix also lists factorisations of elements 7;, where {(7;) = 3. It lists those factori-
sations of the form ¢;ry, where I(t;) = 2 and [(r) = 1. For each such 7 there is another
factorisation of 7; beginning with 7 and for each t; there is another factorisation of 7;

that ends in ¢;. The number of factorisations is summarised in Table 7.3.3.

In order to illustrate where these numbers come from, we will consider one example from
the third row. The NCP 7 satisfies AB([m2]) = (1,2). It has four factorisations listed in
the appendix:

tgroq = toraz = t5411 = 55721,

It also has factorisations

To4tg = To1tg = T93l54 = T1155.

Note that of the four r; preceding 7o, three have ¢ odd and the fourth must have i even.
The subgroup generated by {ri,ra3, 724} is a parabolic subgroup of Fy with parabolic
Coxeter element 75. The corresponding subgroup is isomorphic to Zs x As. In the other
case, where 7; has nine reflections listed, 7; is the parabolic Coxeter element for a subgroup

that is isomorphic to Cs.

Table 7.3.3 can also tell us about the 3-cells in X’: AB*({e < w1 < we < w3}). Consider
the number of 3-cells joining the vertices (z,y), (x + 1,y), (z + 2,y), (x + 2,y + 1), where
x + 1y = 0. There are twelve choices for ws. Six of these are the Coxeter elements of
parabolic subgroups isomorphic to Zs x As. For each of these there is only one choice for
wy with AB([wz]) = (2,0). For each such wy there are three elements w; with w; < ws.
This gives 6 x 1 x 3 = 18 3-cells. The other six possible w3 are the Coxeter elements of
parabolic subgroups isomorphic to C3. Each of these has three elements wy with we < ws

and AB([wz]) = (2,0). Again for each such wy there are three choices for w;. This makes

AB([r;]) | No. of factorisations of 7; | No. of NCPs 7; | No. of r; with r; < 7, j even
(2,1) 4 6 3
(2,1) 9 6 6
(1,2) 4 6 1
(1,2) 9 6 3

Table 7.3.3: Factorisations of length 3 NCPs
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a further 6 x 3 x 3 = 54 3-cells. In total there are 72 different 3-cells joining these vertices
and by symmetry there is also 72 3-cells joining the vertices (z,y), (x,y+ 1), (z,y+2) and
(x+1,y+2).

Now consider the 3-cells joining the vertices (z,y), (x +1,y),(x + 1L,y + 1), (z + 2,y + 1).
Again the possibilities for w3 are split into two groups of six. One group has six we with
wy < wg and AB([ws]) = (z+1,y+1). Of these wa, three have parabolic subgroup Cs and
hence two choices of even reflections wy that precede wsy. The other three have parabolic
subgroup Zgy X Zg and thus only one such w;. This makes a total of 6 x (3x2+3x1) = 54
3-cells. The other group of six ws are the parabolic Coxeter elements of copies of Zy x As.
Each has three elements wy which precede it and satisfy AB([wz]) = (1,1). All of these
wy’s are products of a pair of commuting reflections so for each there is only one w; with
w1 < wg and AB([w;]) = (1,0). This gives us another 6 x 3 x 1 = 18 3-cells and together

we get another 72 3-cells on these vertices.

Note that for every wy < wy with AB([w1]) = (1,0) and AB([ws]) = (1,1) there will be
a W = wl_lwg such that w; < we and AB([w1]) = (0,1). So for every 3-cell described
above on the vertices (z,y), (z + 1,y),(z + 1,y + 1), (z + 2,y + 1) there will also be a
3-cells on the vertices (z,y), (z,y +1),(x + 1,y + 1), (x + 2,y + 1). Thus there are a
total of 72 3-cells on these vertices too. By symmetry there are also the same number
of 3-cells on the vertices (z,y), (z,y +1),(x + 1,y + 1), (x + 1,y + 2) and on the vertices
(z,y), (x+1,9), (x+1,y+1),(x+1,y+2). To summarise, for any legal choice of vertices
there are 72 different 3-cells joining those vertices and a total of 432 3-cells incident on

every vertex (z,y) with x +y = 0.

7.4 The Filtration

We define the following filtration on the quotient X’ corresponding to the filtration of Z
given by the intervals [—n, n].

X{, = st(0,0)

X1 = st(—1,1) U st(0,0) Ust(1l,—1)

J
X} = U st(x, —x)

T=—]
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Clearly each X j’ is finite since there are a finite number of cells in the star of each vertex,
as described in the previous section. We choose our filtration on X|g 3; to be the pre-image

of this filtration under the map AB* : X9 3 — X ', Thus

Xo = U st
AB(g)=(0.0)

X; = U stle|u st(g) | U st(g) | ,
AB(g)=(~1,1) AB(g)=(0.0) AB(g)=(1,-1)

Note that for each vertex (—z,z) in X', there are an infinite number of vertices g in X[ g
with AB(g) = (—x,x), one for each element of B(Fy)'.

