Gravitational Collapse of a Self-Similar
Cylindrical Scalar Field with
Non-Minimal Coupling

Eoin Condron B.Sc.
School of Mathematical Sciences
Dublin City University

Supervisor: Dr. Brien C. Nolan

A Thesis Submitted for the Degree of Doctor of Philosophy

July 2013



Declaration

I hereby certify that this material, which I now submit for assessment on
the programme of study leading to the award of Doctor of Philosophy is
entirely my own work, that I have exercised reasonable care to ensure the
work is original, and does not to the best of my knowledge breach any law
of copyright, and has not been taken from the work of others save and to
the extent that such work has been cited and acknowledged within the text

of my work.

Signed:

ID Number: 52728079

Date: 8 July 2013



Acknowledgements

It is a great pleasure to thank my supervisor, Dr. Brien Nolan, for the
opportunity to pursue this research and for his guidance, enthusiasm and
patience throughout.

I am also very grateful to Dr. Emily Duffy, Orlaith Mannion and Dr. Marc
Casals and the staff of the DCU School of Mathematical Sciences for their
friendship and support during my time there.

I thank my friends and family for all their interest and support along the
way and, above all, I thank Agnieszka for her enduring patience and love.
This research was funded by the Irish Research Council for Science Engi-

neering and Technology, grant number P07650.

ii



Contents

1 Introduction
1.1 Notation . . . . . . . ... ...
1.2 General Relativity . . . . .. ... ... ... ... ...,
1.2.1 Manifolds and tensor fields . . ... ... ... ....
1.2.2  Derivatives on a manifold . . . .. .. .. ... ....
1.2.3 The metric tensor . . . . ... ... ... ... ....

1.2.4 Geodesics on a manifold . . . . . ... ... ... ...

1.2.5  The Riemann curvature tensor and the Einstein equation 7

1.3 A review of research on cylindrical symmetry . . . ... ...
1.4 Self-similarity . . . . .. .. ... o o

1.5 Summary of results . . . . . .. ...

2 Self-similar cylindrically symmetric scalar field spacetimes
2.1 Cylindrically symmetric spacetimes . . . . . . . .. ... ...
2.2 Field equations for a cylindrically symmetric scalar field . . .
2.3 The minimally coupled case . . . . . .. .. ... ... ....
2.4 The self-similar field equations . . . . . ... ... ... ...
2.5 The regular axis conditions . . . . . .. .. .. .. ... ...

2.6 Singular nature of the scaling origin . . . . . .. ... .. ..

3 Solutions emanating from the regular axis
3.1 The field equations inregion I. . . . . . .. .. .. ... ...

3.2 Existence and uniqueness of solutions with a regular axis

4 From the axis to N_
4.1 Qualitative solutions . . . . . . . . ... ... ... ...
A1 Vo< OANS 00 o oo
412 Vo <ON<O oo

iii

13
14
14
15
17
21
23

24
24
26

35



413 Vo> O0AN<O o oo 43

414 Vo >0 NS00 o oo 46
4.2 Exact solutions . . . . . ... ... ... ... 57

421 K2=2 ... 57

422 VoeNo =Fk2/8 . . .. 58
4.3 Global structure of solutions in region I . . . . . ... .. .. 60
The future of NV_ 63
5.1 Asymptotic behaviour of solutions at N_ . . . . ... .. .. 64
5.2 Analysis of fixed points . . . . .. ... 68
5.3 Evolution of solutions . . . . . ... .. ... . 0oL 71
Analytic series solutions in region II 82
6.1 Analytic series solutions . . . . . .. ... ... 83
6.2 Some analytical results adapted to the method . . . . .. .. 88
6.3 Computation of some approximate solutions . . . . . . .. .. 90

v



List of Figures

4.1

5.1

6.1

6.2

6.3

Global structure of the spacetime in region I for each subcase. 62
Global structure of the spacetimes with k> < 2. . . . . .. .. 81

Plot of solutions for z; with k> = 0.57,0.6,0.63,0.66 and

Vo < 0 over the interval ¢ € [0,0.17]. In each case x; crosses

Oin finite (. . . . . . . . L 92
Plot of solutions for xz3 with k> = 0.57,0.6,0.63,0.66 and

Vo < 0 over the interval ¢ € [0,0.35]. In each case z3 crosses

1/2 in finite ¢. Note also the curve for k* = 0.66 starts to

turn down toward the end of the interval where the series is

no longer convergent. . . . . . .. .. L Lo 92
Plot of approximation to solutions for z3 with k% € {0.98,0.99,1.01,1.02}
and Vp < 0 over the interval ¢ € [0,0.16]. The behaviour of

x3 is markedly different for values of k? either side of 1. . . . 93



List of Tables

6.1

6.2

6.3

6.4

Information for solutions with k% € {0.57,0.60,0.63,0.66}
and V) < 0 showing that Lemma 6.2.1 holds in each case.
Information for solutions with k* € {0.98,0.99,1.01,1.02}
and Vy < 0 showing that Lemma 6.2.1 holds for these val-
ues which are less than one and that Lemma 6.2.2 holds for
these values that are greater than one. . . . . . . .. ... ..
Information for solutions with &2 € {0.84,0.87,.90} and Vj >
0 showing that Lemma 6.2.3 applies in each case. . . . . . . .
Information for solutions with k* € {1.30,1.31,1.32} and
Vo > 0 showing that Lemma 6.2.4 applies in each case. . . . .

vi

91



Index of important variables

Variable Pg. number of definiton
¥, V(1) 7
{u,v,0,z} 14
é(u,v),¥(u,v),r(u,v) 14
n 17
v(n), (), S(n) 17
k 19
F(n) 19
I(n) = 2F [k —log |n|'/ 20
Vo 20
A=1-£k?/2 20
T 23
T 24
R=¢"/28 24
UL, U, U3 35
" 39
R 40
t,o(t) 64
o, T1, T2, T3 64
M1, p3 65
A B 65

¢ 82

vii



Coordinates
The coordinates used for the vast majority of the thesis are {u,v, 6, z}. The
similarity variable is defined by n = v/u. We use the rescaling 7 = —logn
in Chapters 2,3 and 4. We use the rescaling ¢t = log(—n) in Chapters 5 and
6. N_ and N, are used to denote the past and future null cones of the
scaling origin O. They are the hypersurfaces defined by v = 0 and u = 0,

respectively.

Metric functions

The metric functions for the non-self-similar metric are 5(u,v), ¢(u,v) and
r(u,v). The self-similar metric functions are v(n), ¢(n) and S(n). They are
related by

B - 1
5=, ¢:¢—510g\% r = |ulS.

Parameters
The system of field equations has two parameters, k and V5. We also make

common use of the translation A = 1 — k%/2.

Matter functions

The scalar field is denoted by ¥ (u,v) and the potential by V(). The self-
similar form of the scalar field is then given by v = F(n) + log |u|*/2. The
translation [ = 2F/k — log |n|'/? is used much more widely in the analysis.

The potential is shown to satisfy V = Vpel.

Other variables
We introduce the variable R = e7/2S in Chapter 2. The analysis in Chapter
4 is carried out using the system of variables

ui(r) = ua(7) = Voel, us(t) = l,

R?

where the overdot denotes differentiation with respect to 7.

In Chapters 5 and 6 we use S(n) = o(t) and the analysis is carried out using

the system of variables
o’(t)

dl 1
= = VyeM — -
I pn s ) o€, I3 dt + 9
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Abstract

The aim of this thesis is to give a rigorous analysis of the Einstein field equa-
tions which arise when modelling the collapse of a scalar field in self-similar,
whole-cylinder symmetry. The principal motivation is to discover whether,
and under what conditions, this class of spacetimes admit the existence of
a naked singularity. Imposing self-similarity on the spacetime gives rise to
a set of single variable functions describing the metric. Furthermore, it is
shown that the scalar field is dependent on a single unknown function of the
same variable and that the scalar field potential has exponential form. The
Finstein equations then take the form of a set of ODEs, with two degrees of
freedom and a free initial datum, where initial data is given on the regular
axis. Self-similarity also gives rise to a scalar curvature singularity at the
scaling origin, to the future of the regular axis. The field equations have
singular points along the axis and along the past and future null cones of
the singularity, labelled N_ and N, respectively. We label the region be-
tween the axis and N_ as region I and the region bounded by N_ and N,
as region II. The problem naturally divides into two stages, that is, solv-
ing the equations in these two separate regions. The independent variable
may be rescaled in each separate region to obtain an autonomous system of
field equations and a dynamical systems approach is used to obtain quali-
tative solutions. It is shown that some solutions have a maximal interval of
existence ending either on or before N_, where the termination of the solu-
tion corresponds to either a spacetime singularity or future null infinity, and
that some solutions may be extended into region II. All of these solutions
are then shown to terminate in a spacelike singularity before reaching N .

This supports the Cosmic Censorship Hypothesis.
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Chapter 1

Introduction

Gravitational collapse is one of the most intriguing processes in nature, lead-
ing to such exotic phenomena as supernovae, white dwarfs, neutron stars
and black holes. It is one the most fruitful topics in the theory of General
Relativity (GR). In the words of John Wheeler “..one feels that he has at
last in gravitational collapse a phenomenon where general relativity comes
into its own..” [41] A black hole is formed when the collapse of a suffi-
ciently massive body is unimpeded by atomic pressures and continues to
contract to a vanishingly small radius, forming a singularity which is hidden
behind an event horizon. The event horizon prevents the escape of mat-
ter and radiation from the region within a certain radius of the singularity,
thus shielding the external universe from it. The existence of black holes
was predicted by the famous Schwarzschild solution and there is now strong
observational evidence that they do indeed exist. Indeed, the singularity
theorems of Hawking and Penrose prove the existence of singularities in
the theory of GR. A related phenomenon which arises in some theoretical
models of collapse is the naked singularity, which is when the singularity is
formed before the event horizon, thus rendering it visible to outside world.
This is an undesirable effect since the predictability of classical physics is
compromised; infinite amounts of energy may be emitted from the singular-
ity and, therefore, one cannot predict its causal future. In response to this,
Penrose conjectured that the collapse of physically realistic matter could
only result in the creation of singularities which are censored by an event
horizon. Known as the Cosmic Censorship Hypothesis (CCH), it has yet to

be proven and its veracity is one of the principal outstanding questions in



GR. However, the models which do exhibit naked singularity formation are
highly idealised and are generally thought to be unrealistic for one reason or
another and a plausible counter-example to the CCH has yet to be found.
The purpose of this work is to add to the literature on this subject and to
determine whether or not the class of self-similar cylindrically symmetric
scalar field spacetimes obeys the CCH.

In the following section we give a brief account of the notation used through-
out the thesis. In Section 1.2, we describe the mathematical concepts of GR
necessary to formulate the problem at hand. Section 1.3 gives a review of
some of the existing literature on cylindrical symmetry and Section 1.4 is a
brief on note the role of self-similarity in GR. We summarise the findings

and layout of the thesis in Section 1.5.

1.1 Notation

We use the notation M for a manifold and g for the metric tensor. A
bold symbol is used for index-free representations of all tensors, including
vectors and one-forms. We use the signature (-,+,+,+) for the metric. Latin
indices are used for all abstract indices for tensors and these always run
over the values (0,1,2,3). Components in a particular coordinate basis are
labelled using the coordinates, for example, the goo component of the metric
in the coordinate basis {u, v, 0, z} would be labelled ggg. We use the Einstein
summation convention so that repeated indices are summed over all values,

for example,
Vow, = Vowg + Viwy + Vwy + Viws. (1.1.1)

Partial derivatives are denoted by df/0x = 0,f = f,». The Lie derivative
with respect to £ is denoted by L¢ and the covariant derivative by V,.
The covariant derivative along a vector field X is given by Vx. An affine
parameter along a geodesic is always given by p and an overdot represents
the derivative with respect to the affine parameter. We also use an overdot
to denote a derivative with respect to the independent variable 7 in Chapter
4. We refer to ordinary and partial differential equations as ODEs and

PDEs, respectively.



1.2 General Relativity

In this section, we outline some of the fundamentals of GR which lead us to
the field equations of the theory, which relate the matter to the geometry
of the spacetime. Central to the theory of GR is the geometry of curved
spaces, as it is the curvature of the four dimensional spacetime manifold in
which the gravitational field manifests itself. Hence, an understanding of
differential geometry is essential and we outline some of the fundamentals

below.

1.2.1 Manifolds and tensor fields

An n-dimensional manifold M is roughly defined as a space which, at every
point, looks locally like Euclidean space of the corresponding dimension, R"”,
but which may have a much different global structure. One can set up a
non-degenerate coordinate system which parameterises M locally, although
the system may not extend to the whole manifold. An atlas for M is a set
of local coordinate systems such that their union covers M entirely. The
definition of curves and surfaces in M as constraints on, or parameterisations
of, the coordinates follows naturally. M is said to be differentiable (smooth)
if the transformations between any two coordinate systems are differentiable
(smooth) on subsets of M on which they overlap. All manifolds are assumed
to be of this type in GR. We can define vectors on a smooth manifold as
tangents to curves in the manifold and we denote by 7,(M) the space of
all tangent vectors at a point p in M. It may be shown that 7,(M) is a
vector space of the same dimension as M. Given a basis for the tangent
space {eq} = {0/02} then V' € T,(M) can be written as
0

V=Vi" =V, 1.2.1
s (1.2.1)

where V@ are the components of V' in the basis {e,}. A dual vector, or
one-form, acts on vectors to produce a real number. The space of all one
forms at a point p is denoted 7,7(M) and is dual to 7,(M). Introducing
a basis {e“} = {dz?} on T, (M) such that e®e, = Jj, then we can write
w € T, (M) as

w = wedx?, (1.2.2)



where w, are the components of w in the basis {e,} and ¢ is the Kronecker
delta defined by
1, if a=5b
0y = (1.2.3)
0, if a#b
Then w(V') produces the scalar V%w,. A tensor is a geometrical object
which maps any product space of V' € T,(M) and w € T, (M) to the
real numbers, is linear in its arguments and is invariant under coordinate
transformations. The rank of a tensor corresponds to the space on which it
acts. Vectors and one-forms are tensors of rank (1,0) and (0,1), respectively.
When changing from one coordinate system to another, the components of

vectors and one-forms change according to

Ve= XV w, = XV, (1.2.4)
where 2%’ are the new coordinates and
ox® y 0z
Xg; = W7 a — 0$a7 (125)

are the transformation matrices or Jacobians of the transformation. A tensor
T of rank (1,1) maps the product space 7,(M) x T, (M) into the reals and

its components transform according to
T¢ = X XOTS . (1.2.6)
Tensors of higher rank transform in an analagous way.

1.2.2 Derivatives on a manifold

It is not difficult to show from (1.2.4) that the partial derivative of a tensor
is generally not a tensor, that is, it is not invariant under coordinate trans-
formations. We introduce two types of differentiation on a manifold which
are both tensorial; the covariant derivative and the Lie derivative.

Consider the vector field in a particular basis V% evaluated at points p and
q. The covariant derivative of a vector field measures the difference between

V®(p) and the vector parallel to V*(q) at p in the limit as p — ¢. It may be



shown that this leads to
ViVe =0,V +T5VE, (1.2.7)

where V,V® is the covariant derivative of V. The term I'Y;, called an affine
connection, is a set of functions which transform in such a way that the
combination of the terms on the righthand side above are invariant under
coordinate transformations, i.e. they are tensorial. Hence, V, V¢ is a tensor
of rank (1,1). The covariant derivative of tensors of general rank have a
similar definition. Note that V¢ = 0,1 for a scalar .

The covariant derivative of a vector V along a vector X is defined as
VxVt =XV, V?, (1.2.8)

which is the analogue of the directional derivative in Euclidean space. V' is
said to be parallel-transported along X if VxV® = 0. The Lie derivative
of a tensor field with respect to a vector field & measures the change in that
tensor field transported along the integral curves or the flow of £&. The Lie

derivative of a vector field V* with respect to & is given by
LV =0V — VP9, (1.2.9)

with similar definitions for tensors of other rank. The Lie derivative pre-
serves the rank of a tensor. As we shall see, the Lie derivative is useful in

defining the symmetries of a manifold.

1.2.3 The metric tensor

The metric tensor g on a manifold is a privileged tensor which takes as
its input two vectors and returns a scalar. It is symmetric, of rank (0,2)
and completely determines the curvature of the manifold. It allows us to
measure the length of intervals between points in the manifold through the

relation
ds® = gabdx“dxb, (1.2.10)

which is known as the line element. We define the inverse metric, ¢%°, by

9P gpe = 02 (1.2.11)



where 07 is the Kronecker delta. It may be used to raise and lower indices
so that for a vector V® we have g.,,)V* = V;, which shows that when acting
on a vector it produces a one-form. An affine connection may be defined in

terms of the metric tensor by

1
be = §gad(5b9dc + 0cgab — Odghe)- (1.2.12)

This connection is known as the metric connection and the connection will
always be defined in this way in GR. It is easy to see that I'}, is symmetric
in its lower indices and one can check that V.g.,, = 0 follows immediately

from this definition.

The isometries of the spacetime are defined in terms of the metric tensor by
Legap =0, (1.2.13)

where £ is a Killing vector field of the manifold. This equation demonstrates
the fact that the metric is unchanged as we follow the flow of € which implies

the spacetimes is symmetric along these orbits.

1.2.4 Geodesics on a manifold

Geodesics are a special class of curves whose tangent vectors X satisfy
Vx X% = 0. Given any two points on a manifold p and ¢ which are suf-
ficiently close together, there is a unique geodesic joining p and g which
extremises the invariant spacetime interval between them. Geodesics are of
central importance to GR as they are the paths followed by unaccelerated
or free-falling particles and radiation in a gravitational field. Of particular
interest to us are the null geodesics of the spacetime, the paths along which
radiation travels, which form the boundaries of the causal past and future
of points in the spacetime. The null geodesics may be parameterised such

that the parametric equations are given by
i 4 Tgabi¢ =0, (1.2.14)

where the overdot denotes differentiation with respect to an affine parameter,

which we always denote by . They may be derived from the Euler-Lagrange



equation

do¥ 0%
di o o 0, (1.2.15)
where
L = gapi®i?, (1.2.16)

is the Langrangian, and we make use of both (1.2.14) and (1.2.15) in what
follows. For the majority of the thesis we use double null coordinates « and

v which pick out the outgoing and ingoing null geodesics, respectively.