We need to show that X, is obtained from X, by the adjunction of 3-cells up to ho-
motopy. Moving from X; to X1 we add the stars of the vertices g with AB(g) =
(j+1,—j—1)or AB(g) = (—j — 1,7 +1). We will show that adding st(g) for all g with
AB(g) = (j+1,—j—1) is equivalent to the adjunction of 3-cells. The other case is similar.

We do this adjoining in four steps.
There are 8 vertices in the star of a vertex (j +1,—j — 1) in X’. These are
G+1L,=-1),0+2--1),0+3,-7—-1),0 +3,-J),
G+1,-4),0G+2,-5),0+1,-5+1),0+2,—j+1).

Of these the last four belong to X’ while the first 4 are new in X} ;. Thus X4 is the

subcomplex of X|g 3) consisting of cells whose vertices g satisfy

AB(g) e X;U{(i+1, -3 —1),(G+2,-j—1),(+3,-4),(G+3, -5 — D}
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Fig. 7.4.1: Nllustration of X and st(j +1,—j — 1)

Definition 7.4.1. We define the following subcomplexes of X, :

Xjt+1/4 1s the subcomplex consisting of the cells of X1 whose vertices g satisfy
AB(g) € X;U{(j +1,—j - 1}

X412 1s the subcomplex consisting of the cells of X1 whose vertices g satisfy
AB(9) e X;U{(j+1,—j—1),(G+2,-j -1}

Xj13/4 is the subcomplex consisting of the cells of X1 whose vertices g satisfy

AB(g) e X;U{(i+1,—3—1),(G+2,—j—1),G+3,—j)}

Proposition 7.4.1. X;_ /4 is obtained from X; by the adjunction of 3-cells, up to homo-
topy.

Proof. We order the infinitely many vertices g of X|g 3] satisfying AB(g) = (j +1,—j — 1)
using some arbitrary total order. We construct X; /4 from X; by adjoining each of
these vertices ¢g in turn together with the finitely many cells whose vertex set contains
g and is contained in X; U {g}. For such a vertex g, we wish to add in all the cells
that start at the vertex g and have the rest of their vertices in X;. The top facets of
these cells are already in Xj, where the top facet of 0 = (g,e < w1 < -+ < wy) is

(glwi], e < witwy < -+ < wy twy). Adding on the cell o is essentially coning off this top
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facet. Adding the vertex g and the cells described above is equivalent to coning off the
subcomplex X; N st(g), up to homotopy. We will show that this subcomplex is homotopy
equivalent to the wedge of four 2-spheres. Coning this off is, up to homotopy, equivalent

to adjoining four 3-cells to X, as required.

The complex X;Nst(g), illustrated in Figure 7.4.2, is 2-dimensional. There are 12 vertices
glw1] that map to (j + 1, —j) under the abelianisation, 12 that map to (j +2,—j + 1), 8
that map (j + 1,—j + 1) and 39 that map to (5 + 2, —7).

8 12

12 39

9

Fig. 7.4.2: The star of g

We will begin our analysis of this intersection by looking at the 1-dimensional graph
between the (j + 1, —j) vertices and the (j + 2, —j + 1) ones. We will then add the cells
that include the other two types of vertices and examine how this affects the homotopy
type. This graph is shown in Figure 7.4.3. Each vertex g[w;] is simply labelled w; for
brevity. We can see there are 24 vertices in the graph and 54 edges. The blue edges form
a maximal tree and each red edge creates a loop, a generator of the fundamental group of

the graph, in combination with edges in the maximal tree. There are 31 such loops.

Now consider the effect of adding on the 39 vertices that map to (j+2, —j) and the cells that
include these vertices. These vertices are of the form g[t;] where AB([t;]) = (1,1). Twelve
of the corresponding non-crossing partitions; t1, t13, t21, to7, t32, t36, t40, t44, ta7, t50, 53, t55,
have only one 7,44 below them and one Teyen, above them in the lattice L. So each con-
tributes one cell of the form {g[roqa] < g[ti] < g[Teven]} to the space. Adding these cells
does not effect the homotopy type of the graph, as the 2-cell can be collapsed to the
edge{g[road] < g[Teven]|}. For example t1, has the reflection 71 below it, the length 3 ele-
ment 74 above it and the cell {g[r] < g[t1] < g[74]} collapses to the edge {g[r1] < g[m]}

as show in Figure 7.4.4.
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Fig. 7.4.3: Graph of the vertices mapping to (j +1,—j) and (j +2,—j + 1)

glts glta

glra] glta] glra]

Fig. 7.4.4: Cell {g[r1] < g[t1] < g[m4]}

A further twelve of these non-crossing partitions; ts, tg, t15, tos, tos, t34, t37, t42, tas, t4g, ts1, t54,
have only one r,qq below them and two Teyen above them in L. Adding these cells also
has no effect on the homotopy type of the graph. For example the element t3 has the
reflection 71 below it and the length 3 elements 14 and 7¢ above it, contributing the
cell {g[r1] < g[ts] < g[re4]}, which collapses to the edge {g[ri1] < g[m4]} and the cell
{g[r1] < g[ts] < g[m6]}, which collapses to the edge {g[ri] < g[7¢]}. This is shown in Figure
7.4.5.