1.2.5 The Riemann curvature tensor and the Einstein equa-

tion

An important measure of the curvature of a manifold is the Riemann tensor,
which captures the failure of a vector to return to itself after being parallel-

transported along a closed curve. It is a tensor of rank (1,3) with components
R%eq = 0.y — 0al'y, + Tpgle, — T3 1. (1.2.17)

For a vector field X we have V.V X® — V VX% = R%.4X", which can
be thought of as the change in X* having been transported around an in-
finitesimal closed loop. We have seen that the connection I'f, depends on
first derivatives of the metric g4, and so the Riemann tensor is of second
order in derivatives of g,. Contracting the Riemann tensor on its first and
third indices we have R,y = Rg, which is defined as the Ricci tensor.
The trace gabRab = R is then defined as the Ricci scalar. To write down
the Einstein equation, we must define the energy-momentum tensor, which
measures the distribution of matter and energy throughout the spacetime.
It is a symmetric tensor of rank (0,2), commonly denoted T,;. For a general

scalar field v it is given by

1
Top = Va@bvbd} - igabvc¢vc¢ - gabv("l})v (1'2'18)

where V' (¢)) is the scalar field potential. This is the form of Ty, which we use
throughout the thesis. Other forms arise for electromagnetic fields, fluids,
vacua etc. The cases V =0 and V' # 0 are referred to as the minimally and
non-minimally coupled cases, respectively. We deal with both, however, the

vast majority of the work is on the non-minimally coupled case. We are now



in a position to state the Einstein equation:

1 81G
Gab = Rab — igabR = CTTab, (1219)

where GG is Newton’s gravitational constant, G is the Einstein tensor and
¢ is the speed of light. In the most general set up, this is a set of ten
independent, non-linear, second order PDEs, the solutions of which give
the metric of the spacetime manifold. They may be greatly simplified by
assuming certain symmetries in the spacetime geometry and, as we shall see,
in the case of self-similar cylindrically symmetric solutions they reduce to
ODEs. We also make use of the definition E,, = Gup — 87G/c*T,, and use
units such that 87G = ¢ = 1 throughout.

1.3 A review of research on cylindrical symmetry

Cylindrically symmetric spacetimes have been of interest since first studied
as sources for gravitational waves (GW) by Beck [3] in 1925 and later by
Einstein and Rosen [12] in 1937 who, as stated in [18] “gave the first clear
demonstration the theory of general relativity predicts the existence of ex-
act gravitational waves”. The existence of GW is a fundamental question in
GR as it is one of the principal analogies to the other classical field theories.
Although controversial at the time, it is now widely accepted that GW exist
and they are expected to be observed experimentally within a decade. Ken-
nefick [24] gives an interesting account of the controversies surrounding GW.
During the 1960s, huge advances were made in the understanding of grav-
itational radiation and gravitational collapse. In the context of cylindrical
symmetry, the work of Thorne [40] was important in both areas. He pro-
posed an energy-like measure for cylindrical systems, called ‘C-energy’. As
stated in [20], “It has several interesting and useful features: It is covariant
and is associated with a conserved flux vector; it has the correct Newto-
nian limit, the mass per specific length of the cylinder; it is propagated by
FEinstein-Rosen waves.” It has proven useful in studying the dynamics of sev-
eral models, such as cylindrical electromagnetic universes and the collapse of
a cylindrical shell of counter-rotating dust particles. However, it was shown
in [20] that C-energy may be non-zero in the absence of a gravitational

field, which casts doubt on its suitability as an energy measure. Thorne also



proved the important result that there cannot exist horizons in the collapse
of an infinite cylinder with a vacuum exterior [40]. He also showed that
naked singularities are formed in the collapse of a thin cylindrical dust shell.
The important work of Shapiro and Teukolsky [36] in non-spherical collapse
gave strong numerical evidence that naked singularities can form in the col-
lapse of dust spheroids, of which infinite cylinders are an approximation.
Apostolatos and Thorne (AT) [1] used C-energy arguments to demonstrate
that an infinitesimal amount of rotation halts the collapse of a cylindrical
shell of counter-rotating dust particles and that the shell bounces and os-
cillates before settling down to a static equilibrium. However, they make
some strong assumptions such as the total angular momentum being zero
and the existence of fixed times such that the shell is momentarily static and
radiation free. Piran [33] showed that, in some numerical examples, realistic
pressure can also prevent collapse to a singularity. Echeverria [11] expands
on the non-rotating dust case by giving more detail about the nature of the
singularity and describing a sharp burst of gravitational waves just before
the singularity forms. Letelier and Wang [26] subsequently showed that the
collision of ingoing and outgoing cylindrical null fluids, which may model the
interaction of gravitational waves with incoming radiation during the cylin-
drical collapse, results in the formation of a naked singularity. Sheel, Shapiro
and Teukolsky [34] used C-energy to prove the stability of relativistic cylin-
drical polytropes and highlight some of the short-comings in approximating
finite, non-spherical collapse using infinite cylindrical models.

Chiba [7] studied the full dust collapse scenario using analytical and nu-
merical methods and found that no gravitational waves are emitted during
the free fall time. Stachel [38] examined the behaviour of Einstein-Rosen
waves at null infinity in directions orthogonal to the axis of symmetry and
found that they are not asymptotically flat. Ashtekar, Bicdk and Schmidt
generalised this study by examining these waves in all directions and they
found that, in generic directions, the curvature ‘peels off” much better than
in directions orthogonal to the axis of symmetry. Pereira and Wang (PW)
[32] later generalised the work of AT to include the emission of gravitational
waves during the collapse. They found that, in some special cases, the rota-
tion isn’t strong enough to halt the collapse to a singularity. Although there
were some errors in their calculations, these were corrected by Gleiser [14]

who found that this model does indeed admit singularity solutions. Soon



after, detail was added to this study by Gongalves and Jhingan [17] who
claimed to establish that the previous results of PW hold for generic ini-
tial data and that there are no trapped surfaces in the spacetime. Nolan
[30] followed this up soon after with a proof that these spacetimes admitted
global naked singularity solutions. However, Seriu’s [35] analysis contradicts
the results of PW. His imposition of the weak energy condition outside the
collapsing shell causes it to bounce rather than collapse to a singularity in
all cases.

Hamity, Cécere and Barraco [19] performed a numerical analysis of this
model and found both stable and unstable equilibrium solutions. They
also studied a two-shell model. Two recent papers by Gleiser and Ramirez
[15],[16] revisit this problem using linearised approximations to the dynami-
cal equations governing the motion of the shell. The work of Nakao, Ida and
Kurita [28],[29] claims to have disproven some of the AT results, specifically,
that the collapsing shell of counter-rotating dust particles does not always
settle to a static equilibrium final state.

Investigation of the collapse of a self-similar massless scalar field in cylin-
drical symmetry was performed by Wang [42]. He found exact solutions,
some of which correspond to collapse to a black hole and others which cor-
respond to a censored point-like singularity. However, it appears that the
singularity existed in the initial configuration and so it wasn’t a realistic
model of collapse. We show below that the massless model is mathemati-
cally equivalent to the vacuum case which, given regular initial data, yields
global, singularity-free solutions. He performed linear perturbations of the
self-similar solutions, and found that some of the black hole solutions are
stable under these perturbations. This study is closest to our own and the
subject of this thesis is a generalisation of this problem to the massive scalar
field case. One cannot generally obtain exact solutions to the field equations
in this case, making the analysis much more complicated. Note that we have
not carried out any perturbation analysis here.

Nakao and Morisawa [27] used a linear perturbation of the cylindrical dust
spacetime to model the high-speed collapse of a perfect fluid. This was later
generalised to the collapse of two perfect fluids by Sharif and Ahmad, who
used the same high-speed approximation scheme. Nolan and Nolan [31] con-
sidered the cylindrical analogue of the Oppenheimer-Snyder model, that is,

the matching of an isotropic dust interior to a vacuum exterior and showed

10



that it is impossible to perform such a matching. Harada, Nolan and Nakao
[20] gave a complete description of self-similar, cylindrical vacuum space-
times and it was here that they indentified a problem with the definition

and interpretation of C-energy.

1.4 Self-similarity

Self-similarity plays an important role in many theories of classical physics.
In GR, Carr’s self-similarity hypothesis asserts that under certain physical
conditions, solutions naturally evolve to a self-similar form [4], thus self-
similar solutions are highly relevant to the study of gravitational collapse.
Another motivation for the assumption of self-similarity is that it brings
about a significant simplification, reducing the field equations to ODEs,
and self-similar cylindrical spacetimes are now well understood (see, for ex-
ample, [8],[6],[5]). Indeed, many of the spacetimes violating the CCH are
self-similar, although some of the more realistic models in which naked sin-
gularities arise have been shown to be unstable under perturbations [9],[13].
We note that this work is the cylindrical analogue of the work carried out
in [8].

There are two types of self-similarity; continuous or homothetic self-similarity
and discrete self-similarity, also known as the first and second kinds, respec-
tively. We only consider self-similarity of the first kind here and we simply
refer to it a self-similarity henceforth. Spacetimes which are self-similar
admit a homothetic Killing vector field & such that

»Cﬁgab = 2gab‘ (1.4.1)

This captures the notion of invariance under scale transformations [4]. The
coefficient of g, on the right may be rescaled and is chosen as 2 for conve-

nience.

1.5 Summary of results

This work gives a rigorous, analytical study of the class of self-similar, cylin-
dricallly symmetric spacetimes coupled to a non-linear scalar field, where

the Killing vectors are assumed to be hypersurface orthogonal and where
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the homothetic vector field is assumed to be orthogonal to the cylinders of
symmetry. These spacetimes contain a singularity at a point along the axis
and so to model a collapse scenario we assume a regular axis to the past of
this singularity. The field equations for this class reduce to a system of ODEs
for three metric functions and the scalar field. The system has two degrees
of freedom and a free initial datum. Solutions for the entire parameter space
are examined and, apart from a few critical values of the parameters where
exact solutions may be obtained, qualitative solutions are given. The global
structure of these solutions is presented in all cases and it is shown that the
singularity of the spacetime is censored in all cases, thereby upholding the
cosmic censorship hypothesis for these spacetimes.

In Chapter 2, we give a description of the spacetimes in question which leads
to the formulation of the initial value problem with the regular axis as the
initial data point. In Chapter 3, we prove existence and uniqueness of solu-
tions emanating from the regular axis and Chapter 4 gives all solutions to
the causal past of the singularity. These solutions may be divided broadly
into two classes; those that terminate on or before the boundary of the
causal past of the singularity and those which are regular there. In Chapter
5, the solutions which fall into the latter class are extended into the region
beyond this surface, which leads up to the boundary of the causal future of
the singularity. They are shown to terminate in a spacelike singularity in
all cases. Chapter 6 is devoted to an alternative method for finding these
solutions which may be used to obtain more detail about their behaviour in

some cases and which is of interest in its own right.
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Chapter 2

Self-similar cylindrically
symmetric scalar field

spacetimes

The purpose of this chapter is to give a description of the self-similar, cylin-
drically symmetric spacetimes coupled to a scalar field, which ultimately
leads to the form of the Einstein equations and initial data which we work
with for the remainder of the thesis. We start by giving the line element
for spacetimes with whole-cylinder symmetry in a double null coordinate
system, that is, a coordinate system where the two null coordinates pick
out the paths of ingoing and outgoing radial null rays. We give the energy-
momentum tensor for a general scalar field and the corresponding field equa-
tions. Before imposing self-similarity, we deal with the special case of non-
minimal coupling, i.e. with vanishing potential, in the more general setting.
We show that it is, essentially, mathematically equivalent to the vacuum case
and that the field equations are practically identical to those studied in [2].
We then specialise to the self-similar setting, showing that the self-similar
line element and scalar field essentially depend on a single variable and that
the scalar field potential has exponential form. To ensure that the collapse
ensues from an initially regular configuration we impose regular axis condi-
tions [22] to the past of the scaling origin O, (u,v) = (0,0). This is defined
as the point at which the homothetic Killing vector field is identically zero.
This gives a restricted initial data set from which to evolve the equations.

We finish with a proof of the existence of a curvature singularity at O.

13



2.1 Cylindrically symmetric spacetimes

Cylindrically symmetric spacetimes are invariant under translations along
and rotations about an axis of symmetry. They admit a pair of commuting,

spacelike Killing vectors, which may be written as

where the Killing coordinates are § and z and 6 is identified at 0 and 2.
We make the further assumption that these are hypersurface orthogonal,
which is known as whole-cylinder symmetry [40]. We choose our other two
coordinates u and v such that lines of constant v and v represent the paths
of outgoing and ingoing radial null rays, respectively. By outgoing we mean
travelling from the axis of symmetry to future null infinity (if it exists)
and vice versa. Given these symmetries, the line element may generally be
written as

ds? = —2e>7 2 dudy + 2*r2df® + e 20d2?, (2.1.2)

where the functions 7, ¢ and r depend only on the null coordinates u and v.
The function r gives the radius of the cylinders of symmetry. This form of

the metric is invariant under the following coordinate transformations.

u—a(u), v—o(v), z-— Az, (2.1.3)

for constant A. Note that 6 € [0,27) where 0 and 27 are identified and so

transformations of the kind # — Af are not allowed in general.

2.2 Field equations for a cylindrically symmetric

scalar field

As mentioned in Section 1.2 we take our matter source to be a cylindri-
cally symmetric, self-interacting scalar field ¢ (u,v) with stress-energy ten-

sor given by (1.2.18). Coupling this to the line element (2.1.2) produces the
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Finstein field equations, which reduce to

2 You —Touu =21 = T,5 (2.2.1a)

Py = 1120V (1)), (2.2.1b)

20 Voo —Tyow —2rGs = 11,7, (2.2.1¢)

2By o Fuw ) = =W o+ 2OV (1), (2.2.1d)

2r G ru +7u v +750 o +7 00 = 0. (2.2.1e)

The last equation here corresponds to E,, — r - Egg = 0. Our scalar field

satisfies the Klein-Gordon equation

VNV — V(1) = 0, (2.2.2)
which implies VT, = 0. Letting g = —e?9+4772 denote the metric deter-
minant we have

\V4 V%ﬁ _ ;a |:(_ )1/2 aba d)}
a (_9)1/2 a g g b
1

= W [@L((—g)l/?g“”&,w) + 80((_9)1/29vu8uw)] (223)
e D) + D).

27426y

Combining this with (2.2.2) and simplifying, we arrive at
27 0+ Dy +1 P Fre2 T2V (1) = 0, (2.2.4)

which is the wave equation for the scalar field ). Note that (2.2.4) can be
derived from (2.2.1a)-(2.2.1e) and that from this point onwards we make use
of (2.2.1a)-(2.2.1c),(2.2.4) and (2.2.1e) in our analysis.

2.3 The minimally coupled case

Before imposing self-similarity we deal with the case where the scalar field
potential V' is equal to zero, i.e. the minimally coupled case, which has

already been studied in depth in both the general and self-similar cases.
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With V' = 0, equation (2.2.1b) gives
Tuw = 0, r= f(u) + g(v)- (2'3'1)

We require the absence of trapped cylinders in the initial configuration so

the gradient of r must be spacelike [41]. This reduces to the condition

f(w)g'(v) <. (2.3.2)

Using the coordinate freedom (2.1.3), we then set

V—1Uu
\/5.

To demonstrate equivalence to the vacuum case, we follow the example of

(2.3.3)

r =

[20] and introduce time and radial coordinates

vtu v—u
T = , X = . 2.34
7 7 (2.3.4)
The line element is given by

ds® = 220 (4X2 — dT?) + X220d0? + e 29d22, (2.3.5)

the remaining field equations then reduce to

2 2

Tx=X <¢,% +6.% +w2’T + ‘ZX) : (2.3.6a)
WaT: X(Q(EaT (ngX +1/}7X ¢7T)7 (236b)
VT —¥,x X *w)’(x =0, (2.3.6¢)
GTT —h XX —(]}X = 0. (2.3.6d)

Given regular initial data, the linear wave equations for 1) and ¢ yield unique,
globally hyperbolic, singularity free spacetimes. Solutions of 4 may be then
be obtained from (2.3.6a) and (2.3.6b). We note that this is, essentially,
mathematically equivalent to the vacuum case, which results from setting
1 = 0, and refer the reader to [2] and [20] (for the self-similar case) for a

full treatment of the problem.
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2.4 The self-similar field equations

We assume self-similarity of the first kind which is equivalent to the existence
of a homothetic Killing vector field £ satisfying (1.4.1). We also assume that
£ has the form

0 0
5 = O[(U, U)% +IB(U,’U)%7

so that £ is orthogonal to the the cylinders of symmetry. Thus £ is cylindri-

(2.4.1)

cally symmetric. Equation (1.4.1) is equivalent to

Va&p + Vila = 2gab. (2.4.2)
The equations given by (a,b) = (0,0) and (a,b) = (1, 1) simplify to

B =0, =0, (2.4.3)

so we have a = a(u) and 5 = S(v). Given the coordinate freedom (2.1.3) we
may choose u and v such that o = 2u and 5 = 2v. The remaining equations

then simplify to

WYy +0Y,0 = 0, (2.4.4a)
VT +UT,y = T, (2.4.4b)
200,y +2ud,, = —1. (2.4.4¢)
We define
v
= — 2.4.5
n= (2.4.5)

which we label the similarity variable. Using the method of characteristics
we find that (2.4.4a)-(2.4.4c) have solutions

F=q(m),  é=om —loglul"?,  r=1|ulS(n). (2.4.6)
These solutions give rise to the self-similar cylindrical metric:

ds? = —2|u| 12 MF290 gy dy + |ule?* ™ S%(n)dO + |ule2?Mdz2. (2.4.7)
The coordinate transformations that preserve this form of the metric are

u— A, v—pv, z— 0z, (2.4.8)
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for constants A, i, 0. We now show that, in self-similar spacetimes, the scalar
field reduces to a function of essentially one variable and that the potential
has exponential form. Note that a proof of the following result appears in
[43] and is quoted in [25]. Note also that it doesn’t depend on the form
of the homothetic Killing vector £ and holds under either of the separate
assumptions L¢gay = 2gap and L¢T,, = 0. Note that we use the notation
Vo = 1, below.

Proposition 2.4.1. For a self-similar scalar field ¢ with energy-momentum
tensor (1.2.18) and V() # 0, admitting a homothetic Killing vector &€ such
that (1.4.1) holds, the potential V(1)) has the exponential form

V() = Voe 2/F, (2.4.9)

where Vo # 0,k # 0 are constants.

Proof. It can be shown that (1.4.1) leads to L¢Tg, = 0 via the Einstein
equations, which is known as a matter collineation [4]. For Ty, given by
(1.2.18) we have

oLt + ket — gun (Ve + G0 Letet Jhelel”
+2V + V’(¢)L£¢> =0. (2.4.10)
Now Lethe = Legueth? = 2the + goeLet’, and so
VL = 2Ye + YeLey)”. (2.4.11)
Combining this with (2.4.10) and taking the trace then yields
—p°Letpe =4V + 2V () L. (2.4.12)

Using (2.4.12) to eliminate 2V + V/(¢)L¢9p from (2.4.10) and simplifying

produces

1
YaLlep + VoLetha — ggawcﬁgwc =0. (2.4.13)

Contracting with * gives
1
VPeLethy + S Levpe = 0, (2.4.14)
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and contracting with 1° gives

S (L) = 0. (2.4.15)

In the case Y. = 0 we have ¥°L¢1p. = 0, from (2.4.14), since °Le¢1p. = 0 is
given by vy, = 0. It then follows from (2.4.11) that 1.L¢1)¢ = 0. Contracting
(2.4.13) with Eg@/}b produces

VaLle" Loty + UpLe’ Letha = baLleh® Loy, = 0, (2.4.16)

and we see that L1y is null, since it is automatically null if ¢, = 0. Given
that it is also orthogonal to v, it must be parallel to it, i.e. Letby = Aty
for some quantity A. Putting this into (2.4.13) gives 2A1,1, = 0, which
reveals that A must be zero, i.e. L¢ihy, = 0.

In the case 1. # 0, we also have ¢°Le¢1). = 0, by (2.4.15). It follows im-
mediately from (2.4.14) that L¢oh, = 0 in this case also. It is straightforward
to show that OyLe) = Ly, so we have 9pLet) = 0, and thus L¢1p = k, for
some constant k. Equation (2.4.12) then simplifies to 2V + £V’ = 0, which
yields (2.4.9) for k # 0. Note that & = 0 gives V' = 0, which is dealt with in
section 2.3. O

Corollary 2.4.1. If & has the form (2.4.1) with o = 2u and 8 = 2v, then
Y and V() may be written as

_ 2
k Voe i F'()
b=F)+loglul,  V(©)= OT. (2.4.17)
Proof. In this case, L¢9) = k reduces to
Lep = 2uip,,, 200, = k, (2.4.18)

from which ¢ = F(n) + log |u|*/? follows. Proposition 2.4.1 then gives the
potential V. O
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We are now in a position to formulate the field equations as a set of ODEs.
In terms of v, ¢, S and F, (2.2.1a)-(2.2.1¢),(2.2.4) and (2.2.1e) are given by

1\? E\?
217 (S — nS") +n*S" + 28 <n<f>’ + 2) =-8 <nF’ — 2) , (2.4.19a)
nS" = —VpSe*F20=2F/k - (9.4.19D)

28"+ — 8" —28¢” = SF"?,  (2.4.19¢c)

2nS" +4nS¢" + 4nS'¢' +28¢' + 5" =0,  (2.4.19d)

1" anl ! LS/ LVO 2v+2¢p—2F/k __
2nSF" +2nS'F' + SF" — 5 + ? Se =0. (2.4.19)

Now, (2.4.19a)+n? (2.4.19c) simplifies to

1 k?
3 + 20y + 2n¢’ = knF’ — T (2.4.20)
Dividing by 7 and integrating gives
1k
2v+2¢ =kF — 3 + R log |n| + e1, (2.4.21)

for some constant ¢;. Equation (2.4.19b) then reduces to
7751// — Vvoe(k‘—Q/k‘)F|,,7|—(1/2+k2/4)5«’ (2422)

where Vy = Vpe and we have used (2.4.21) to replace €272?. We define

oOF k2
I==" —log |12, A= -1, (2.4.23)

which gives
nS" = —Vy|n|~teMs. (2.4.24)

Equation (2.4.19d) is exact and may be integrated to give
25¢' + 5" = eoln| V2, (2.4.25)

for some constant ca. Written in terms of [ and S, (2.4.19¢) becomes

U 2
nSl//+nS/l/+i—§+ Vo Se)\l

—0. 2.4.26
2 dn K2y ( )
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2.5 The regular axis conditions

To ensure that the collapse ensues from an initially regular configuration we
impose regular axis conditions [22] to the past of the scaling origin (u,v) =
(0,0). The circumferential radius p and the specific length L of the cylinders

are given by the norms of the Killing vectors

1 1 _
P =1/ €©0)a = |ul2e?S, L=,/ &= ulze ¢ (2.5.1)

The axis is defined by p = 0. We rule out the case u = 0 as this is a null
hypersurface and we require the axis to be timelike. For a regular axis,
the specific length L must be non-zero and finite, and so ¢ must also be
finite. A regular axis must therefore correspond to S(n) = 0. Hence, n must
be constant along the axis and a rescaling of u and v using the coordinate
freedom (2.4.8) places the axis at n = 1.

Note that the past null cone of the origin N_ corresponds to n = 0 and the
interval n € (0,1] constitutes region I. Note, however, that all of region I
may not exists as part of the spacetime, as shown in Chapter 4. Further

conditions for a regular axis are as follows [22]:
Ve%Vap =1+0(p?), V*V.L=0(p), V°LV,L=0(1), (2.52)

where the big-oh relations hold in the limit p — 0. The first condition
ensures the standard 2m-periodicity of the azimuthal coordinate near the
axis, while the remaining conditions ensure the absence of any curvature

singularities at the axis.

Proposition 2.5.1. The regular axis conditions reduce to the following set
of data:

S(1)=0, S1)=-1, ¢1)=--, ~(1)=0, I'(1)=0. (2.53)

This sets ca = —1 in (2.4.25).

Proof. Note that u < 0 to the past of the origin (0,0) and, therefore, u < 0
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on the axis. The equations (2.5.2) then give

lim 2¢~27(S" + S¢')* = 1, (2.5.4a)
n—1
1
: —2v (! / - )
%1_)11%6 (8" + S¢') (2 —|—2¢) 0, (2.5.4b)
lim 2e 27 (1 + ¢'> ¢ = Lo, (2.5.4c)
n—1 2

for some Ly € R. Equation (2.5.4a) gives

,1}3% e V(S +5¢") = i\}i, (2.5.4d)
which may be used to simplify (2.5.4b) to
lim e (1 + 2¢’> = 0. (2.5.4e)
n—1 /2 \ 2
So we either have lim,_,; ¢ =—1/4or lim, ;1 77 = 0. In the latter case, it

follows from (2.5.4e) that lim,_; e™7¢’ = 0 also. Now (2.4.25) may be used
to replace S’ + S¢' with ¢y — S¢’ in (2.5.4d), and so
lim e~ (cp — S¢) = £——. (2.5.4f)
n—1 V2
This is inconsistent with lim, 1 e™7 = lim,,_; e "¢/ = 0 since lim, 1 S =0,
and so we must have ¢'(1) = —1/4,5'(1) = ¢z and e 71 = +1/2¢y # 0.
The areal radius p, and therefore S, must increase away from the axis.
Recall that n € [0,1] in region I, so that 7 is decreasing away from the axis
at n = 1. We must then have S’(1) < 0. Note that the field equations
(2.4.19a)-(2.4.19¢) are invariant under the transformation S — S/(—5'(1)),
so we may set S'(1) = —1.
It follows from finiteness of (1), ¢(1) and equations (2.4.21),(2.4.23) that
F(1) and /(1) must also be finite. Equation (2.4.24) then gives S”(1) = 0
and, using this fact, (2.4.19¢) gives 7/(1) = 0. Inserting ¢/(1) = —1/4 and
v (1) = 0 into (2.4.20), we arrive at F'(1) = k/4, which is equivalent to
I'(1) = 0. 0

The following result deals with the subcase ). = 0 which is one of two
which arise from (2.4.15).
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Proposition 2.5.2. In the case V). = 0, solutions to the Finstein equa-
tion with line element and energy-momentum tensor given by (2.4.7) and

(1.2.18), respectively, admit a regular axis if and only if k = 0.

Proof. First note that ¢, = 2¢°%,, 1,, = 0 leads to either 1,, = 0 or
1,, = 0. Equation (2.4.17) then gives

vF’ k F’

= — =0, w=— =0, 2.5.5

o, 2 T o b= (2.5.5a)
k

F=_— F' =0. 2.5.5b

= 2 = 0 (2.5.5b)

In both cases, F'(1) = k/4, which was established in the previous proof,
holds if and only if k = 0, i.e. if and only if V = 0. O

2.6 Singular nature of the scaling origin

As an immediate consequence of the assumption of self-similarity, in the
non-minimally coupled case, there exists a spacetime singularity where the

homothetic Killing vector is identically zero, i.e., at (u,v) = (0,0).

Proposition 2.6.1. Let T denote the scalar invariant T*T,y,. Then
lim (T1,,-, ) = oo. (2.6.1)
Proof. 1t is straightforward to show that

uv\2 2 06 2 2z 2
T = 2(9 ) (TuuTvv + Tuv) + (g TOH) + (g Tzz)

(2.6.2)
> Q(QUU)QTuuTvv'
Now,
—dy—4¢ E\2 Fr2
uv\2 _ € 2 2 —dy—4
(") TuuTow = 2 Putw=c¢ 7=4¢ <77F’ - 2> R (2.6.3)
Using F'(1) = k/4 we have
-0 (K
1) > 2e 7™ — ) . 2.6.4
T(1) > 2 (45 (2:6.0
Since k # 0, taking the limit « — 0 completes the proof. ]
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Chapter 3

Solutions emanating from

the regular axis

This main purpose of this chapter is to prove existence and uniqueness of
solutions to the self-similar field equations (2.4.19a)-(2.4.19¢) in a neigh-
bourhood of the regular axis. Note that (2.4.19e) is singular at the axis
S = 0 and so this is a non-trivial problem. We also cast the field equations
as an autonomous set using a rescaling of n which is valid throughout region

I

3.1 The field equations in region I

Here we derive the form of the Einstein equations with which we will work
for the remainder of the chapter. The following choice of dependent and

independent variables gives an autonomous system.

Proposition 3.1.1 (Autonomous field equations). Let
T = —logn, R=¢"/28. (3.1.1)

Then the interval n € [1,0), i.e. region I of the spacetime, corresponds to
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7 € [0,00) and the field equations are equivalent to

k21
2y + 2 = 7+%+c1, (3.1.2a)
.. 1
R= <4 - Voe>‘l> R, (3.1.2b)
. .1
R+ <2¢> - 2) R=1, (3.1.2¢)
Ri+Ri= (- 2yeM)r (3.1.2d)
a2 ’ o
R?> -1 K*RI v 24K R
4+ 42 - -2 = 1.2
-t T 2Ve < 5 =0, (3.1.2¢)
R(0)=0, R0)=1, 1(0)=1ly, I(0)=0, (3.1.2f)

where the overdot demotes a derivative with respect to 7. The reqular azis

conditions correspond to the initial conditions (3.1.2f).

Proof. For a general function f we have nf’ = —f and n®f” = f + f. Then
for n > 0, multiplying equations (2.4.24),(2.4.25),(2.4.26) by n and changing

variables gives

S48 =—Vyes, (3.1.3a)
2S¢ + 8 = —coe /2 =T/, (3.1.3b)
... S 1 2VpeM
P gl , 1.
Si+8i+ 5 S<4 e ) (3.1.3¢)

Writing these in terms of R gives (3.1.2b)-(3.1.2d). Equation (3.1.2a) comes
directly from (2.4.21),(2.4.23) and the definition of 7. Multiplying (2.4.19c¢)
by 1? and changing variables yields

K2R /. 1

. R . 2
2 <R - 2) 4+ VoeMR — 2R¢? = - <z — 2) , (3.1.4)

where we have used (2.4.23) and (2.4.24) to replace nF’ and n*S”, respec-
tively. Using (3.1.2¢) and the derivative of (3.1.2a) to replace 4 and é with
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expressions in R and [ then produces

. 2
R{(1 R 1 K2R (/. 1\2
-3 <R_R+2> _4<z_2>. (3.1.5)

Multiplying by 2/R and simplifying, we arrive at (3.1.2e). Finally, the axis
is at 7 = 0, so R(0) = 0,1(0) = lp. Furthermore, i(t =0) = —l'(n =1) =0
and S(1 =0) = —8'(n = 1) = R(0) — R(0)/2 which gives R(0) = 1. O

Equations (3.1.2) are equivalent to the Einstein field equations with line el-
ement (2.4.7), energy-momentum tensor (1.2.18) and a regular axis. Hence-
forth, we study equations (3.1.2b),(3.1.2d) and (3.1.2e) to determine solu-
tions for R and [. Solutions for ¢ are then obtained by integrating (3.1.2c)
and, once this is found, v is given by (3.1.2a). Note that 7 € [0, c0) in region
I and 7 — oo at N_, if the solution extends this far.

3.2 Existence and uniqueness of solutions with a

regular axis

In this section we present a series of results which culminate in the proof
of existence and uniqueness of solutions emanating from the regular axis.
The axis is a singular point of (3.1.2d) and so existence and uniqueness of a
solution is not guaranteed. However, using a fixed point argument, we can
prove that for fixed values of k2, Vg and Iy, a unique solution to (3.1.2) exists
on an interval [0, 7], for some 7, > 0.

The argument involves and application of the following theorem which may
found in [10].

Theorem 3.2.1 (Banach’s Fixed Point Theorem). Let x be a closed subset
of a Banach space E and let T be a contraction mapping from x into x.

Then there exists a unique x in x such that T(xz) = x.

U
Note that on the axis, R is zero to first order only, that is, R(0) = dR/dr|,—q #

0. It is convenient to work with a new variable x = R/7, which is non-zero
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on the axis, and to look for solutions which are C?. We use a first-order
reduction and write the system as a set of integral equations according to

the following results:

Lemma 3.2.1. Let x = R/7. Then initial data for z,& corresponding to a

regular azis are given by
z(0) =1, z(0)=0. (3.2.1)

Proof. Using Taylor’s theorem about 7 = 0, with the assumption that R €

C?[0,7y) for some 7, > 0, we write R and thus x as

‘ |
)

R(T) =7+ R(#(7)) =, (3.2.2a)

(1) =1+ R(7(7)) =, (3.2.2b)

o 5

for some 7 € [0,7] and 0 < 7 < 7. Evaluating #(0) from first principles, we
find
#(0) = tim 20 =20 _y, BOT _y BEE)

7—0 T T—0 27 T—0 2

(3.2.3)

Now, 7 € [0, 7] goes to zero in the limit 7 — 0 and so (0) = R(0)/2 = 0,
from (3.1.2Db). O

Lemma 3.2.2. Let 21 = x, 29 = &, 23 = l,24 = I. Then (3.1.2b),(3.1.2d)

and (3.1.2e) are equivalent to the following set of integral equations:

p(r) =14 /O " by, (3.2.42)
T 42
wo(r) = / %xl(t)a(xg(t))dt, (3.2.4b)
0
x3(7T) =l +/0 x4(t)dt, (3.2.4c)
2a(r) = /O ’ ;ZE?) B(ws(t))dt, (3.2.4d)
where
afas(t) = § Vo0, Blas(t) = 1 — %0, (3:2.40)
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Proof. From (3.1.2b) and R = 7z, we have
i 2 . 2 (1 Al
TR:Tx+2T:C:Tx(4—VOe ) (3.2.5)
which can be integrated to give

/ t2a( ( Ve”(t)) dt.

Equation (3.1.2d) may also be written in the integral form

R/ < Ve”(”) dt, (3.2.6)

- ) g (1))t

Tx1(T)

Equations (5.3.10) and (5.3.9) follow immediately from the definitions. [

A solution of (3.2.4) corresponds to a fixed point of the the mapping
T:x — T(x) =1y where

yi(r) =1+ /OT xo(t)dt, (3.2.7a)
t2
y2(7')=/ ﬁxl(t)a(xg(t))dt, (3.2.7b)
0
y3(7'):l0+/0 z4(t)dt, (3.2.7¢)
o T txl(t) .
nir) = [ D Bt (3.2.74)

We aim to use Banach’s fixed point theorem (the contraction mapping
principle)[10] to show that 7" has a unique fixed point. We begin by defining
the space x in which x lies, which we require to be a closed subset of a
Banach space. Let E = C°([0, 7], R%), with the norm of a vector & given
by

|||z = sup [lz(r)|[= sup max |z;(7)|. (3.2.8)
T€E[0,74] T€[0,7x] 1<i<4
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E is therefore a Banach space [10]. Let

X(7+,b,B) = {x € CO([O,T*],R4) :x(0) = x,

sup ||l —xol| < B, inf xi(r) >b> 0}, (3.2.9)
7€[0,74] T7€[0,74]

where

xo = (1,0,1p,0)7, and  b< 1. (3.2.10)

Then x is a closed subset of F/, and is therefore also a Banach space. We wish
to show that it is possible to choose 7,,b and B such that T is a contraction
mapping on ¥, i.e. T maps Y into itself and that there is a number 0 < k < 1

such that for any vectors M x? ¢ X
Iy =y @[] < xla® — 2. (3.2.11)

The following four results verify that Tx =y € .

Lemma 3.2.3. The image Tx =y of © € x, has the same initial data as
x. That is, y(0) = xg.

Proof. 1t is straightforward to show that the integrals in (3.2.7) equal zero

at 7 = 0 by using the weighted mean value theorem for integrals. O

Lemma 3.2.4. Let
1 (B+1) /1 2

where § = |VoleMBHOD 1f 7. < B/My, then for € x (7, b, B)

sup |le —xol| < B, =  sup |ly—yyll <B. (3.2.13)
7€[0,74] 7€[0,7x]

Proof. We first note the following inequalities, which hold on [0, 7] for « €
X(T«, b, B).

b<x1<B+1, x2<B, :IZ3§B+‘Z()‘, x4 < B, (3.2.14&)
1 1
‘Ol(xg)‘ = ’4 - VG)\JUS < Z + (5, (3214b)
1 2 o 1 20
‘M“MZL_W%63§4+W’ (3.2.14c)
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Now,

sup ||y —yo|| = sup max(A), (3.2.15)

r€[0,7] T7€[0,74]

A_{ /0 ra(tye].| [ L (aes(t))d]

[Caata | [ 2O saacenar}.