Twelve more of these elements; t4, t7, t19, t12, t14, t17, t20, t24, t30, 35, t39, t43, have two 1,44
below them in L and one 7eyen, above them. Following a similar collapse as the previous

case, these cells also do not effect the homotopy type of the graph.

That leaves just three of these vertices that do affect the homotopy type of the graph,
those being g[ts], g[t1s] and g[tes]. Consider ¢5, which has r; and 713 preceding it, while 74
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glr4] glr4]

Fig. 7.4.5: Collapse of the cells containing the vertex g[ts]

and 716 come after it in L. These four vertices already form a loop in our graph, shown in
Figure 7.4.6. Including the cells {g[r1] < g[ts] < g[m6]}, {g[r1] < g[ts] < g[ra]},{g[r13] <
glts] < glmie]} and {g[ris] < g[ts] < g[74]} simply cones off this loop and kills it.

gta]  Q[Tag]

glra]  glrs]
Fig. 7.4.6: Vertices incident on g[ts]

Similarly the 2-cells incident on g[t;g] fill in the loop joining g[ro|, g[r21], g[T12] and g[ma],
while the 2-cells incident on g[ta5] kill the loop between g[rs], g[r17], g[T20] and g[7s].

We now consider the 8 vertices g[w;] where AB(w;) = (0,2). Each of these has three 7,44

below them in L and three 7eye, above them. This is summarised in Table 7.4.1.

Figure 7.4.7 shows the vertices incident on the vertex g[ts] and the edges joining them.
Recall that the blue edges were part of our maximal tree, while the red edges defined
generators in the fundamental group of the graph. By adjoining the star of g[t2], we cone
off this graph, killing these four loops. This pattern repeats for too, t33, t41, t4g, we move

clockwise around the circle in Figure 7.4.3, killing off four m; generators each time.

Figure 7.4.8 shows the graph coned off by the vertex g[ts]. The edge {g[ri] < g[r24]} is

64



to |71 r3 s | T4 Te T
tog | 75 17 T9 | T8 Ti0 TI2
l33 | 9 T11 T13 | Ti12 Ti4 Ti6
tq1 |T13 Ti5 T17 | Ti6 T8 T20
tag | T17 Ti9 T2l | T20 T2 T24
tg |21 T3 T1 | Teq T2 T4

te | 1 T9 Ti7 | T8 Ti6 T24

tog | 5 T13 T21 | T4 Ti2 T20
Table 7.4.1: Elements above and below ¢; in L, where AB([t;]) = (0,2)

glt4] 9[Te] g[tg]
|-
|~

glra] glrs] glrs]

Fig. 7.4.7: Vertices incident on g[ts]

g[t24] g(12] 9(14]
~ |
P S

dral  drsl gl

Fig. 7.4.8: Vertices incident on g|ts]

not part of the maximal tree for the larger graph, nor is the loop it creates killed off here.

This leaves seven 71 generators in the graph, the one contributed by this edge {g[ri] <
g|m4]} and the six from the edges going from one side of the circle directly to the other in
Figure 7.4.3. Figure 7.4.9 shows the graph coned off by the vertex g[ts]. The blue edges
were not part of the maximal tree for the graph but a disc has now been glued on along
each edge and a portion of this tree. Hence each is homotopic to a path in the maximal

tree. Adding these new 2-cells fills in the loops contributed by the four red edges.
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ots]  Q[tie]  Q[t24
|-
1~

glri] glro]  g[r17]

Fig. 7.4.9: Vertices incident on g[tg]

We now have three m; generators remaining, contributed by the edges {g[ri3] < g[m]},
{glra1] < g[m2]} and {g[rs] < g;ma0]}. These correspond to the three loops killed off by
the vertices g[ts], g[t1s] and g[tas] that we previously mentioned. The graph now has the
homotopy type of a point and the cells attached to g[tog] still have to be added. Now that
there are no loops to be killed off, adding these cells gives our space the homotopy type

of a wedge of four 2-spheres.

O]

Proposition 7.4.2. X; /5 is obtained from X 1,4 by the adjunction of 3-cells, up to
homotopy.

Proof. We order the infinitely many vertices g of X(g 5 satisfying AB(g) = (j +2,—j — 1)
using some arbitrary order. We construct X, /o from X; /4 by adjoining each of these
vertices g in turn together with the finitely many cells whose vertex set contains g and
is contained in X; /4 U {g}. The 3-dimensional cells that satisfy this criteria have the
form {g[reven] ™t < g < glroda] < g[t:]} and the facets {g[reven] ™ < glroda] < g[t:]} are
already in X;, /4. We will show that the space X1/, N st(g) has the homotopy type of
a single sphere. Adding the vertex g and these cells is equivalent to coning off this sphere,

adjoining a 3-cell to X;,1/4.