We derive a bound for each element of A as follows:

/azg(t)dt‘g/ |:U2(t)|dt§/ Bdt = Br. (3.2.17)
0 0 0
t2
/ 71»1( 563 dt‘ / |:E1 )|dt
0

g/o (B +1) <i+5> dt, (3.2.18)
(1)

/OTm(t)dt‘ < /OT |24 (t)]dt < /OTBdt:BT. (3.2.19)
x1(t)

/oT Zig?)m%(t))dt‘ = /OT x1(7)5($3(t))‘dt’
= /OT 5 : ! <1 ig> dt (3.2.20)
= ? <le + 22) T

We then have max(A4) < M7 and so sup, ¢y -,] max(A) < M;7.. We choose
T« < B/M; and (3.2.13) is satisfied. ]

where

T 42
(3.2.16)

Lemma 3.2.5. If 7. < (1 —10)/B, then

inf z1>b>0 = inf 31 >0>0. (3.2.21)
T7€[0,7] T€[0,74]
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Proof. Tt follows from (3.2.17) that that

inf / x2(t)dt > —BTy. (3.2.22)
T€[0,7] Jo
Hence,
inf y; =1+ inf / xo(t)dt > 1 — Bry. (3.2.23)
T7€[0,7+] T€l0,7] Jo

We then choose 7. < (1 — b)/B so that (3.2.21) is satisfied. Note that
21(0) =1 > b and so the upper bound on 7, is strictly positive. O

Proposition 3.2.1. For a given x € x(7«, B,b), with 7. < min{b/M,, (1 —
b)/B}, we have Tx =y € x, where T is defined by (37).

Proof. The proof follows immediately from the three preceding lemmas. [

Proposition 3.2.2. Let

~ 1
M = max {4 + 9, \(B + 1)6} (3.2.24a)
. 126 2\
~ 1 20\ 1 1_
MgzmaX{l,M, (B+1) <4+]€2> b2+bM} (32240)
The mapping
T:x—x—Tx =y, (3.2.25)

with x defined by (3.2.9), with 7, < min{b/M;,(1 —b)/B,1/Ms}, is a con-
traction mapping, i.e., there exists a number k satisfying 0 < k < 1 such
that

T2 — T2®||, = [y —y ||, < allz® — 2@, (32.26)

for any £V, 2@ in y.

Proof. First note that the hypothesis of the previous result is satisfied in

this case and so T" maps y into itself. Recall

(1) _ 4@ = m_ @
Y =yl Tes[gg*]g%wz yi . (3.2.27)
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We show that for each 7, 1 < i < 4, we have \yzm — y§2)| < aoT* where a
is some constant and o = ||z(!) —2()||,. Then by choosing an appropriate

value for 7., we show that 7" is a contraction on the interval [0, 7]. We have

iyt — 4| = ‘/0 2 (t) - x§2)(t)dt‘ < /0 ‘mgl)(t) — o (1)| dt,

§/ odt =o0T. (3.2.28)
0

(0 _ 0 _

T
< /
0

where o) = oz(:n(j)). Let p(¥) = (l'gi),l’:(;))T, f(p") = a(mgi))atgi) fori=1,2.

Then, by the mean value theorem, there exists some point p = (#1,23) on

(VW) oD@ )| at,  (3.2:20)

the line segment joining p(*) to p(@ such that

V) — o = fW) - f) = Vi@)- 00 - p?). (3:2.30)

where the - denotes the Euclidean inner product. Then, by the Cauchy-

Schwarz inequality, we have
oMz — a2 < (197 @) 11D = p ), (3.231)

where the norm here is Euclidean. Note that f is differentiable everywhere

and thus satisfies the hypotheses of the mean value theorem. We have

> 1 . R T
V()= (4 — Voe™s, —)\V()e’\””3i"1> : (3.2.32)

Using the inequalities &1 < B+ 1, 23 < B + |lp|, we find

. 1 2 -
IVF(®)]] < \/<4 + 5) + (M(B + 1)0)2 = M. (3.2.33)

Using (3.2.31) and (3.2.33) we find \a(l)wgl) - a(2)w§2)\| < M||p™M — p3]].
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It is easy to show that |[pt) — p@?)|| < 20 = V2||zM) — 2?)]|,, and so

/O-r ‘yél) - yéZ)‘ g — /O’T

< / V2o Mdt = 20 M. (3.2.34)
0

@Vt (1) — @ ()P (1)) dt

Similarly, we have

e

/T 2V (1) —xf)(t)dt‘ < /T )a:ff)(t) — 2P @) dt (3.2.35)
0 0

Finally,
T (1),.(1) (2),.(2)
i - | = / - or 9L or ) La (3.2.36)
0 xy(T) xy(7) T
§ / B2V _ g )|
~Jo :L'gl)(’]') ng)(T>

= /T ﬂ(l)x(l)(t) 3352)(7-) — xgl)(T) N 5(1)$gl)(t) B /8(2)5652)(75)
o 77(r)

dt

T T 1
< / AWM (1) st + / ; ]ﬁ DMty - 5<2>x§2>] dt = Iy + I,
0 0

using 1/b > 1/x; and ]a:?) - :L‘gl)| < ¢. Using the mean value theorem and

the Cauchy-Schwarz inequality again here we find Iy < MoT /b, where

M = max Z+ﬁ’k‘2

. {1 26 2>\(B+1)5}' (3.2.37)

Using the bounds defined by (3.2.7) we find

1 20\ o
< s 79 To - L.
Il_(B+1)<4+k2)b2T (3.2.38)
So we have
(1) 2) 1 26\ 1 M
i =yl < [(B +1) <4 + k:2> el (3.2.39)

Gathering these bounds we find that sup, ¢ -] maxi<i<4 lyt —y?| < Mar,o,
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where

- 1 20\1 M

Let k = Ma7,. Then if 7, < 1/Ms, we have |[y™M) —y@)||, < k|l —2@)||,

where 0 < kK < 1 and so T is a contraction mapping. O

Proposition 3.2.3. For 7, sufficiently small, the mapping T defined above

has a unique fized point on [0, Ty].

Proof. Given any constants B and b, let m = min {B/M, (1 —b)/B,1/M>}.
For 7. < m, then, Propositions 3.2.1 and 3.2.2 hold, so 7" is a contractive
mapping from a closed subset y of a Banach space F, into itself. Using

Banach’s fixed point theorem completes the proof. [10] O

In light of this result, we know that there is a unique « on [0, 7], such
that Tx = x. Combining this with (3.2.7) shows that there is a unique x
such that (3.2.4) holds, hence (3.1.2) has a unique solution on some interval
[0, 7.

Proposition 3.2.4. (3.1.2b) and (3.1.2d) subject to (3.1.2f) have a unique

solution on [0, 7], for some 1, > 0.

Proof. Proposition 3.2.3 shows that we have a unique solution for [ and

x = Rt on [0, 7], so we have a unique solution for R and . O

Theorem 3.2.2 (Existence and Uniqueness). Let k,Vp € R. For each
lo, b0 € R there exists a unique solution of (3.1.2) on an interval [0, 7] cor-
responding to a spacetime with line element (2.4.7) and energy-momentum

tensor (1.2.18). The spacetime admits a reqular azis for u+ v < 0.

Proof. Using Proposition 3.2.4 we have a unique solution for R and [ on

some interval [0, 7.]. Integrating (3.1.2c) we have

T T1-R
= — ——dt
o=+ i+ [ e

which gives a unique solution for ¢. Equation (3.1.2a) then gives a unique

solution for . O
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Chapter 4

From the axis to N_

In this chapter we determine the global structure of all solutions in the
region bounded by the axis and N_, region I. Section 4.1 deals with the
most general cases and Section 4.2 deals with a number of subcases where
exact solutions may be found, which correspond to specific values of the
parameters. We finish the chapter with a theorem which summarises the
various global structures that obtain throughout the parameter space in
Section 4.3. Of particular interest are the solutions with k? < 2,Vy < 0 and
k2 < 2,V > 0, Vet > k2 /8, as these have regular behaviour throughout
region I, including on its future boundary, N_. These solutions are extended

into region II in the following chapter.

4.1 Qualitative solutions

We may reduce (3.1.2b),(3.1.2d) and (3.1.2f) to a set of three first order

equations by the following change of variables.

up = U = ‘Vg‘e/\l, us = l (4.1.1)

E7
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They satsify

1
Uy = 7 — eup —uj, (4.1.2a)
Ug = )\ugu:g., (4.1.2b)
1 2’u,2
us Z Eﬁ —uius, (41 2C)
up(0) = [VpleMo >0,  uz(0) =0, (4.1.2d)
where
k‘2
e =sgn(Vp), A= 5 L (4.1.3)

Note that u; is not defined on 7 < 0 and that lim._,g+ u; = co. Note also
that ug > 0 by definition.

Using the results from Chapter 3, there exists 7a; such that u = (uq, ug, us)
has a unique solution on (0, 7as). The following standard result proves use-
ful in determining the maximal interval of existence in each case(see, for

example, [39]).

Theorem 4.1.1. Let V,4(t) be the unique solution of the DE o = f(x),
where f € CHR™), which satisfies (0) = a, and let (tmin,tmax) be the
mazximal interval of existence on which V4(t) is defined. If tmax is finite,
then

lm [|W,(t)]] = 400, (4.1.4)

t—tmax

where ||.|| denotes the standard norm on R™.

This result may be adapted to our system by defining (0, 7)) as the
maximal interval of existence for the unique solution w(7) of (4.1.2). It
follows from Theorem 4.1.1 that if the components of the solution wuq, uo
and ugz satisfy finite lower and upper bounds for all 7 € (0,7as), then we
have 1)y = oo. Furthermore, if 75/ is finite then we have lim_
for at least one i € {1,2,3}.

The system has three parameters {k2,Vj,lp}. The qualitative picture of

-7 |lui| = +o0

solutions depends primarily on the signs of Vo and A = k?/2 — 1 and so we

devote a subsection to each of the four permutations.
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4.1.1 Vo< 0,A>0.

In this case, we find that 7j; is finite and the hypersurface 7 = 7, corre-

sponds to radial null infinity . Note that e = —1 and k? > 2 here.

Lemma 4.1.1. If V5 < 0, A > 0 then uz > 0,us > 0 and uy > us for all
T € (O,TM).

Proof. First note that since lim, _,o+ u; = +00, then u; > u3z holds initially.

Now consider

2\ 2\

U] — U3 = —€qguz — ui(up — ug) = a2~ up(uy — usg). (4.1.5)
for e = —1. Since ug > 0, A > 0, it is clear that u; — ug cannot cross zero
from above, so u; > ug for 7 € (0,7a7). At up = 1/2 we have 41 = —eug > 0

if e=—1,s0u; = R/R > 1/2 for all 7 € (0,7)7). Hence, R > 0 for all
7 € (0, 7a7). Equation (3.1.2d) may be integrated to give

. 1 [7/1 2u9

which is clearly positive for R > 0,e = —1. Since u3(0) = 0 we must have
g > 0 initially. It is straightforward to check that, at ug = 0, we have

i3 = (u1 — us)ujus which is positive for u; > ug > 0. [

Lemma 4.1.2. Let A = (A + VA2 +16)/4. If Vo < 0 and A > 0, then
up > ué/Z/S\ for all T € (0,7p7) and there exists 71 € (0,7p7) such that uy
is monotonically increasing and bounded above by \/1/4+ ug for all T €

(11, T01)-

Proof. First note that uy > (1/4 + ug)'/? > ué/Q/S\ on some initial interval,
where the second inequality holds due to A > 1. The preceding lemma
tells us that ug > 0,73 > 0, from which it follows that 7o > 0,1 > 0,
for all 7 € (0,7p7). Since ug/Aug = us < uy, the u; are bounded, and
solutions therefore exist, while u; is decreasing. By inspection of (4.1.2a)
with € = —1, u; is decreasing for u; > (1/4 4+ ug)'/2. Since iy > 0, there
must exist some 71 € (0,737) such that u(m1) = (1/4 + ua(m1))"/?. Note
that at u; = (1/4 + u2)'/? we have @1 = 0 and

dr

1 1/2 ’('112
— | = = <0. 4.1.7
(75} <4+U2> 2(1/4+U2)1/2 ( )
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uy is therefore increasing and bounded above by (1/4 + ug)'/? for all 7 €

(11, 7ar). Now consider

1/2 1/2 1/2
4 “%/ _ M‘?/A U A“2/A o (4.1.8)
dr \ A 2\ 2\

Suppose there exists 7, such that u;(7.) = ué/Q(T*)/X Then, using (4.1.2a)
and (4.1.8)

d ué/z 1 ua(Te)  Aug(Ty)
! x) = T ~ - x) = - ~ 4.1.
U1 (74) o ( S ) > + ua(Ty) v 232 (4.1.9)
1 1 A 1
_4+<—/\2—25\>u2(7'*)— >0,
SO 1 cannot cross ué/ 2 / A from above. 0

Lemma 4.1.3. If Vj < 0,\ > 0, then there exists 7o € (0,7p7) such that
u1(m2) = k2u3(m) and uy < k*us for all T € (12, 7Tar).

Proof. Consider

E2—1

u — ks = — I

1
— U2 — Ul (U1 - k2U3) S _Z — U, (4.1.10)

provided wu; > k?us, which holds initially. This also shows that u; — k%us
can only cross zero from above. If 7p; = oo, then the result must follow

from (4.1.10). If not then lim_ — |ui| = oo for at least one u;, by Theorem

—
4.1.1. Since u§/2/5\ <up < (1/44up)"? and 0 < ug < uy for 7 € (11, 7a1),

we must then have lim_ lim__,_— u; = oo. We know from Lemma
M

=T, U2 = T—

M
4.1.2 that u; > u§/2/5\ for all 0 < 7 < 7p7, which gives 4 < 1/4 + Aug/2,
since 1 — 1/A2 = \/2. We then have

T

A _
lim 220 > lim <u1 —uy(m) — T Tl) = o0. (4.1.11)

=M oy T=TM 4

Suppose then that u; > k%us3 for all 7 € (0,7y). Integrating (4.1.10) and

taking the limit gives lim uy — k%u3) = —oo, using (4.1.11), so we have

TTur (
a contradiction. O
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Lemma 4.1.4. If V5 <0 and A > 0, then Tpy < oo and for i = {1,2,3},

lim u; = co. (4.1.12)

T—TM

Proof. Using Lemmas 4.1.2 and 4.1.3 we have

. AU Uy )\ug/z
Uy > 12 23 (4.1.13)

for 7 € (72, Tar). Integrating over [r2, 7] and rearranging we find

1 AT — 72) > -2
> — = , 4.1.14
" <u1/ 2(12) 2k2\ ( )

~1/2

so we have 131 < k:2;\u2 (72)/A + 72 and lim_ o U = 00, It follows di-

—

S——— u; = oo. Lemmas 4.1.1 and 4.1.3

tell us that ui/k* < ug < u; approaching 7); and so the the proof is com-
plete. O

rectly from Lemma 4.1.2 that lim

Proposition 4.1.1. For Vy < 0, A > 0, the surface corresponding to T = 1)y

represents future null infinity and the Ricci scalar decays to zero there.

Proof. We aim to show that along outgoing radial null geodesics, an infinite
amount of affine parameter time is required to reach the surface 7 = 7).
These geodesics correspond to lines of constant u, 6, z. The geodesic equation
(1.2.14) then reduces to

B+ (29,0 +2¢, )0 =0, (4.1.15)

where here the dot denotes differentiation with respect to an affine parameter
i, which is chosen such that © > 0 and pu(7 = 0) = 0. Dividing by v and

integrating, we find

2128 _ |1‘e2v+2¢@ _c (4.1.16)
Uug

for constants uy < 0,C > 0, recalling (2.4.6). Substituting 2y + 2¢ using

(3.1.2a) gives

1wty _ o (4.1.17)
|uol
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Along the geodesics, we also have v = wugn = wpe™ 7, and thus dv =

—upe” "dr. Integrating (4.1.17) then leads to
1 ! (K2147") /24c1 7,/ T (k2l—7")/24c1 7.1
— [ e ldv' = [ e tdr’ = Cp. (4.1.18)
”U,0| V0 0

K21/2 [Vo|~tetug > ug holds for 7 sufficiently close to 7, since

Clearly e
el — 0o. Using (4.1.11) and the fact that 757 is finite then gives lim, ., u =
oo. This confirms that the surface 7 = 734 corresponds to radial null infinity.
To demonstrate the decay of the Ricci scalar, which we label R, it is conve-

nient to consider the trace of the energy-momentum tensor:

gabTab = _2901¢7u ¢w —4V

— 2|u|6_27_2¢ _LF/ + * ﬂl — M (4.1.19)
u o 2u) u |ul

2e~1~29 knl! kN (knl'  k Al
= - u i
[ 03) (3 e) e

—k21/247/2—1 k2 /1 .
€ 2 A
S N —4
m <2 <4 l) Yo >

T/2—c1 2 1 .
_ eT </€2 (4 _ l2) k22 _ 4‘/06—l> = —R. (4.1.20)

Recall that 1/2 < [ = ug < u1 < (1/4 + u9)'/? approaching 73;. It follows
that 0 > e **1/2(1/4 — [2) > ¢ #1/2yy = [Vple~!. Since e~! — 0, both terms
in the bracket have limit zero as 7 — 7. Since Tj; < oo, it follows that
lim; ., R =0. O

4.1.2 Vo <0,A<0

Here we find that the surface N_ corresponds to a fixed point of the u-
system, is regular and is reached by radial null rays in finite affine time.
These are some of the solutions which may be extended into region II. Note
that e = —1, k? < 2 here.

Lemma 4.1.5. If V) <0 and XA < 0, then Tp; = +00 and

1 1
lim (ug,ug,us) = (,O, > . (4.1.21)

T—00 2 2

Proof. We have seen in the proof of Lemma 4.1.1 that if 1 < 0, then uz > 0

40



for all 7 € (0,7a7). Equation (4.1.2b) with A < 0 then tells us that wus is
monotonically decreasing on (0, 737). Equation (4.1.7) then tells us that wu;
cannot cross (1/4 + uy)'/? from above. Since u; < 0 if up > (1/4 + ug)'/?,
uy is decreasing and bounded below by this term for all 7 € (0,757). For
any 7. € (0,7p7) we then have ug < ua(7) and 1/2 < up < ui(ry) for all
T € (T, 7ar). Hence, for all 7 € (74, 7ar) we have

1 1 2us(m)  ug

1 up (T)uz < u3 < it TR (4.1.22)

from which it follows that
min{1/4uy (7.), us(7s)} < uz < max{1/2 + 4dus(7.)/k?, us(m.)}.  (4.1.23)

We have thus far proven that each of the u; are bounded above and below
for all 7 € (7%, 7as) and so 7y = +00 by Theorem 4.1.1. Now, it follows from
(4.1.5) that u; —us can only change sign once. Recalling i3 = (u1 —ug)ujus
at ug = 0, @3 can only change sign a finite number of times and so u3 must
be monotone as 7 — o0o. Hence, each of the u; are bounded and monotone
in the limit as 7 — oo and so the system must evolve to a fixed point. It
is easily checked that the only fixed point of the system (4.1.2a)-(4.1.2¢)
consistent with the given analysis is (1/2,0,1/2). O

We now prove that the metric is regular in the limit as 7 — oo in this
case. The following theorem, which may be found in Chapter 9 of [21],

proves useful.
Theorem 4.1.2. In the differential equation
z'(t) = Fx + F(x), (4.1.24)

let F(x) be of class C* with F(0) = 0,0, F(0) = 0. Let the constant matriz E
possess d > 0 eigenvalues having negative real parts, say, d; eigenvalues with
real parts equal to o, where ap < ... < ar <0 anddy+...+d, = d, whereas
the other eigenvalues, if any, have non-positive real parts. If c,w < 0, then
(4.1.24) has solutions x = x(t)# 0, satisfying

|z(t)|]e“" = 0, as t — 400, (4.1.25)
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where ||x(t)|| denotes the Euclidean norm, and any such solution satisfies

. 1 _ .
t£+moot log ||z (t)|| = i, for some i. (4.1.26)

Proposition 4.1.2. If V5 < 0 and A < 0, then the metric is reqular in the
limit as T — oo, i.e. on N_, and outgoing radial null rays reach N_ in

finite parameter time.

Proof. We define a new system of variables via

@ =u; — 3
u = (U, U, U3), Gy = up (4.1.27)
ng = Uus — %
Then it is easy to check that the w-system of equations is of the form (4.1.24),
satisfying F'(0) = 0,0, F(0) = 0, where the matrix

-1 —€ 0
E = 0 2/2 0 (4.1.28)
—1/2 —2¢/k?* —1/2

has 3 negative eigenvalues, \/2—,1/2 and —1, of which \/2 is the greatest.
Using (4.1.26) and a; < A/2, for any € > 0 there exists T'(¢) such that
iy | < ||a]] < e?/2+9)7. Note that 4; = S/, and so

2T g < O/2te)T (4.1.29)

for 7 > T(e). Integrating and taking the limit 7 — oo then shows that
0 < lim; ;S < 400. Rearranging (3.1.3b) we have

e /2§

20 = - =
9= ———3

(4.1.30)

which may be integrated using (4.1.29) to show lim;_,~ |¢| < +o00. Hence
the metric components ggg = |u|e??S? and g., = |u|e™?? are regular on N_.
Notice, however, that 2y ~ (k?/4 + 1/2)7 as 7 — oo, by (3.1.2a), and so
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the component g, = |u|~'e?"*2¢ blows up at N_. This turns out to be a
coordinate singularity and may be avoided by making the transformation
|| = © = |v|~?2. It is straightforward to check that the metric component
is then given by gus = |u|~!o|'t*/2e2772¢, Note that v = un = ue™™ and
14+X/2 = k? /441/2, so the metric is well behaved in this coordinate system.

k2l-1)/2 6)\7/2

We also have el as 7 — +o00 and so it follows from (4.1.18)

that lim; o g < 400. O

4.1.3 V5 >0,A<0

There are two subcases here, distinguished the sign of u3(0) — k2/8. When
negative, the solutions have a similar structure to those outlined in the
previous section. In the positive case, we have a finite interval of existence
and a singularity at 7p;. We deal with the case uz(0) = k?/8 in Section
4.2.2. Note that € = 1, k? < 2 here.

Lemma 4.1.6. If Vi > 0,A < 0 and u(0) < k%/8, then Tps = oo and

Tli_)rglo(ul,ug,u;g) = (;,O, ;) . (4.1.31)
Proof. Using equation (4.1.6), with € = 1, and u2(0) < k?/8, we must have
ug initially positive, since R is initially positive.

Since u3 cannot cross zero from above while us < k?/8 and ug > 0,A < 0
give 11 < 0, we have 11y < 0,u2 < k?/8 and ug > 0 for all 7 € (0,757). At
w1 = 0 we have i; = —uy > 0. Given that %1 < 0 initially, it must then
hold for all 7 € (0,757). Note also that 17 > —\/4 —u? and so u; > /|\[/2
for all 7 € (0,7p). It then follows that iz < 1/4 — \/[\[uz/2, from which it
follows that ug < 1/21/[)[, for all 7 € (0, 7s). Hence, all the u; are bounded
and so 7jy = co. The remainder of the proof is analogous to that of Lemma
4.1.5. O

Proposition 4.1.3. If Vj < 0 and A < 0, then the metric is reqular in the
limit as T — oo, i.e. on N_, and outgoing radial null rays reach N_ in

finite parameter time.

Proof. Note that the sign of V does not affect the arguments in Proposition
4.1.2 and so the proof is identical. Ol
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Lemma 4.1.7. For Vy > 0, suppose there exists 19 € (0,7p7) such that

ui(19) < —1/2. Then Ty < 0o and lim_ -~ u; = —oo0.

M
Proof. We define a new variable @; = u; + 1/2, which satisfies
U] = U — ug — U5 < Uy — . (4.1.32)

If 43 < 0 then %43 < 0 so we have @, < 0 for all 7 € (79, 757). In-
tegrating (4.1.32) then shows that there exists some 71 > 79 such that

lim 1 = —oo. Then we must have 73y < 7 and, using Theorem 4.1.1,

TT|
limT_W];[ |u;] = 400 for some i. Suppose that IimT_)T;/[ u; > —oo. It is clear
from (4.1.2b) that wug is finite provided uz and 7 are finite and so we must

have limT_)T;{ lug| = oo. If limT_W;l ug = 400, it follows from (4.1.6) and

the fact that ug > 0 and 0 < R < R(7p) that lim_, - R = 0. Note that
M
R < R(m) follows from u; < 0 here. Note also that

R = R(79) exp </TOT Uy d7’> , (4.1.33)

and so lim_ " R = 0 implies that

—

-
lim uy dt’ = —o0, (4.1.34)

T—=Ty J 7o

from which it must follow that lim__,_— uy = —oo. If lim__, - u3 = —o0
M M
then we have either lim_ " R=0or
lim us dr’ = +o0, (4.1.35)

T—=T)p 0

where we have used (4.1.6) and the fact that R is bounded above again. It
follows immediately from (4.1.2a) and (4.1.35) that lim_

this case also. Hence 7 = 74 and the proof is complete. O

~up = —o0 in
—Tys 1

Lemma 4.1.8. If Vi > 0,A < 0 and u(0) > k%/8, then Tps < oo and

lim u; = —o0, lim ug3=—o00, lim wuy = 4o0. (4.1.36)
T Ty T

Proof. In this case we have up > k?/8,u3 < 0 on some initial interval, using
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equation (4.1.6). Moreover, u3 cannot cross zero from below while up > k2 /8
and since ug is increasing for ug < 0, these conditions hold for all 7 € (0, 7ar).
We then have

Al o

in < -, (4.1.37)

for all 7 € (0,7a7). For uy > /|\|/2, this may be integrated over (0,7) to
give
uy < mcoth(mr), (4.1.38)

where m = /|A|/2 and we have used lim,_,o+ u; = co. Note that (4.1.38)
automatically holds for u; < m also, since coth(m7) > 1 for all 7.
Combining (4.1.38) with (4.1.2c) and ua < u2(0) gives

U3 < —b — (mcoth(mr))us, (4.1.39)

where b = 2u3(0)/k? — 1/4 > 0. This may be integrated to give

b(cosh(mt) — 1)

msinh(mr)
)\/OT ugdr’ > —%\2() log (cosh <%>) = 8blog (cosh (g)) . (4.1.41)

We then arrive at

uz < —

(4.1.40)

ug = u2(0) exp [/ us dT,:| > cosh® (%) . (4.1.42)
0

Suppose that 77 is infinite. Then we would have 7, € (0,00) such that
ug > 1/2, which gives 11 < —1/4 — u?, for all 7 € (74, 00), using (4.1.2a)
with € = 1. Integrating this inequality shows that lim_ S U1 = —00 for
Ty finite, which is a contradiciton. So we must have lim_ - |u;| = oo for
at least one of the u;, by Theorem 4.1.1. Now consider X = u; — k:2u;»,/2,
which satisfies

- A
X = 1 ur X > —u1 X. (4.1.43)

Note that X is initially positive and at X = 0 we have X >0,%0X>0
for 7 € (0, 73). Suppose that u; > —1/2, which gives X < X/2, for all 7 €
(0,7a7). Then X is bounded above, which in turn gives a lower bound for us.
This gives an upper bound on ug, which contradicts lim_ re [lu(7)|| = oco.
Hence, u; must cross —1/2 in finite 7 and thus lim_

ry, U1 = —00, using the
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preceding lemma. It follows immediately from X > 0 that lim_ L U3 =
—o0 also.
To complete the proof, we assume 1imT_>TA_4 ug = B+ 1/4 < oo for some

constant B, and then arrive at a contradiction. Note that uo is monotone
and so the limit must exist. The assumption gives us < B + 1/4, and
thus 41 > —B — w3, for all 7 € (0,75). Dividing by u1 we have 1 /u; <
—B/u; — uy for uy < 0. Choosing 7y such that u;(79) < 0 and integrating

over [79, 7| gives

" -B
u1 > u1(70) €xXp [ — —uy d7'/:| . (4.1.44)
7 Ul
Since lim_ Sy, W= 00, it must follow that
T
lim uy dr’ = —o0. (4.1.45)
T=Ty J 7o

Now, u1 > k?ug/2 gives 1ig > 2 uguy/k?. Dividing by us, integrating and

using the above, we find lim__,_— up = oo, which is our contradiction. ]
M

—

Proposition 4.1.4. If Vi > 0, A < 0, and u2(0) > k?/8 then Ty < 0o and

there is a singularity at ;.

Proof. In terms of us, us, with Vg > 0, the Ricci scalar is given by

e (K2, 1\ _g2on —1/A
Using the previous lemma we have 7y < oo, lim__, o U2 =00 and
1imT_>T;w ug = —oo. Since \ < 0, it is clear that limT_W];I R = oo. O

4.1.4 Vo >0,A>0.

Similarly to the previous section, we have two different pictures depending
on the sign of uz(0) — k?/8. When positive, us is initially negative, and vice-
versa. Hence, ug either starts above k2/8 and is decreasing, or vice-versa.
We show that the maximal interval of existence of solutions is finite and give
the limiting behaviour at 73, in each of the two subcases. We then prove
the existence of a singularity at 7); in each case. The case u2(0) = k?/8 is
dealt with in Section 4.2.2. Note that ¢ = 1, k% > 2 here.
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uz(0) > k?/8

Lemma 4.1.9. If Vo > 0,A > 0 and u2(0) > k?/8, then there exists 1o €
(0,7ar) such that ui(m0) = 0 and us > k*/8 for all T € [0, 7).

Proof. Recall that u2(0) > k?/8 gives uz < 0,13 < 0 on some initial interval.
Differentiating (4.1.2c) gives

, 2up 1 .
liz = (k; ~3 + u%) U3 — UU3. (4.1.47)

At 43 = 0 we have i3 = (u; — us)ujus, which is negative for uy > 0 > us,
and so 43 < 0 holds while u; > 0. We then have 0 < uy < uz(0) and
i3 > 1/4 — 2uz(0)/k? for u; > 0. Hence, the u; are all bounded above
and below for u; > 0, and so either 73y = o0, or there exists 1y such
that uq(79) = 0. Consider (4.1.43) with u; > 0 and ug < 0, which give
X < —\/4—4u3. Tt is obvious that either X or u; must cross zero in finite 7.
However, u; < X if ug < 0 and so there must exist 7y such that uq(79) = 0.
We then have u3(79) = 1/4 — 2ua(m9)/k* < 0, from which ug(m0) > k%/8
immediately follows. The fact that 4 = Augug < 0 for 7 € (0, 79] completes
the proof. O

Lemma 4.1.10. If Vi > 0,A > 0,u(0) > k%/8, then u; < 0,u3 < 0,13 <
0,13 < 0 for all T € (19, 7Tar), where uy(19) = 0.

Proof. 1f ug > k?/8 and € = 1 then @3 < —\/4 — u? < 0, which preserves
uy < 0. If ug < k?/8 and 43 < 0, then by (4.1.2¢c) we have ujus > 0. For 7 €
(10, 7ar) then, u; < 0 holds while ug < 0,743 < 0 hold. Using the preceding
lemma and (3.1.2b), we have R < —AR/4 for all 7 € [0,79]. This may be
integrated to give R < m~!sin(m7) < m~!, which gives R=2 > m? = \/4,
for 7 € [0, 79]. Now, (3.1.2e) may be rearranged to give

Then, for R=2 > \/4 > 0, which follows from u; < 0, we must have

27]/2 ]. 2
ﬁ — Z + uy > 0. (4.1.49)

We see from equation (4.1.47) that this inequality, along with u; < 0,u3 < 0
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and 13 < 0, gives ii3 < 0, which preserves u3 < 0. Since R~2 > \/4 holds

for u; = R/R < 0, we must have u, us, 13, ii3 negative for 7 € [rg, 7as). O

Proposition 4.1.5. If Vo > 0,A > 0 and uz(0) > k%/8, then Tpy < 0o and

lim —up = lim_
M

S ug = —00.

=T
Proof. We know that there exists 7y such that uz < 0,3 < 0 for all 7 €
(70, Tar). Supposing that )7 = 400, then we must have lim__,
and thus wus finite for all 7 € (0,00). We must also have u; > —1/2 for all

~ Uz = —00
™ 3

7 € (0,7p7), by Lemma 4.1.7. We also know from the preceding proof that
R™2 > \/4 for all 7 € (0,75). Equation (4.1.48) then gives

k2 2uy 1

?(ul — ug)? < k2 <I<:2 1 + u%) . (4.1.50)

If u; > —1/2, then the lefthand side blows up at 73, which, given that wus is

finite, is a clear contradiction. Hence, u; crosses —1/2 at some finite 7 and

lim_, - u; = —oo for 7 finite. Dividing (4.1.2a) by wui, integrating and
M

taking the limit 7 — 7); we find

T1-4
lim U2 uidr = lim log —1— = o, (4.1.51)
TTar J T ul TTu Uy (7—*)
where 7, is chosen such that u; < 0 for 7 € [, 7p7). Since lim__,_— (1 —
M
dug)/4uy = 0, it follows that
-
lim uy dr’ = —o0. (4.1.52)
T—=Thr J e
Integrating s3/us and taking the limit we find
Tk?—8
lim log = lim T uy dr’ = 400, (4.1.53)

_ _ 2
T—Tyy us (7_*) T—=Ty J T 4k*ug

using the fact that (k? — 8uz)/4k?u3 is bounded for 7 € (0,7)). The result

immediately follows. O

uz(0) < k?/8

Lemma 4.1.11. If Vo > 0,A > 0 and uz(0) < k?/8, then Tpr > 7/2m
and uy(w/2m) > 0,ug(m/2m) < k?/8,uz(r/2m) > 0, R(7/2m) > m~! and
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k*u3/2 > uy for all T € [w/2m, Tus).

Proof. For uy < k%/8 we have 1y > —\/4 —u?. Integrating over (0, 7) gives
uy > mecot(mr), (4.1.54)

where we have used lim,_,g+ u; = oo. While ug > 0, which holds initially,

we have us > u2(0). Combined with the above, this gives

. 1 2U2(0)
us < Z - ]{32

— (mcot(m7))us. (4.1.55)

Integrating over (0, 7) gives

b(1 — cos(mT)) _ bsin(mr/2)
m sin(mr) mcos(mt/2)’

(4.1.56)

uz <
where b = 1/4 — 2uy(0)/k?. Integrating again we find

T 2\b -
)\/ ugdr’ < —— log [cos (ﬂ)} = —8blog [cos (m)} , (4.1.57)
0 m 2 2
and so using gy = Ausus,

ug < uz(0) cos 8 (%) . (4.1.58)
Note that us cannot cross zero from above if uy < k:2/8. The bounds ug > 0,
(4.1.54),(4.1.56) and (4.1.58) therefore hold, and solutions exist, as long as
uz < k?/8 holds. Assuming 7y > 7/2m we have ug(m/2m) < 2%uy(0).
Letting z = 8us(0)/k% < 1, and using 4b = 1 — 8uy(0)/k* = 1 — z, we have

8ug(m/2m)

5 <277 <, (4.1.59)

for all z < 1, which is equivalent to ug(7/2m) < k?/8. Our assumption
is then validated and wz(mw/2m) > 0. We also have ui(7/2m) > 0 from
(4.1.54), and it is straightforward to show by integrating (4.1.54) that R >
m~tsin(m7) on [0, 7/2m], which gives R(7/2m) > m™!.

Recall X = u; — k?ug/2, which satisfies

X < —2 - X2, (4.1.60)
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provided ug > 0, X > 0, using (4.1.43). Integrating over (0,7) we find X <
mcot(mr). Since cot(m7) =0 at 7 = 7/2m and ug > 0 for 7 € (0,7/2m),
there must exist 7. € (0,7/2m) such that X(7.) = 0. Note also that X

cannot cross zero from below if A > 0 and so X < 0 for 7 € (7., Tr). O

Lemma 4.1.12. If Vj > 0,A > 0 and us(0) < k?/8, then there emists
70 € (0,701) such that uy (1) = 0,usz(79) > 0 and R(m9) > m~L.