The complex X;Nst(g) is illustrated in Figure 7.4.10. There are twelve vertices g[reyen] ™,
twelve of the form g[r,qq] and eight of the form g¢[t;] which map to (j + 2,—j + 1) under

the abelianisation.

This space has a very similar structure to the one we studied in the first proof. The 1-
dimensional graph between the vertices g[repen] ™! and g[roqq] has the same homotopy type
as Figure 7.4.3. We repeat this graph below with the appropriate labels for the vertices. In

this case the vertex g[reyen] ™! is simply labelled 7¢yer,, While the vertex g[r,qq] is labelled by
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Fig. 7.4.10: The star of g

Todd- Again the blue edges form a maximal tree and each red edge contributes a generator

to the fundamental group of the graph.

Fig. 7.4.11: Graph of the vertices mapping to (j + 1,—j — 1) and (5 + 2, —j)

Now we adjoin the eight vertices g[t;] and the cells incident on them to this graph. Note
that these are precisely the same eight ¢; with AB([t;]) = (0,2) that we encountered at

the end of the previous proof. We saw each had three elements r,qy preceding them in L
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to |71 r3 r5 | T4 T TS
tag | 75 T7 T9 | TS Tip T12
t33 | 9 Ti1 T13|T12 T4 T16
tg1 |T13 Ti5 Ti7 | Tie T18 T20
tag | T17 Ti9 T21 | T20 T22 T4
tg |11 Tes r1 |Tog T2 T4
t¢ | 71 Tr9 Ti7 | T8 Ti6 T24

tog | *s 713 T21 | T4 T12 120

Table 7.4.2: Labels for the elements in the graph above and below g[t;]

and three elements 7; above them. Each such 7; satisfied AB(7;) = (1,2), so for each we
have that 7; = rit; for some k even. Hence g[ry] ™! < g[t;] is an edge in Figure 7.4.11. We

summarise the elements g[rogq] and g[repen] ' which are joined to g[t;] in Table 7.4.2.

Once again adjoining the star of a vertex g[t;] is equivalent to coning off the graph on the
vertices incident with it. This is killing four 7y generators in the graph. The six subgraphs
described by Table 7.4.2 are isomorphic those described at the end of the previous proof.
We follow the method there for the first five elements, o, tos, t33, t41 and t4g which collapses
all the loops in the graph besides the three contributed by the edges: {g[r4]~! < g[r13]},
{g[r12]™' < g[ra1]} and {g[r20]~t < g[rs]}. Figure 7.4.12 shows the graph coned off by
the final vertex g[tog]. The blue edges were not originally part of the maximal tree for
the larger graph, but they are now homotopic to some segment of it. These last three m
generators are killed off and in addition one final disc is adjoined to the space, giving it

the homotopy type of a 2-sphere.

glra ™t ofrag]”

glrs] glrisl  glra]

Fig. 7.4.12: Vertices incident on g[tag]

68



Proposition 7.4.3. X 3,4 is obtained from X; /o by the adjunction of 3-cells, up to
homotopy.

Proof. We order the vertices g of X3 that satisfy AB(g) = (j + 3, —j) in some arbitrary
order. We construct X, 3/, from X; /5 by adjoining each of these vertices g in turn
together with the cells whose vertex set contains g and is contained in X/, U{g}. The
space X 1/2MNst(g) is illustrated in Figure 7.4.13. It is homotopic to the space X; Nst(g),
for g satisfying AB(g) = (j + 1,—j — 1), that was discussed in the proof of proposition
7.4.1. It was shown that space is homotopic to the wedge of four 2-spheres. Adding each

element g cones off these spheres, which is equivalent to adjoining 3-cells to X1

8 12 g

12 39

Fig. 7.4.13: Star of g

O]

Proposition 7.4.4. X;.; is obtained from X; 3,4 by the adjunction of 3-cells, up to
homotopy.

Proof. We order the vertices g of X|og that satisfy AB(g) = (j + 3,—j — 1) in some
arbitrary order. We construct X1 from X, 3,4 by adjoining each of these vertices g in
turn together with the cells whose vertex set contains g and is contained in X;, 3/, U {g}.
The space X; 3/4 N st(g) is illustrated in Figure 7.4.14. It is homotopic to the space
X; N st(g), for g satistying AB(g) = (j +2,—j — 1), that was discussed in the proof of
proposition 7.4.2. It was shown that space is homotopic to a single 2-sphere. Adding each

element g cones off this sphere, which is equivalent to adjoining a 3-cells to X;3/4.
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8 12 g

Fig. 7.4.14: Star of g

Theorem 7.4.1. The group B(Fy)) satisfies the finiteness property Fy, but not the finite-

ness property Fj.

Proof. Propositions 7.4.1, 7.4.2, 7.4.3 and 7.4.4 combined with Theorem 5.3.1 give this
result. O

Note: The Propositions 7.4.1, 7.4.2, 7.4.3 and 7.4.4 refer to the filtration of Xy 3. They
show that the next stage of the filtration can be built from the previous stage by the
adjunction of 3-cells. Following a similar method does not give the same result for the
quotient X'. If it did we would have a K(B(F})',1) with a finite 2-skeleton, up to homo-
topy, and would not need Brown’s theorem to deduce that B(F}y)’ is finitely presented.