Proof. Suppose uy > 0 for all 7 € (0,757). Then ug > 0 for all 7 € (0, 7),
since ug(m/2m) > 0 and uz > 2u; /k? for all 7 € (7/2m, 7pr) by the previous
lemma. We then have ug < 1/4 for all 7 € (0,7a7), which gives a finite
upper bound on ug, and thus us and uq, for finite 7. Hence, 7y = +oo. If
ug < 1/4 we have

A k2u§

A
oA P
U g T T om T Ty

(4.1.61)

using u; < k%ug/2. Tt follows that uz > w,, = min{us(r/2m), V/k?}
for ug < 1/4 and 7 € (w/2m,7p7). This gives 1y > Auug, and so there
must exist 7. € (w/2m,pr) such that ug > 1/4 for all 7 € (7, 7ar). By
inspection of (4.1.2a), there must then exist 79 € (7x, Tas) such that uq (m9) =
0. Using Lemma 4.1.11, we have 79 > 7/2m and thus us(m) > 0 and
R(m0) > R(7/2m) > m™1L. O

Lemma 4.1.13. For Vj > 0, A > 0, suppose there exists 79 € (0,7ar) such

that ui(7o) = 0 and ua(ro) > k?/8. Then Tpy < +oo and hmT*}T}\_I u; =
—oo,limT_W];[ u3 = +00.
Proof. Equation (4.1.48) may also be written as
X k%2 1 2u _
Now define
I'=uy ﬁ+4’ (4.1.63)
which satisfies
. . 2R 1 1
I’:2u1u1+ﬁ:2u1 <4—u2—u%—|—R2>
k2
= 2u1 (8 —Uu2 — F) . (4164)



If ' > 0,us > k%/8 and u; < 0, then [ > 0. From the hypothesis we have
['(7p) > 0 and as long as us > k?/8 holds we have u; < —A\/4—u?. If T > 0,
equation (4.1.62) tells us that @3 > 0if uz < /2T /k2 and so we have ug > 0,
which gives us > k?/8, while I' > 0. Hence, I' > 0,us > k?/8,u; < 0 and
u3z > 0 hold for all 7 € (79, 7as). We then have 113 < —\/4 — u? for 7 €

(70, Tar), which may be integrated to show that 73y < 400 and limT_W;I up =
hmT_)TA} X = —o0, since X < u;. Integrating X/X = —\/4X — uy, then
shows that .

lim U] = —00, (4.1.65)

T=Thr J e

where 7, is chosen such that u1(7,) < 0. We can use this to show limT S I' =
+o00 by integrating (4.1.64). Since u3 < 0 for uz > +/2I'/k?, we must
have ug < /2I'/k? and 13 > 0, for 7 sufficiently close to 73y and so

lim o U3 must exist. Now suppose lim_

—  Us < Fo00. We then have

—

hmT%TA} ug < +00 and

/1 2
lim log( s > = lim < 12 —ul) dr’ = +o00, (4.1.66)

Ty u3(Ty) rory Jr \duz  kPug

since 1/4us — 2us/k?u3 is bounded above and below under the assumption.

Hence, we have lim__,_- u3 = +o00, by contradiction. ]
M

—

Lemma 4.1.14. For Vi > 0, > 0, suppose there exists 79 € (0,7pr) such
that uy(10) = 0,u2(70) < k%/8 and uy > 0 for 7 € (0,70). Then Tpr < +00
and lim_ up = —oo, lim_ uz = +00.
78

—}’TA/I _)TJ\

Proof. Since (1) = 1/4 — ua2(19) and u; is approaching zero from above
we must have ug(79) > 1/4. Lemma 4.1.12 tells us that us(rg) > 0. It
is clear from (4.1.2c) that if u1 < 0,us < k?/8 and ug > 0, then uz > 0.
Suppose there exists 7, € (79, 7a7) such that us(7.) = k2/8. Then u; < 0,
since @ < 0, on (79, 7). These combine to give u3 > 0 on (79, 7%). It follows
from (4.1.47) that 13 cannot cross zero from above if us > k?/8 and u3 > 0.
Hence, 43 > 0 for all 7 € (79, 7a7). We then also have ug > 0,4y > 0,2 >
on (79, Tar). Suppose Tpr = oo. Then up must exceed k2?/8 in finite 7 which
gives ] < —A/4— u% We have seen that this implies lim_ L, W1 = 00 for
Tm < +00, so we have a contradiction. A similar argument to one given in

the preceding lemma gives lim_ L U3 = ~+00. O
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Lemma 4.1.15. For Vi > 0, > 0, suppose there exists 79 € (0,7pr) such

that ui(10) = 0,ua(79) = k?/8. Then Ty < +oo and lim_ up = —o0,

—>TM

hmT_WA} u3 = +00.

Proof. At 19 we have 43 = i3 = 0, and it is not hard to check that us(7y) =
—11 (70)u3(70)? > 0. A similar argument to the one given above then shows
that up > k2/8,13 > 0 obtain for 7 € (79,7as) and the rest follows in a

similar fashion. O

Proposition 4.1.6. If Vo > 0,\ > 0 and u2(0) > k?/8 then Ty is finite

and hmT%TA} up = —oo,hmT%T;I Uz = 400

Proof. Lemma 4.1.12 shows that there exists 79 such that u;(7) = 0 which
we can assume, without loss of generality, that it is the first such 7p. De-
pending on the sign of uy — k%/8, Lemma 4.1.13, 4.1.14 or 4.1.15 completes
the proof. O

Lemma 4.1.16. For Vy > 0, A > 0, suppose that Ty < oo and

lim wu; = —o0, lim ug = —o0. (4.1.67)
T=Ty T=Ty
Then limT_W;{ R = o0 and limT_WI—V[ w < 400, t.e. there exists a singularity

at T = Ty which is reached by outgoing null rays in finite affine time.

Proof. Tf lim_ Sy

. —k2/2) . .
lim Uy # 0. Using (4.1.46) then shows lim_

T—=Tpp

uz = —oo then lim__, - up < oo and, since A > 0,
M

.~ R = oo. The

M

solution to the geodesic equation (4.1.18) and the finiteness of [ reveal

—

—

lim W < oo. O

T—=Tpp

Lemma 4.1.17. ForVy > 0, A > 0, suppose that Tpy < oo and lim —up =

T*)’T]w

—00, lim ug = +00. Then for any 1. < Tar such that us > 0 for all

7'—)7']\/1

T € (7w, Tar) we have
.

lim urdr = —o0. (4.1.68)

T=Ta J T

Proof. Note that for us > 0 and € = 1 we have u3/us < 1/4us — uy. Inte-

grating then gives

1
uz < U3(7'*)6Xp </ r — u1d7’> . (4.1.69)
T *U3
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Rearranging and taking the limit we have

. T / . U3 T 1 /
lim exp | — / updr’ | > lim exp | — / ——d7" | = 400,
T T Ty U3 (T*) T 4dus

(4.1.70)

since lim_ - 1/4us = 0. The result immediately follows. O

—

Lemma 4.1.18. For Vy > 0, A > 0, suppose that Ty < oo and

limT_WA} UL = —00, limT_WA} uz = +oo. Then limT_WA} x1/x3 = { exists and
. , 1

lim wup = +o0, —o00 <l < —k%——. (4.1.71)
T—H']CI 4

Proof. First we define g1 = u; /u3, which satisfies

G = u13 <411 - u2> - % <411 - 2;?) . (4.1.72)
Now, suppose ug is bounded above for all 7 € (0,757). Then it straightfor-
ward to show that ¢ must be bounded below, since the first term and the
coefficient of ¢; in (4.1.72) are then bounded below and above, respectively.
So there exists some ¢, < 0 such that uj/ug > ¢, for 7 € (0,7p7). We then
have g /ug > Auy/l, for 7 € (0,7p). Integrating and using Lemma 4.1.17

then shows that lim__, - us = 400, and so uz is unbounded, by contradic-
M

H
tion. Given that uo is monotone increasing for us > 0, which obtains for 7

sufficiently close to 737, we must have lim_ . _— ugy = +o0.

T—Th,
It is clear from (4.1.72) that ¢; is negative ifALQ > k%/8 > 1/4, ¢1 < 0 and
uz > 0, which all hold for 7 sufficiently close to 7p;. Thus, ¢; is monotone
decreasing for 7 sufficiently close to 73 and the limit lim, o q1 = ¢ < 0 ex-
ists. We now prove by contradiction that / is finite. Assuming lim_ e 1=
—00, there must exist some 7. € (0,757) such that ¢ < —2\, which gives

Aug < —uyp/2, for 7 € (1, 7ar). Now define ¢o = ug/u;, which satisfies
(4.1.73)

for uy < 0,uz > 1/4,q1 < —2\. Integrating and taking the limit 7 — 7, we
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have

1 (7 1
lim g3 > go(7%) lim exp </ up — dT/) =0, (4.1.74)
T—=Ty T—Tyy 2 Tw 2uq
where we’ve used Lemma 4.1.17, lim__, - 1/u; = 0 and g2 < 0. It follows
M
that lim_ e @2 = 0. Defining g3 = ug/us we have
q3 1 2ug
= =Xuz — — + —5— . 4.1.75
T duy | Kug u ( )
Since lim__,_- g2 = 0 we can choose 7, such that we also have
M

2uy  2qouy uy

- = - 4.1.76
k2U3 k2U3 4 ’ ( )
and thus )
a3 U1
L= 4.1.77
Y ( )

for 7 € (74, Tar), where we have used \ug < —u1/2 and (4.1.75). Integrating
and using Lemma 4.1.17 then shows that lim_ G BB 0.
However, it follows from u; < 0,uz > 0 and (4.1.72) that

, 2
@ > —q3+ %fh' (4.1.78)

It is clear that if lim_ ey B3 0, then lim__, ! is finite and so we have a

contradiction. Therefore, £ must be finite.

To estimate ¢, we divide (3.1.2e) across by u% which, in the case ¢ = 1,

gives

1 2us 24+ k2 k2
1— — )@+ ==+ K - — =0, 4.1.79
( R2>q1+ 2 + kg + S2 5 ( )

in terms of R,ui,uo,u3. Let g4 = u2/u§ To determine the limiting be-

haviour of g4, we consider its derivative, which may be written as

. up 1 Ag
=— | A+—=+-"+2 = @Y, 4.1.80
qa u3< + 202 tog Tt Q1> Y, ( )

where Y = X\ +1/2u3 + 4q4/k? + 2¢1. Recall that ¢; is monotone decreasing
and us > 0,43 > 0 sufficiently close to 77, say, on an interval (79, 7ar).

Suppose there exists 7 € (79, 7a7) such that ¢4(71) = 0. Then we must
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have Y (71) = 0, since g2(71) > 0. It is easily shown that this gives g4(7m) =
q2(m1)Y (11). Moreover, since Y = —ti3/u3 + 444 /k* + 241, we have Y (1) =
—243(71) /ud (1) +26¢1(m1) < 0, and thus G4(m1) < 0. So ¢4 can only cross zero
in (79, 7as) with negative slope, i.e. it may only change sign once on (79, Tas).
Therefore, g4 must be monotone close to 7p; and, therefore, lim_ Ly 04
exists. Suppose lim_ Sy 4 2 0. Then, since ¢4 is positive, there must exist

some ¢ > 0,0 > 0 such that us > eu > 1/4 for 7y — 7 < §. Using this,
uy/us > ¢ and (4.1.72) produces

J4 + 2€U1
4duz kK2’

g < — (4.1.81)

for 7 € (tar — 0, 7ar). It follows that

T 2 l
lim ¢ < lim <q1(7'M —9) +/ < E;“ — ) d7—’> = —0o0,
T—=T T=Ty Tv—0 k 4“3
(4.1.82)
- ¢/us = 0. This contradicts the fact the ¢

is finite and so we have lim_ L 4= 0. Taking the limit of (4.1.79) then

using Lemma 4.1.17 and lim__,

yields
k‘2
wl* + K2 — 5 =0 (4.1.83)
where w = limT%TA}(l — R7?). Note that w < 0 gives £ > 1/2 which
contradicts ¢ < 0. We then have
k2 k4 k2

since the upper root of (4.1.84) is positive and, therefore, not allowed.

Clearly w < 1,50 £ < —k?/2 — \/E* /A + k2/2 < —k? —1/4,if k> > 1/4. O

Lemma 4.1.19. For Vj > 0, A > 0, suppose that Tp; < oo and

lim wu; = —o0, lim ug = +o0. (4.1.85)
T—=Ty T—=Ty
Then limT_W;I R = o0 and limT_WA} W< +00, i.e. there exists a singularity

at T = Tpr which is reached by outgoing null rays in finite affine time.

Proof. Lemma 4.1.18 and A > 0 give lim__, - up = lim A}l = 00. Using

_H—JM T—T
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equation (4.1.20) we have

k.2 T™m/2—c1 1/2
lim R="" " lim (e_k2lu3> uy?. (4.1.86)
T=T)y 2|u’ T
Define Z = eik?lul, which satisfies

. 1
7 =e*1 (4 —ug —uf — k2u1U3> < (—u1 — K?us) Z, (4.1.87)

for ug > 1/4. Using Lemma 4.1.18, we may choose some 7, € (0,7ar)
such that uj/uz < —k*> —1/8 and Z < 0 for all 7 € (7, 7). We then
have Z/Z > ug/8 > —uy /8 for all 7 € (7., 7pr). Integrating and using

Lemma 4.1.17 then proves lim__, - Z = —oo. Hence, lim__._- 6_k2lU3 =

T_>T]W

(1 limT_W;/I Z = +00, which gives lim_ o R = +o0, by (4.2.13).

Recall that p parameterises the outgoing radial null geodesics. To show that

—

limT_m;[u < 400, note that e ¥y = Z < Z(r,) for some 7, € (0,7x).
This gives e¥*! < u1/Z(7,), which in turn gives e¥°%/2 < (u1/Z(7.))"/2. Now

let p = (—u;)"/? and consider
) 1 1 9 p3
=—|—- — 4.1.
p 2p( 4+u2+u1>>2, (4.1.88)

for up > 1/4. Dividing by p? and integrating we have

T b 1 1 T
/ P ar = —>/ Par (4.1.89)
Tx p p(T*) p Tx 2

Using equation (4.1.18) we have

c _/TekQI/QT’/Zd /</T*ek21/2d /+/T uy 1/2d’ (4.1.90)
n = 0 T o T Z(T*) T 1.

Tx

o ™ k21/2 3 1 /T p /
= e dr’ + —d7.
/0 n (=2Z(1))Y2

Taking the limit and using (4.1.89) we find that limT%T;l W< F00. Ol

Proposition 4.1.7. For Vo > 0, A > 0,u2(0) # k?/8 we have Ty < 0o and
there is a curvature singularity at Tpr, which is reached by outgoing null rays

i finite affine time.

Proof. Tn the subcase uy(0) > k2/8, Proposition 4.1.5 and Lemma 4.1.16
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give the result. If up(0) < k?/8 Proposition 4.1.6 and Lemma 4.1.19 give
the result. ]

4.2 Exact solutions

4.2.1 k*=2
In this case we have A = 0 which gives us constant potential V = V5. We
then have J .
R=—Ri=(--V,)R. 4.2.1
dr (4 O) ( )

Proposition 4.2.1. If k? =2 and 0 < Vi < 1/4, then there is a curvature
singularity along N_ which is reached by outgoing radial null rays in finite

affine time.

Proof. In the case Vjy < 1/4, solutions of (4.2.1) in terms of S are given by
1
S = v~le /2 sinh(vr), l=1y+log [2(1 + cosh(vT))] , (4.2.2)

where v = /1/4 — Vj. Clearly 73y = +00. We also have

. inh
lim | = Tim —2S0ROT) (4.2.3)
T—00 T—o0 1 + COSh(UT)
For k? = 2 we then have
67’/2—l 1 . 10‘/067'/2—l0
lim R = lim —— ( ~ —*+4V; ) = i . (424
e T 7 Tl (4 i 0) A Tl + cosh(ory) A
The solution to the geodesic equation (4.1.18) reduces to
1 ! lo—7'/2 N gl
5 e (1 + cosh(vr)")dr" = Cp. (4.2.5)
0
Note that Vp > 0 gives v < 1/2 for which
lim S =0, lim R = oo, lim p < oo. (4.2.6)
T—00 T—00 T—00
For Vj = 1/4 we have
567‘/2—l0
S=re 2 U=1 R = 4.2.7
TE Y 0 4‘u| ) ( )
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which give

lim S =0, lim R = oo, lim p < oo. (4.2.8)

T—00 T—00 T—00

O]

Proposition 4.2.2. If k? =2, Vy < 0, then N_ corresponds to radial null

infinity and the Ricci scalar decays to zero there.

Proof. In the case v > 1/2 (V) < 0), (4.2.2),(4.2.4) and (4.2.5) tell us that

lim S = oo, lim R =0, lim g = oo. (4.2.9)

T—00 T—00 T—00

We remind the reader that we are not considering the case Vj = 0(v =
1/2). O

Proposition 4.2.3. Ifk? = 2, Vi > 1/4, there exists a curvature singluarity
along T = /0 where v = /Vy — 1/4.

Proof. In the case Vj > 1/4, solutions to (4.2.1) are given by
1
S = o e ™ 2sin(o7), I =1lo+log [2(1 + COS(UT)):| . (4.2.10)

At o7 = 7 we have S = 0 and

lim [ = —o0, lim [=— lim otan (U—T) = —00, (4.2.11)
T—=T/T T—=7T/0 T—=7T/T 2
which give lim, /3 R = oo. O

4.2.2 VoMo = k2/8
Lemma 4.2.1. ug is monotone in a neighbourhood of the axis.

Proof. Note that there exists 71 € (0,7a7) such that u; > ug and u3 > 0
hold for 7 € (0,71). Suppose there exists 79 € (0,71) with d3(79) = 0. We
then have i3(79) = (u1(70) — us(70))u1(70)us(79), which has the same sign
as ug(7p), since w1 (1) > ug(10),u1(79) > 0. So either uz(7p) < 0 and is a
local max, or ug(7p) > 0 and is a local min. Since u3(0) = 0, in the former
case we must then have 7, € (0,79) such that uz(7.) < 0 is a local min,
which is contradiction. Similarly for the latter case. Hence, us is monotone
on (0,7). O
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Lemma 4.2.2. If up(0) = k?/8, then uy = k?/8 and ug = 0 for all T €
[0, 7).

Proof. First note that us = k?/8,u3 = 0 is an invariant manifold of the
system (4.1.2a)-(4.1.2c) with e = —1. The system (4.1.2a)-(4.1.2¢) is not
defined at 7 = 0 and so we must show that there exists 79 > 0 such that
ua(70) = k?/8,u3(79) = 0. Using the preceding result, u3 is monotone and,
since u3(0) = 0, has the same sign while u; > ug and u; > 0 hold. There
must therefore exist 71 such that uy is monotone on [0,71]. It follows that
uy — k%/8 has the same sign on (0,71). Suppose that us — k*/8 > 0 on
(0,71). We can choose 7 such that R > 0 on (0,71). Then, using (4.1.6)
and R > 0, [ = u3 must be negative on (0, 71), which is a contradiction. A
similar argument rules out ug —k?/8 < 0 on (0,71), so we have ug —k?/8 = 0
for all 7 € (0,71). If ug is constant on (0,71) then uz = 0 must also hold
there. O

Proposition 4.2.4. Recall m = vV/A/2. If VyeMo = k2/8 and X\ < 0 then
there is a singularity at T = oo, which is reached by radial null rays in
finite affine time. If VoeNo = k2 /8 and X > 0 then there is a singularity at

T = w/m, which is reached by radial null rays in finite affine time.