In particular, recall the step in Xy 3 when adding the cells of X1/, whose vertex set
contains g and is contained in X; U {g} to X;. We saw that these cells are homotopy
equivalent to coning off the subcomplex X;Nst(g). This is not true if we try to do a similar
step in X’; adding the cells whose vertex set contains (j + 1, —j — 1) and is contained in
X;U{(j+1,-j—1)} to X}. For example consider the cell {(j +1,—j),e <71 <rir2} in
XiNst(j+1,—j—1). Thisis coned off not once but twice to the vertex (j+1, —j—1), by the
cells {(j4+1,—j—1),e <rg <rgry <rgrrefand {(j+1,—j—1),e < ry < rgry < rgrira}.
The corresponding 3-cells in the X[y 3 case have two different top faces they are coning

off, those being {g[rs] < g[rsri] < g[rsreri]} and {g[r4] < g[rari] < glrarire]}.
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Appendix A

F) calculations

A.1 The Non-Crossing Partition Lattice for Fj

This appendix details the non-crossing partition lattice for the Coxeter group Fy. We

follow Section 2.4 or [23] to number the reflections in this group. We choose

=(0.5,—0.5,—0.5,—0.5),
=(0,-1,1 0)
(,1,00)
=(0,0,-1,1)

to be our simple roots. Let Ri, Ro, R3, R4 be the corresponding reflections with fixed

1L
subspace «;

, represented by matrices in R?. Note that the roots have been ordered such
that {a1,a2} and {as3,a4} are orthogonal sets. We label the vertices in the Coxeter

diagram below to show the relationships between the reflections.

4

Ri R R Ri

Let v = RiRoR3R4 be the Coxeter element and note that 712 = I. We calculate the
24 positive roots by p; = R1 Rs...R;_1c; where the a’s and the R’s are indexed cyclically
modulo 4. We denote the reflection with fixed subspace p;- by ;. So there are 24 reflections

in Fy. As in Chapter 2 we put a partial order on the group given by w; < wg when
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I(wy) + (wy 'wz) = I(ws) and the non-crossing partition lattice L consists of all elements

in the interval [e, ] of this partial order.

We now examine the non-crossing partitions whose image under the length function is 2.
Not all products of a pair of reflections precede «, and thus are in L. To determine those

that do, we look at the dual basis to {a1, ag, a3, as}:

/1 = (2,0,0,0),
P2 =(2,0,1,1),
A3 =(3,1,1,1),
B1=(1,0,0,1).

These vectors satisfy 3; - a; = d;; for 1 < 7,5 < n, where §;; is the Kronecker delta.
We define the vectors u; by u; = RiRe...R;_13;, where the R’s and (’s are again indexed
cyclically modulo 4. By Lemma 2.4.1, the product of two reflections r;r; is an element of
L if pj - p; = 0. We check all possible products and obtain 55 matrices representing length
2 elements in L. We denote these elements by t;,1 < ¢ < 55. Each element has between

two and four factorisations, listed in Table A.1.1.

Regarding the non-crossing partitions w with {(w) = 3, we note that for each reflection r;:

I(ri) +1(r7 ') =1(7)
=y ) FUrTy) = 1(y)

<:>r;17<*y.

We denote these 24 elements by 7, = r;7y, for 1 < ¢ < 24, and clearly there can be no
additional length 3 elements of L. Each length 3 element has either 4 or 9 factorisations

as a product of a length 2 element by a reflection, listed in Table A.1.2.
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t1
t3
s
t7

t11
t13
15
tir
19
21
to3
los
tor
t29
t31
t33
i35
la7
139
ta1
t43
las
tar
tag
t51
t53

ts5

ror1
T4T1
r8ry
1671
72471
T47T2
7473
574
T4
71274
T6T5
T8T5
1275
r8TT
7107’8
1678
1179
1479
713712
715712
15713
18713
17716
817
20717
721720
792721

724723

172
T1T4
71378
19716
1724
72474
73Ty
475
1077
720712
576
578
17712
T8
712710
724716
713711
15714
r12713
718715
17715
719718
16717
r17718
17720
20721
721722

23724

20713

22719

2724

13710

4720

24717

8712
8”24
T9T13

20715

21718
r137T17

24719

1720

1722

4713

5724

9720

12721

13724

to

4

173

12

t10
12
14
li6
18
120
22
l24
l26
lag
130
132
t34
136
138
t40
a2
127}
ta6
lag
150
U52

t54

3T
T6T1
T9T1
72171
372
572
T6T3
T6T4
T9T4
r1774
T7rs
71075
1375
T9T8
r1178
1079
r1279
T12711
714712
714713
6713
16715
18716
r9r17
720719
722720

24721

573
776
1779
T23721
r8T3
2075
r9T6
876
1679
T22T17
roTT
711710
21713
8Ty
714711
79710
9712
11712
16714
713714
13716
15716
20718
21719
719720
724722

21724

rTs
1277
ririy
1723
72178
723720
72479

T4T8
21716
723722

579
16711

5721

17714

12716

16720

T17721

20724

riri2

2721
2723

3724

4721

4723

5716

rgrir

Table A.1.1: Factorisations of length 2 NCPs in F}
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1 T4 T5 78 79 712 T13 716 17 720 21 T24
ti1res  tires  tioTea  lores  f3rao  tisror  fesres  fsriv tigroo  fosror fsroq f37os
tiore4  tore  tiiTor  tars  targ  Ti7rs  foars  feroo  tigror  fogroa  Trroo  Terd
tisre  tsrs  tigre  teriz tsriz tigrig tosTie tesri fsara t3rrs toree  tyriz
tigrs  tgrao  tiara  toriz  tier1 loara taors  t30r9  t3sriz l3griz tsari t8re2
toor20  tior1  tiers  tiari  tigrs toarg  t3ori2 f3srs lsgro  tairiz t4ors ligr
losra  tiaro1r  tigrs  to1rs  ligriz loeTie  t3iriv t3sr13 l3grie  tasTiv tazrie t2or21
taor12  tosrs  togTe  loaTe  TorTe  TsaTr  TseTi0 TaoTir TaaTia Tarris TaeTis TasTo
lsarir  taeTs  tsirg  tosrg  logrr  t3zrio t3sTin fairia laeTis  tasTis tsoTis T4sTie
lssra2 51713 tsarie  t3ar7  l3rrio taarTin tastia tagris  lsimig tsaTig ts2rig U53719

T2 73 76 7 710 T11 T14 T15 718 719 T22 723

tgroqs  tiros  tors  Tisrg  toorg  togTiz  €33r12 37716 Ta17ie  tasT2o  tagroo 51724

torog  t3re 1315 tiers  togre  togTg  T3ar13 38713 taoriz  taeTi7 tagror  tsoTo1

tsar1  tgra  tigri toira  torrs  t3ors t3eTo  taoriz taariz  tarrTie tsoTi7 53720

tssro1  t11m1 Tisr3  togre  tosgTr  t347T10 37711 taoT1a tasris  tagrigs tsiTig €s4aT22

Table A.1.2: Factorisations of length 3 NCPs in F}

A.2 Abelianisation of the Artin Group

We are interested in the abelianisation of the associated Artin group B(Fj). The presenta-
tion of B(Fy4) can be read from the Coxeter diagram, the generators are [R1], [Ra], [R3], [R4]

with relations

=
E
I
=
E
E

There is a natural set inclusion map i : Fy — B(Fy) : R; — [R;] that extends to the other
elements of L. When we abelianise, the generators [R4] and [Rs] get identified and so do
generators [R3] and [R;]. Any element g of B(Fy) can be written as a word in these four

generators. The abelianisation map is

AB:B(Fy) - Z X Z: g~ (z,y)
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where x is the sum of the exponents of [R4] and [R2] and y is the sum of the exponents of

[R3] and [R;] in such a word for g.
We note that it follows from the total order on reflections that

ri =Ry > 2,

where 1 = j+4k, 1< 35 <4
Since r1 = Ry, 79 = Ro, 193 = R3 and roy = R4 we have

0,1) if¢is odd
AB([r]) = (01

(1,0) if ¢ is even.

Note that there are 8 elements g with AB([g]) = (0, 2), each of which has three factorisa-
tions as a product of reflections. Similarly there are 8 elements g with AB([g]) = (2,0),
each of which has three factorisations. Finally there are 39 elements g with AB([g]) =
(1,1). Of these, 24 have two factorisations as a product of a pair of commuting reflections,

while 15 of them have four different factorisations.

Note that there are 12 elements g with AB([g]) = (1,2) and 12 with AB([g]) = (2,1). In
each case 6 of these elements have 4 factorisations and 6 have 9 factorisations as a product
of a length 2 element by a reflection. Note also that for any length 3 element g of NCP,
we can easily read off the reflection set that precedes it and the set of length 2 elements

that precede it from this list of factorisations.
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Appendix B

Matlab Functions for Calculating
Homology of Artin Groups A,

%R is the set of reflections in the symmetric group $S_n$

%This function will take in the set R and create the two
%relationship sets, C the set of commutative elements and D for sets of

%dihedral groups with 3 elements.
function[C,D]=Relationships(R)