Proof. Using the preceding result, we have us = k?/8,u3 = 0, and thus
R = —\R/4, for all T € (0,7)7). The solutions in terms of S are

—1,—7/2 & if )
g { m” e sin(mr), if A>0 (4.2.12)

m~ e 7/2sinh(m7), if A <O.

Note that the case A = 0,u2(0) = k2/8 is precisely the case k? =2,V = 1/4
covered in Proposition 4.2.2. If A\ < 0 then we clearly have 7py = +00. In
this case we also have m = \/m < 1/2 and so lim; o, S = 0. Using
[ =0,VpeN = k?/8 and (4.1.20) the Ricci scalar reduces to

. 3k2e—k?lo/2+7/2—c1 |
8|ul

(4.2.13)

and it immediately apparent that lim,_, ., R = +00.
In the case A > 0 we have S(m/m) = 0. In the cases studied thus far,
surfaces characterised by S = 0, other than the regular axis, have been

singular, which was demonstrated by an infinite curvature invariant. In this
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case, however, it is clear from (4.2.13) above that R is finite if 7 is finite, and
one can check that this is the case for other invariants such as 7 = T%Ty,
and the Kretschmann scalar R®°R,;.;. However, the specific length of
the cylinders L limits to zero as 7 — m/m, which violates the regular axis
conditions. This may be seen solving (3.1.2¢) for ¢ given the solutions for

R = ¢"/28 given above, which yields

do+7/4
e? = €

et (4.2.14)

Recalling L = |ule™?, we have lim,_, /m L = 0. We speculate that we have
a non-scalar curvature spacetime singularity at 7 = 7/m in this case. The
solution to the geodesic equation (4.1.18) with [ = [y shows that p is finite
for all 7 > 0 in both cases. ]

4.3 Global structure of solutions in region I

In this section we gather the results from the two previous sections which
give the global structure of solutions in region I for the entire parameter
space. They are summarised by the following theorem and the corresponding

spacetime diagrams are depicted in Fig. 4.1.

Theorem 4.3.1 (Global structure of solutions in the causal past of the
scaling origin O). For each k,Vp,lop € R, let [0,7as) be the mazimal interval
of existence for the unique solution of (4.1.2). The global structure of the

solution is given by one of the following cases:
Case 1. If k* > 2,Vy < 0, then 73y < oo and the hypersurface T = Ty
corresponds to radial null infinity, with the Ricci scalar decaying to zero

there.

Case 2. If k> = 2 and Vi < 0, then Ty = +oo and N_ corresponds to

radial null infinity, with the Ricci scalar decaying to zero there.
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Case 3. If

(i) k*<2 and Vy<O0,
(i3) k*<2,Vo>0 and Voeto < k?/8,

then Tp; = 0o, the metric is reqular on N_, which is reached in finite affine

time along radial null rays. Hence, N_ exists as part of the spacetime.

Case 4. If

(i) kK2<2,Vo>0 and Voo > k?/8,
() k*>2 and Vp >0,
(i) k*=2 and Vy>1/4,

then Ty < oo and there is a singularity at T = Ty, with the radius of the
cylinders of symmetry equal to zero there and which is reached by outgoing

radial null rays in finite affine time.

Case 5. If

(i) k*=2 and 0<Vy<1/4,
(1) k?> <2 and Vpeo =k?/8,

then T)r = +oo and there is a curvature singularity on N_, with the radius
of the cylinders of symmetry equal to zero there and which is reached by

outgoing radial null rays in finite affine time.

Proof. The proof of cases 1 and 2 are given by Propositions 4.1.1 and 4.2.2,
respectively. For case 3, part (i) is given by Proposition 4.1.2 and part (ii)
is given by Proposition 4.1.3. Case 4 part (i) is given by Propositions 4.1.4,
part (ii) is given by Propositions 4.1.5 and 4.2.4, and part (iii) by Proposition
4.2.3. Case 5 is proven by Propositions 4.2.1 and 4.2.4. OJ
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| n =N 1 1

Case 1 Case 2 Case 3

="M

Case 4 Case 5

Figure 4.1: Global structure of the spacetime in region I for each subcase.
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Chapter 5

The future of N_

In this chapter we investigate those solutions which are regular up to N_ and
which may be extended to its future, that is, the solutions corresponding
to values of k2 < 2,V < 0 and k? < 2,Vp > 0,VpeMo > k2/8. As in
region I, we work with a rescaling of the independent variable, ¢t = log(—n),
which gives an autonomous set of field equations. N_ and Ny are singular
points of the field equations and correspond to the limits ¢ — —oo and
t — —+oo, respectively. We first determine the asymptotic behaviour of
solutions emanating from N_ and then given an analysis of the fixed points
of the autonomous system. These fixed points are possible end states for
solutions and give the behaviour of solutions on the surface N, if it exists
as part of the spacetime. It is shown that, for one of three available fixed
points, if a solution evolves to this point then the metric is regular on N,
the future null cone of O. A spacetime corresponding to that solutions
would, therefore, admit a naked singularity.

However, we then examine the evolution of solutions emanating from N_
and show that in all cases the maximal interval of existence has a finite
upper limit ty; and that there exists a spacelike curvature singularity along
the surface t = tj;. Thus, no solution to the field equations evolves to any of
the fixed points mentioned above, and the surface Ny does not exist as part

of the spacetime, ruling out the possibility of a naked singularity solution.
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5.1 Asymptotic behaviour of solutions at N_

Proposition 5.1.1. Let t = log(—n),e = sgn(Vy),o(t) = S(n) and

() = &2 oy = 15" _ o't
o0 =5y =57 =5a (5.1.1)
wa(t) = [VoleM™, as(t) =nr<n>+%=%+§

Then xg,x1,x2, T3 satisfy

2 (t) = x1 + exy — 22, (5.1.2a)
z5(t) = [Al <; - 963) g, (5.1.2b)
xh(t) = % + % + e% — x173, (5.1.2¢)
xt —xd — <k22 - 1) Ty — k?g + k?x123 — 2e19 = 0, (5.1.2d)
tl}ir_noo(xo,xl,xg,xg) = (0,0,0,0). (5.1.2¢)

Proof. First note that (5.1.2b) comes directly from the definitions of x5 and
3. Given f(n), defining F(t) = f(n) yields nf'(n) = F'(t) and n*f"(n) =
F"(t) — F'(t). Equations (5.1.2a) and (5.1.2c) follow directly from (2.4.24)
and (2.4.26). Equation (2.4.25) is equivalent to

dp x9— 11
A . 5.1.3
dt 2 ( )
Differentiating (3.1.2a) with respect to ¢ gives
dry do k*dl 1 kK2z3  K* 1
Sl A o 5.1.4
dt it T oa 2 TN Ty T Ty (5.1.4)

Dividing (3.1.2c) by S, changing variables and replacing dv/dt and d¢/dt
using (5.1.3) and (5.1.4) produces

K2z k21 1 k222
23 1 2) —exg — = (xg—x1)* = T?’ (5.1.5)

Il <CC1 —l‘[)+

Multiplying by 2 and simplifying gives (5.1.2d). It was shown in Chapter 4
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that if k2 < 2 then

lim (nz’(n),|%|e”,”g(”)> = (;,o,o> , (5.1.6)

n—0+ S

and that S is non-zero and finite at = 0. The condition (5.1.2e) follows
immediately. O

We note that the equations (5.1.2a)-(5.1.2¢) subject to (5.1.2e) define a
dynamical system and may be studied independently of (5.1.2d).

Proposition 5.1.2. Let

1 = x1 + Axg, 13 = x3 + Bxa, (5.1.7a)
4 16

A=e—— N Ry a—— 5.1.7b

PN B2+ i) (5.1.7b)

Then py, u3 satisfy

ph = py — 23 — Azowxs, (5.1.7c)
s = % + % — z123 — BA\xaxs. (5.1.7d)

Proof. Tt is straightforward to check that (5.1.7¢),(5.1.7d) follow directly
from (5.1.7a)(5.1.7b) and (5.1.2a)-(5.1.2c). O

Note that Theorem 4.1.2 may also be used in analysing limits as t — —oo

in an analagous way. We define the vector & by
xr = (.Tl,l‘g,ftg). (518)

The system defined by (5.1.2a)-(5.1.2c) and (5.1.2e) satisfies the hypothesis
of Theorem 4.1.2, which grants local existence of solutions near the origin
of the x-system, which is at t = —oco. We denote by (—o0,t5r) the maximal

interval of existence for a given solution.

Lemma 5.1.1. For any ¢ > 0, there exists T'(g) € (—oo,tprr) such that
|z < elM/2=e)t, (5.1.9)

fort <T(e) and each i € {1,2,3}.
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Proof. The system defined by (5.1.2a)-(5.1.2¢) is of the form (4.1.24), satis-
fying F(0) = 0,0, F(0) = 0, where the matrix

1 € 0
E=1 0 [N/2 o0 (5.1.10)
1/2 2¢/k* 1/2

has 3 positive eigenvalues, |A|/2,1/2 and 1, of which |\|/2 is the small-
est. Solutions to the system (5.1.2a)-(5.1.2c) therefore exist, which satisfy
(4.1.25) and (4.1.26). Using (4.1.26), for any ¢ > 0, there exists T'(¢) < 0
such that

log ||z(t)]| < (]A\|/2 — e)t, (5.1.11)

for allt < T'(e). Since |z;| < ||z|| for each i € {1,2,3}, the result follows. [

Lemma 5.1.2. For e = 1(e = —1), there exists T € (—oo,tp) such that
1 < 0,23 < 0($1 >0,x3 > 0) fort e (*OO,T).

Proof. Using Lemma 5.1.1 we have |z;| = O(e{N/279)%) in the limit t — —oo0,

for any € > 0. From (5.1.7¢) we then have

d
o7 (e7'1) = —e (2 + Awozs) = O(eM=2=Dty g ¢ — —00, (5.1.12)

which may be integrated to give
1 = czel + O(elM=20t) = O (e(A=29)t), (5.1.13)

and so
x1 = —Axo + 072 as ¢ o0, (5.1.14)

for some constant cs, since |A| —2¢ < 1. A similar process using (5.1.7d)

yields pu3 = O(e™), which gives
r3=—Bry +O0(e™) as t— —oo, (5.1.15)

where m = min{1/2,|\| — 2e}. Since lim;_, o 23 = 0, we may choose T'(¢)
such that |Az3| < e for t < T'(¢). We then have

/
A
2 < A +e, for t € (—o0,T(¢)).
T2 2

66



Integrating over [t,T] shows that x5(t) > zo(T)elN/2+)E=T) on the same
interval. Choosing ¢ such that |A|/2+¢ < min{1/2,|A| — 2¢} shows that the
x2 terms in equations (5.1.14) and (5.1.15) are dominant for ¢ sufficiently
close to —oo. T may be then chosen, without loss of generality, such that
x1 and z3 have the same sign as —Azy and —Bxg on (—o0,T'), respectively.
Note from (5.1.7b) that A and B have the same sign as €. O

Proposition 5.1.3. There exists ¢y > 0 such that

lim ¢ MN/2g = ¢y (A 1,B). (5.1.16)

t——o0

Proof. Integrating (5.1.2b) over [t,T] we have

T
e 225(1) = e W 2g5(T) + / e M2\ N oz dt’. (5.1.17)
t
Consider the case ¢ = —1. By Lemma 5.1.2 we have 23 > 0 on t € (—o0,T),
and by choosing T sufficiently small such that the bounds of Lemma 5.1.1

hold, we have
T /
e NT200(T) < e W25 < e>‘|T/2x2(T)+/ |AlelM/2=20 gy - (5.1.18)
t

The integral here is finite in the limit as ¢ — —oo for ¢ < |A|/4 and so
e~Mt/229 has positive and finite upper and lower bounds in the limit as
t — —oo. It also monotone for ¢ < T since xg > 0 there, and so we have
limy_y oo e Mt/ 205 = ¢4, for some ¢4 > 0. A similar argument gives this
result in the case ¢ = 1. Multiplying (5.1.14) and (5.1.15) by e~ **/2 and

taking the limit ¢ — —oo gives limy—,_ « = ¢3(4, 1, B). O

Remark For convenience, we define t, by ¢4 = e~ Mt</2 " Notice then
that the result of Proposition 5.1.3 may be written as limz_, e M2 —
(A, 1, B) . Noting that (5.1.2a)-(5.1.2d) is invariant under translations of the
independent variable we drop the bar and let ¢ = ¢t. Hence

lim e M2¢ = (A,1,B). (5.1.19)

t——o0

This describes the asymptotic behaviour of solutions to the future of N_, as

they emerge from N_.
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5.2 Analysis of fixed points

Proposition 5.2.1. Let

k1 k1
= 1 = L — ., = g _ = 2.
Pl ( 7071)7 P2 <CK ) 872)7 P3 <C¥+, 872>) (521)

where
1+ /|l
ap = —s (5.2.2)

If € = 1 then the equilibria of the system (5.1.2a)-(5.1.2¢) are Py and the
origin. If e = —1 then the equilibria are Py, Py, P3 and the origin.

Proof. This is straightforward to check. O

Proposition 5.2.2. Define F(x) by setting «'(t) = F(x), where the com-
ponent equations are given by (5.1.2a)-(5.1.2¢). Let

y1(s) =1 —x1(t)
y(s) = (y1,92,¥3), Y2 (s) = za(t) s = —t. (5.2.3)
y3(s) =1 —x3(t)

Then
y(s) = Fy). (5.2.4)
Proof. This is straightforward to check using (5.1.2a)-(5.1.2c). O

Proposition 5.2.3. Suppose limy_,oo x = P;. Then

lim eM/2(1 — 2, 29,1 — 23) = ¢5(A, 1, B), (5.2.5)

t—o00

for some constant c5 > 0.

Proof. First note that lim;_, @ = P; is equivalent to lim,_, o y = (0,0,0).
Since y'(s) = F(y), solutions emanating from the origin of the y-system
satisfy the exact conditions satisfied by solutions emanating from the origin
of the x-system used in the proofs of section 5.1. We may, therefore, carry
out an identical analysis to find

lim e~ M5/2y = ¢5(A,1, B), (5.2.6)

S§——00

which is our result. O
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Proposition 5.2.4. Let k2 < 2 and suppose that limy ..o @ = P;. Then
the metric is reqular in the limit approaching Ny along lines of constant v.
Furthermore, if k*> # /3 — 1 then lim;_,o R # 0.

Proof. Using Proposition 5.2.3, for any € > 0 there exists T'(¢) such that
1— (Aes +e)e M2 < ) <1 — (Aes — e)e™AI/2 (5.2.7)

for t > T'(¢). Recalling x; = ¢'/o, it is straightforward to show that this
leads to
cg < e lo<er, t>T(e), (5.2.8)

for positive constants cg, c;. We also have

%(e*ta) =elo(x —1). (5.2.9)
Using the asymptotic behaviour of solutions at P; derived in Proposition
5.2.3 shows that e ‘o is monotone near P;. Hence, e ‘o has a finite, positive
limit as t — oo. In region II of the spacetime we have v > 0,u < 0 and
thus |u| = —v/n = ve™, and so r = |u|c = ve"'o has a positive finite limit
approaching Ny (u = 0) along lines of constant v. Combining (5.1.3),(5.2.7)
and (5.2.8) we have

1
coell?

+ (Acs — e)e” /2 < 29 i1 | (Acs +e)e P2 (5.2.10)
dt cret/?

fort > T'(e). We see that if ¢ < Acg then 2¢+t is monotone in ¢. Integrating

and taking exponentials then shows that lim; €291t exists and is non-

zero and finite. Hence, lim; o |ule™2? = lim;_soo ve 2%~ is non-zero and

finite. So far we have shown that ggg = |ule?*r? and g.. = |u|e?® have

non-zero, finite limits as t — +o0o. Using similar arguments, it may shown

1=[AI/2)t in the limit as

that the metric component |u|~'e*7+2? behaves like el
t — 400 and, therefore, has limit +00. However, by making the coordinate
transformation @ = —2|u|*/2/|\| we avoid this problem. The corresponding
metric component in this coordinate system is 2|u|~'e?7*2¢/|\| and it may
be shown in a similar fashion that this has a non-zero, finite limit as ¢t — —+o00.

Following (4.1.20), the Ricci scalar may be written as

n_ e~ kl/2+t/2—c1 <k2

- (1 — 903) xr3 — 46.7}2> . (5.2.11)

v 2
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It may be shown, using (5.2.5) in a similar way, that for ¢ > T'(¢) we have
686‘)\|t/2 < 6—k2l/2+t/2—61 < 69€|)\|lf/27 (5212)

for positive constants cs, cg. It also follows from (5.2.5) that

k2BC5

k2
lim elA/2 (2 (1 —z3)x3 — 45x2> = — 4ecy (5.2.13)

t—o00
8
= _— —4
(/@(2 +k2) > < 70,

for k* # /3 — 1. Combining this with (5.2.11) and (5.2.12) shows that
limy_,oc R is non-zero and finite for all k* < 2 with k% # /3 — 1. O

This result shows that in spacetimes where the solutions to the field
equations satisfy lim; ,~, € = P, the future null cone of the singularity Ny
is regular and exists are part of the spacetime, thus rendering the singularity
at the origin naked. However, it is shown in later sections that none of the

solutions actually do evolve to P;.

Proposition 5.2.5. Iflim; oo @ = P> or limy_,oc ® = P3, then limy o7 =
0 and lim;_ oo R = 400, where r is the radius of the cylinders and R is the

Ricci scalar.