[n,useless]=size(R);
k=1;
1=1;

for i=1:n
for j=i+l:n

%Check if R(i,:) and R(j,:) commute
if [R(i,1),R(i,2),R(i,2),R(i,1)]1"=[R(j,1),R(j,2),R(j,1),R(j,2)]
if R(j,1>R(i,2) || R(i,1)>R(j,2) || (R(i,1)<R(j,1) && R(i,2)>R(j,2)) || (R(j,1)<R(i,1) && R(j,2)>R(i,2))
C(k,:)=[i,jl;
k=k+1;
end

end

%Check if R(i,:) and R(j,:) are part of a dihedral set
if R(i,2)==R(j,1)
J%Run thro. R again and find the 3rd element of the set
m=0;
found=’no’;
while strcmp(found,’no’)
m=m+1;
if R(m,:)==[R(i,1),R(j,2)]

found="yes’;

end

D(1,:)=[i,j,m];
1=1+1;
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end

end

elseif R(i,1)==R(j,2)
m=0;
found=’no’;
while strcmp(found,’no’)

m=m+1;

if R(m,:)==[R(j,1),R(i,2)]

found="yes’;
end
end
D(1,:)=[i,j,m];
1=1+1;

end

end

%This function takes an array of 2 characters and the relationship sets C

%and D. It uses these to move the second character to the first position

%and replace the appropriate character in the 2nd position.

function[A]=Replace(S,C,D)

i=1;

arg=’no’;

[n,useless]=size(C);

[m,useless]=size(D);

whil

end

if s

else

e (strcmp(arg,’no’) && i<=n)

if (8(1)==C(i,1) && S(2)==C(i,2))
arg=’yes’;

end

i=i+1;

trcmp (arg, ’yes’)

A=[5(2),5(1]1;

i=1;

while (strcmp(arg,’no’) && i<=m)

if (S(1)==D(i,1) && S(2)==D(i,2))
A=[s(2),D(i,3)];

arg=’yes’;

elseif (D(i,1)==S(1)
A=[S(2),D(i,2)];
arg=’yes’;

elseif (D(i,2)==S(1)
A=[S(2),D(i,3)];

arg=’yes’;

elseif (D(i,2)==S(1)
A=[S(2),D(i,1)];

arg=’yes’;

elseif (D(i,3)==S(1)
A=[s(2),D(i,2)];

&& D(i,3)==5(2))

&& D(i,1)==S(2))

&& D(i,3)==5(2))

&& D(i,1)==5(2))

(8(1)==C(i,2) && S(2)==C(i,1))
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arg=’yes’;
elseif (D(i,3)==S(1) && D(i,2)==S(2))
A=[s(2),D(i,1)];
arg=’yes’;
end
i=i+1;
end
end
if strcmp(arg,’no’)
s
end
end
%This function will that in an n character array S, a number i and the
%relationship matrix M. It will use these relationships to move the ith
%character to the front of the array changing the rest of the characters
%appropriately.
function[S]=Move(S,i,M)
while i>1
temp=S(i-1);
S(i-1)=8(i);
if M(temp,S(i))==-1
S(i)=temp;
else

S(i)=M(temp,S(i));

end

end
end
%This function takes an array of 2 characters and the relationship sets C
%and D. It will return a third character if these three
%form a dihedral set or -1 if the original two commute.
%If they cross, it returns 0.
function[a]l=Ascending(S,C,D)
[n,useless]=size(C);
[m,useless]=size(D);
i=1;
arg=’no’;
while (strcmp(arg,’no’) && i<=n)
if (8(1)==C(i,1) && S(2)==C(i,2)) || (S(1)==C(i,2) && S(2)==C(i,1))
arg=’yes’;
end
i=i+l;
end
if strcmp(arg,’yes’)

a=-1;

else
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i=1;

while (strcmp(arg,’no’) && i<=m)

if (8(1)==D(i,1) && S(2)==D(i,2))
a=D(i,3);

arg=’yes’;

elseif (D(i,1)==S(1) && D(i,3)==S(2))
a=D(i,2);
arg=’yes’;

elseif (D(i,2)==S(1) && D(i,1)==S(2))
a=D(i,3);
arg=’yes’;

elseif (D(i,2)==S(1) && D(i,3)==8(2))
a=D(i,1);
arg=’yes’;

elseif (D(i,3)==5(1) && D(i,1)==5(2))
a=D(i,2);
arg=’yes’;

elseif (D(i,3)==S(1) && D(i,2)==5(2))
a=D(i,1);
arg=’yes’;

end

i=i+1;

end

end

if strcmp(arg,’no’)
a=0;
end

end

%This function will take a set of n rows representing a loop in the

%complex. The first entry gives the sign of the loop and the number of times that generator is included.

%function will write that loop in terms of the generating loops.
%The array G will consist of the generators of the n facets giving a
%straightening algorithm for n-1 dim elements.
function[A]l=Generators(A,M,G)
[n, ml=size(A);
alldescending=’no’;
%Continue running through the for loop below until it doesn’t need to
%change anything, which means each element must be descending.
while strcmp(alldescending,’no’)
alldescending=’yes’;
%This loop checks if any pair of each element of A is ascending and if
%so changes that element. Sometimes this involves adding extra elements
%to the end of A.
for i=1:n

for j=2:m-1

S=A(i,:);
if S(j)<S(j+1)

alldescending=’no’;

79

This



if M(S(j),S(j+1))==-1 %They commute
AL, 1)=8(1)*(-1);
AG,§)=S(j+1);
A(i,j+1)=8(§);

% elseif M(S(j),S(j+1))==0 Ythey cross

% ’error in Generators: elements cross’

else Jthey’re part of a dihedral set
A(L,1)=8(1)*(-1);
A(i,3)=S(j+1);
A, j+1)=M(S(j),S(j+1));

n=n+1;

A(n,:)=AG,:);
%A(n,1)=8(1)*(-1);
A(n,j)=M(S(j),8(j+1));
A(n,j+1)=8(§);

end

end

end

end

%#0nce we have written this as a set of descending loops we use the

%straightening algorithm to write it in terms of the generators.

[p,ql=size(G);

% if @ "= m
% ’error’
% else
i=1;

while i<=n

j=1;
while j<=p
if A(i,2:m)==G(j,1:q-1)
temp=A(i,1);
AL, =013
n=n-1;
for k=1:q9-1
8=G(j,:);
S(q-k)=[1;
A(n+k, :)=[tempx(-1)~(k-1),S];
end
n=n+q-1;
i=i-1;
j=p; %Break this j loop,move to the next i.
end
J=i+L
end
i=i+1;
end
%end

%Finally, we add up the generators
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i=1;

while i<n

j=it+l;

while j<=n

if A(j,2:m)==A(i,2:m)
AGi,1)=A(i,1)+A(5,1);
AGG,)=0;
J=i-4
n=n-1;

end

=i+t

end

%If the final answer is O, then just delete the row

if A(i,1)==0
AL, )=[1;
i=i-1;
n=n-1;
end
i=i+l;
end

end

%This function will take in the relationship matrix M and 2 sets of Generators, 1 for dim n
% and 1 for dim n-1. It will use the other functions defined to calculate a matrix H which
%satisfies Hc=0 if f(c.x)=0

function[H]=Matrix(M,A,G)

[m,nl=size(A);

[p,ql=size(G);
if (q7=n-1)
-1
end
H=zeros(p,m);
%Run thro. each element of A, calculate its boundary, perform the
%straightening algorithm on the answer
for i=1:m

i

B=Boundary(A(i,:),M);
B=Generators(B,M,A);

[1,useless]=size(B);
%Run thro. each element of B and enter it in the appropriate place in
%the matrix
for j=1:1
foundalready=’no’;
k=1;
while (k<=p) && strcmp(foundalready,’no’)

if B(j,2:n)==G(k,:)

foundalready="yes’;
H(k,1)=B(j,1);

k=k+1;
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end
end
end
end

%This function will take in an array of permutations expressing an element
%of length n. It will return the set of these chains which are descending

%for the first 1 terms and then ascending for the remainder.
function[A]=Sort(Chains,1)

[n,m]=size(Chains);
A=zeros(n,m);
k=1;

for i=1:n

3=t
correct=’yes’;
while(strcmp(correct,’yes’) && j<1)
if Chains(i,j)<Chains(i,j+1)
correct=’no’;
end
3=3vLs
end

while(strcmp(correct,’yes’) && j<m)
if Chains(i,j)>Chains(i,j+1)
correct=’no’;
end
J=i+1;

end
if strcmp(correct,’yes’)
A(k,:)=Chains(i,:);
k=k+1;
end
end
ACk:n,:)=[]1;
end
%The function will take in the relationship matrix M and an n character
%array S, and will return its boundary. The first entry in each row of the new array will
%be either +1 or -1, representing the sign of the face.

function[A]=Boundary (S,M)

n=length(S);

A=zeros(n,n);

for i=1:n
temp=Move(S,i,M);
AG,D=(-1)"(E-1);

A(i,2:n)=temp(2:n);

end

%Given a length n element S and the relationship sets C and D, this

%function will return all possible expressions for that element.

82



function[A]=Expressions(S,C,D)

n=length(S);

if n==

temp=Replace(S,C,D);

A=[S;temp];

if temp(2)7=S(1)
A(3,:)=[temp(2),S(1)];

end
else
%Initialise

Done=[S(1)];
B=Expressions(S(2:n),C,D);

[m,useless]=size(B);

for i=1:m
AGi,:)=[S(1),B(i,:)];

end

Run through A, if we see an entry that hasn’t been moved to the
%front(isn’t in Done) then add the expressions with it at the front

%and add it to Done.

i=1;
p=1; %this is the original length of Done

while(i<=m)
for j=1:n

%Check if A(i,j)is in Done
in=’no’;
for k=1:p

if A(i,j)==Done (k)

in=’yes’;

end

end

%If it isn’t move it to the front and get the expressions
%for the remaining terms

if strcmp(in,’no’)

R=A(i,:);

R=Move(R,j,C,D);

B=Expressions(R(2:n),C,D);

[q,useless]=size(B);

for 1=1:q
A(m+1,:)=[A(i,j),B(1,:)];

end

#Record the increased length of A

m=m+q;
%Add A(i,j) to Done
Done(p+1)=A(i,j);

p=p+1;

end

i=i+1;

end
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