Proof. If lim;_,o, 1 = a4 then for any € > 0 there exists T'(¢) such that 1 <
ap+efort > T(e), since a— < a. Note that /[N = /1 — k2/2 < 1-k?/4,
which gives a < 1—k2/8. This leads to o < o(T)e=F*/8+)(t=T) for ¢ > T.
It follows that r = |u|o < vo (T)e("F/8+9)(=T) for ¢ > T. Choosing £ < k?/8

shows that lim; o, 7 = 0, for v € (0,00). It is straightforward to show that

limy o e U/2H/2 — 4 o6 follows from limy_,o I’ (t) = 0, which is equivalent
to limy 00 23 = 1/2. Then using lim; ,, 72 = k?/8 and € = —1 we find that
lim; o R = +00. ]

Proposition 5.2.6. Let ¢ = —1. Then there is no solution of (5.1.2a)-
(5.1.2d) which satisfies limy_,oo = P5.

Proof. First note that x( satisfies

1
x(, = T <2 — xl) . (5.2.14)
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If limy oo 1 = 1/2 — /|A|/2 then z{; ~ \/|\|/2 as t — +o00. Since zg > 0
we must have lim;_ oo 9 = —+o0o. This contradicts lim;_ oo = P> and
(5.1.2d). O

Comment 5.2.1. We note that limtﬁt& x = P, or P3 are consistent with
(5.1.2d).

5.3 Evolution of solutions

Lemma 5.3.1. For Vy < 0, suppose there exists tg € (—oo,tpr) such that
x3(to) = 1/2. Then z2(ty) < k?/8 and x5 > 1/2, zo < k*/8 hold for all
t e (to,ta).

Proof. First note that x3 = 1/2,29 = k?/8 defines an invariant manifold
of the system, so if x3(tg) = 1/2, z2(tg) = k?/8, then we would have z3 =
1/2, 29 = k?/8 for all t € (—o0,t)s), which is clearly not the case. Moreover,

at x5 = 1/2 we have L
T2

zh=1~ T (5.3.1)
and so x3 cannot reach 1/2 from below if x5 > k?/8. Hence, we must have
Ta(to) < k%/8 and x4(tg) > 0. Equation (5.3.1) also shows that z3 cannot
cross 1/2 from above if 2o < k?/8. Given that zo is decreasing if z3 > 1/2,

we must have x3 > 1/2, 29 < k?/8, and @5 < 0 for all t € (to,ty). O

This lemma highlights the importance of x3(tg) = 1/2 for some ty. If
such a to exists then x3 > 1/2 is preserved for all t € (tg,tp) and zg is

monotonically decreasing there.

Lemma 5.3.2. Let i € {1,2,3}. Then each z; is monotone in the limit as

t — ty,. Hence, either lim,_, - T erists or lim,_,

t —.%'i::l:OO.
M 1

Y

Proof. Lemma 5.3.1 tells us that if e = —1, then x3 — 1/2 can only change
sign once. If € = 1, then at 3 = 1/2 we have x4 = 1/4 + 2x5/k* > 0,
so xg3 — 1/2, and thus z, can only change sign once in this case also. At
x) = 0 we have 2/ = ez),, which means that 2} can only change sign twice.
At 71 — 23 = 0 we have 2} — 2% = €(1 — 2/k?)zo which always has the same

sign, specifically, the opposite sign to e. Hence, 1 — x3 can only change sign
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once also. Now, at 25 = 0 we have

o] = <; - :1;3) (; _ x1> (1 — 3). (5.3.2)

The righthand side here may only change sign a finite number of times.

Hence, 2 eventually becomes fixed in sign and x3 becomes monotone. [

Lemma 5.3.3. Let ty € (—oo,tpr) be such that o(tg) # 0. Then

t

limo=0 <« lim [ xydt' =—o0. (5.3.3)
L=ty t—=ty, Jto

Proof. By the definition of 1 we have

o = o(ty) exp (/t: 71 dt’) . (5.3.4)

The result immediately follows. O
Lemma 5.3.4. IfVp < 0(Vy > 0) thenzy < 1(x1 <O0) forallt € (—oo,tr).

Proof. If € = —1 then it follows directly from (5.1.2a) that 21 cannot cross
1 from below. If € = 1 then by Lemma 5.1.2 we have 1 < 0 on an initial
interval, say (—o0, ). Now suppose that x;(tg) = 0. It is clear that z{, > 0
on (—oo,tg) and so xo(tyg) > 0. At tg, (5.1.2d) with € = 1 then reduces to

/62.%'% (to)
2

—x3(to) — — 229(ty) = 0, (5.3.5)

which clearly contradicts z(t9) > 0. Hence, no such ¢y exists. O

Lemma 5.3.5. If tj; is finite and limtﬁt& x1 = —o0 then limtﬁt]& oc=0.

/I : _
o = ooorhmtﬁfa—o.

_ x1 = —oo then either hth t

Proof. If lim, St -

Writing (2.4.24) in terms of ¢, z9 and o gives

o’ =o' + exqo. (5.3.6)
If € = 1 then we have ¢” > o', which rules out lim, i, O = 09, since
tps is finite. Suppose that € = —1, xo is bounded above by a constant b

for all t € (—oo,ty] and let oy be the maximum of ¢. Then we have
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0" > o' — boys, which also rules out lim, ,,- o — oc.
- N M
Now let X = x1 — k%x3/2. If X > 0 then
o Az 1 S A X
oo (L Vg X 3.
5 <2 $1> < 2+2, (537)

using z; < 1, which holds by Lemma 5.3.4. So on intervals where X > 0 it

is sub-exponential. For finite ¢ then, it is bounded above by a constant b.

ah 1 20 2

This gives

2

Integrating shows that if x5 is unbounded above then the integral of z; is

unbounded below, which gives lim, ,,- o =0 by Lemma 5.3.3. O

%

We note that these last two results tell us that lim, 5,0 = 0 if and only if

limt_n% T = —00.
Lemma 5.3.6. If t); is finite and limt_n];[ r1 = —oo, then limt_n];[ T3 =
+o0.

Proof. Note that if |z3| is bounded on (—o0,tps), then xs is also bounded.
Integrating (5.1.2c) we have

2 t /2 1 2.1'2
x5 = 710 234 (40) + / elt=t/ <<2 - ZL’3> x1 + 6) dat’,  (5.3.9)

to k:2
for any to € (—oo,tpr). Given that hmt_)t& 21 = —o0, we have
¢
lim 1 dt’ = —oo0, (5.3.10)
t%t;/f to

by Lemmas 5.3.3 and 5.3.4. By Lemma 5.3.2 we either have limt_%& T3 =
i e h # 1/2. Then
limt_ﬁ;w x9 < oo and by inspection of (5.3.9) with (5.3.10) we have limt_ﬁ]& x3

r3 = 1/2

+oo or lim, ,- z3 = h € R. Suppose that lim, |

+oo, which is a contradiction. We may rule out the case lim, .,
M
as follows. Consider

o+ et/2

r1+xTo = (5.3.11)

Since limt_nxl o = 0, we either have limt_n];[ o +el/?2 =0 or limt_n& r1 +

xo = Fo0. In the latter case, if lim, ,- 23 = 1/2 then (5.1.2d) could not be
M
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satisfied, since 2 — 22 would then dominate and the left hand side would

become infinite in the limit as t — tp7. In the former case, using ’Hopital’s
rule, we have
20" +e/? 20" — 2w90 + el/? 1

lim (z1 4+ 2z9) = lim ———— = lim =——, (5.3.12
tﬁt&( 1+20) toty, 207 t—ty, 20’ 2 ( )

. 2 _ . _ .
where we have used hmt—>t1_w o +et/? =0, hmt—”& o =0 and hmt_>t;/[ Ty <
+o00. Taking the limit of (5.1.2d) then gives

: 1k .
-2 lim 2y — - — — — 2¢ lim z9 =0, (5.3.13)

t—ty, 4 8 t—=ty,
where we have used lim, Sy, T3 = 1/2. This is a clear contradiction of
lim]Ht;u r1 = —00, limHt;{ To < +00. O
Lemma 5.3.7. If ty; is finite and limt_ﬁ;f x3 = £o00, then limt_ﬁ;f r =
—00 and hmt_>t;4 o =0.
Proof. If limfﬁt;w r3 = —+o0o then hmtat;f xg < o0, by (5.1.2b). By in-
spection of (5.1.2¢), we see that 21 must be unbounded below approaching
tyr. Using Lemma 5.3.2, we then have limtﬁt& x1 = —oo. Recall that

X =z — k2a3/2 < bfor all t € (—oo,tpr). It follows immediately that if

lim, ,,- x3 = —oo, then lim, ,,- 21 = —o0. ]

tar thr

Lemma 5.3.8. If t;; is finite then

lim 27 = —o0, lim x3 = +o0, lim o =0. (5.3.14)
t—=ty, t—=ty, t—=ty,
Proof. Using Theorem 4.1.1 and Lemma 5.3.2 we must have lim, |zi| =
+oo for some i € {1,2,3}. Given that if z3 is bounded and ¢ is finite
then xs is bounded, and 27 < 1 for all t € (—o0,tp), we must have either
limt_nf;l 1 = —00 Or hmt—n;[ r3 = £oo. Lemmas 5.3.5, 5.3.6 and 5.3.7

complete the proof. O

Lemma 5.3.9. For Vy < 0, suppose there exists tg € (—oo,tprr) such that
x1(to) < 0. Then tyr is finite.

Proof. 1f x1(tg) < 0 and € = —1 then (5.1.2a) yields 2 (to) < —z1(¢9)? and
so 1 < 0 persists. That is, 21 < 0 and 2} < —x% for all t € (to,tnr).
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Integrating shows z; diverges to —oo in finite time and so tj; must be
finite. O

Lemma 5.3.10. For V, < 0, suppose there exists tg € (—oo,tpr) such that
zo(to) = k%/8. Then x3(tg) < 1/2 and x5 < 1/2, xo > k*/8 hold for all
tc (to,tM).

Proof. Using Lemma 5.3.1, we must have z3 < 1/2 for all ¢ € (—o0, tp]. We
also have x5, > 0 while 3 < 1/2 and since 3 cannot cross 1/2 from below
while z2 > k?/8 then we must have xo > k?/8,19 > 0 and z3 < 1/2 for all
t e (to, tar). m

Lemma 5.3.11. For V) < 0, suppose there exists ty € (—oo,tpr) such that
x1(to) = 1/2. Then tys is finite.

Proof. At x; =1/2, equation (5.1.2d) with e = —1 simplifies to

Using the fact the 23 — x3 > —1/4 we then have

N S A
t -t =t > —. 5.3.16
:EQ( 0) > 3 + 16 + 9 > 3 ( )
There must then exist t, € (—00,ty) such that x5(t,) = k?/8. Using Lemma
5.3.10 we have z3 < 1/2, and thus z, > 0, for all ¢t € (t.,tpr). Using (5.3.16)

we have x5 > 1/8 + k2/16, from which it follows that

A 1 1 A 1/1
/ A (L L AN S
Ty < 152 <2 $1> <2 x3> < 12 + 5 (2 333> (5317)

for all ¢ € (to,tnr), where we have used 21 < 1. This shows that a4 < 0 if
x3 > 1/24+)/2k%. Tt follows that x3—1/2 < 7 = max{x3(tg)—1/2, \/2k?} <
0, which gives af, > Mhxg > 0, for all t € (to,tpr). Supposing that ty; =
+00, there must exist t1 € (to,tar) such that x9 > 1/2, and thus 2} < —1/4,
for t € (t1,tar). Then we must have ty € (t1,tps) such that z1(t2) < 0, which
contradicts t); = +00, by Lemma 5.3.9. O

Proposition 5.3.1. If Vj < 0, then tp; is finite.
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Proof. The preceding lemma rules out the possibility that « limits to P or
P53 ast — o0, since the x1 components of P; and Ps are greater than one half.
Proposition 5.2.6 rules out the possibility that « limits to P». Taking note of
Lemma 5.3.2 which rules out limit cycles and other behaviours, we see that
we must either have lim;_, ||@|| = +00 or ¢y finite with limt_ﬁ& ||| = oo.
We may rule out the former case as follows. Assuming t;; = oo, Lemma 5.3.2
tells us that each lim; ., x; exists. Now, we can’t have lim; .o, 1 = —00,
because in that case there would exists tg < 400 such that z;(tp) < 0 and
thus ¢3; would be finite by Lemma 5.3.9. Nor can we have lim; o, z9 = +00
since this would cause z; to become negative in finite ¢, via (5.1.2a), so
we would have tj; finite here also. This also rules out lim;_,oo 23 = —00
since this would give limy_,o, 29 = 400, by (5.1.2b). Given that zo > 0
by definition and 7 < 1 by Lemma 5.3.4, this leaves the possibility that
limy oo 3 = +00. However, it is easy to see that if lim; .~ 3 = 400 and
limy_y o0 |71] > —o00, then (5.1.2d) is not satisfied, since in that case we have
lim; oo T9 < 00 and the left hand side has limit —oco. We must, therefore,
have t), finite. ]

Proposition 5.3.2. If Vi > 0 then tys is finite.
Proof. Tt is easily checked that (5.1.2d) with e = 1 may be written as

2 k?
<1 . 2) (o1 —a8) = 202~ af — o (o1 —7)* < —a,  (5.318)

from which it follows that

1 2 Zo 2
— S — (= 3.1
<x1 2> < (K) : (5.3.19)
1 X0

<0 3.2
m—g <=2 (5.3.20)

where k2 = 1+ k?/2 and we have used 2o > 0 and z; < 0, which is given
by Lemma 5.3.4, and xg > 0. This is equivalent to

2
*o

z( > (5.3.21)

Integrating shows that xy = et/Q/U blows up in finite time, and so ty; is

finite with hmt—n& o=0. O
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Proposition 5.3.3. For all solutions to (5.1.2d)-(5.1.2c) with k* < 2 we

have ty; finite and limt_)% T = +o0.

Proof. Propositions 5.3.1 and 5.3.2 tell us that ¢y, is finite in all cases and
Lemma 5.3.8 tells us that (5.3.14) holds in each case. In Proposition 2.6.1

it was shown that

k4€_4'\/—4¢ 2 1

- 2 k4e—kz2l—t—201 ) )

_T:

If lim xr3 = —oo, then clearly lim, - e Hl > 0, so we have lim,__,
M M

=iy,

+00. We now consider the case lim, ,,~ x3 = 400, where it is possible that
M

t

. — k2 o . .
hmt—>tjv,€ = 0. Given that hmt_)t

(5.1.2d) by 2% and taking the limit ¢ — ¢, yields

. et k% [ a3 2 5 [ T3
t—=t, 1 1

_ @x9 < 00, it is clear that o” ~
M

- 9 < 400 in this case, dividing
M

Now, given that lim o =0 and lim,_,

t
o/ < 0ast — ty. Hence, o/ is monotone near t); and has a finite limit.

It follows that lim, e!/o'? exists and, in light of (5.3.23), lim, x3/T1

also exists. Letting lim, ,,— e’/0"* =w > 0 and lim,
M

t—=ty,
.~ r3/x1 = £ we have
M

2 2
2 —2 = (- w) < 75, (5.3.24)

from which it follows that

2 1
0>1—4/1+ 72 > 2 (5.3.25)
Now consider Y = e*k21/4x3, which obeys
Y 1 k* 21 1 k*xs
—=—+4+—+e-— — 1——) - . 5.3.26
Y 278 " W, xl( 2x3> 4 (5.3.26)
Using limt_ﬁ& x2/x3 =0 and hmt—n;{ x3/w1 = £ > —1/k?, there must exist
to sufficiently close to tjs such that x3 < —2x1/ k? and
Y’ 1 1
— > — - — — 3.2
v > —I (2 2.%3)7 (53 7)
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on (to,tpr). We may choose ty, without loss of generality, such that (5.3.3)
holds and so integrating the inequality above shows that lim, St Y = +4o0.
We observe that the lower bound for 7 seen in (5.3.22) behaves like Y* as
t — tp, so the proof is complete. ]

Theorem 5.3.1. For all solutions to the system (11), tpr is finite and there

1$ a spacelike curvature singularity along t = ty;.

Proof. Note that surfaces of constant ¢ € (—o0, 4+00) are spacelike. Propo-

sition 5.3.3 completes the proof. Ol

Proposition 5.3.4. The surface corresponding to t = ty; is reached by

outgoing radial null rays in finite parameter time.

Proof. Recall Propositions 4.1.2 and 4.1.3 which proved that, if k? < 2,
then outgoing radial null geodesics reach N_ in finite paramater time. For
convenience, we choose a new parameter p such that © > 0 and u(n = 0) = 0.

Then a similar calculation to the one in Proposition 4.1.1 reveals that
~ t
Cu = / FPU/2Ht 2= gyl (5.3.28)
—00

for constant C' > 0. Given that limy,_ [ = —1/2 we have kU242

eMt/2 as t — —oco and it is straightforward to show that there exists to €

(—o0, tar) such that the portion of the integral in (5.3.28) over the interval

(—00,tg) is finite. In fact, this is true of any tg which is bounded away from

2
— Rl
M

tas is finite, taking the limit ¢ — ¢5s of (5.3.28) shows that hmt—n]—w < +o0.

tar. Inthe case lim, ,,— x3 = —oo we have lim,_, = 0 and, given that
M

We now turn to the case lim, ,,- x3 = +o0.
M

Let Y = e_2k21/3x1. It may be shown in an analogous way to the proof

of Proposition 5.3.3, using lim,_, - r3/x1 > —1/k?, that limt_n;l Y = —oo.

t
We can then choose ty € (—oco,ty) such that ¥ < —1, which gives U2 <

(—x1)%/%, for t € (to,tar). Letting p = (—z1)%/* we have

3(— —1/4
7= (:17411) (21 — exs + x%) . (5.3.29)

s, ro <

+00 in this case. We then have 3p7/%/4 < p, which we divide by 3p*/3/4

We can choose to such that —z1 —exe > 0ont € (to,tpr), since lim,_,
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and integrate to obtain

YR oo, 4 4
to to ﬁo p

Taking the limit ¢ — tj; shows that

¢
lim [ V2 at < 0. (5.3.31)
t_>t]T/I to

Since ¢y is finite, the result follows from (5.3.28). O

Proposition 5.3.5. Ingoing radial null geodesics have infinite affine length.

Proof. For ingoing radial null geodesics we have v = vo,é =2 =0 and

u=uv/n= —vpe !, du = —udt. Solutions to the geodesic equation are then
given by
627+2¢ﬂ = M2t/ 24 ar_ C, (5.3.32)
du du

for constant C' > 0. To determine whether the spacetime has a past null
infinity we look for lim,_, ~ &, which is given by lim;_,  u, since t — —o0
as u — —oo along lines of constant v. Integrating over (t,tp) and taking
this limit we find

- to
C lim (uo—p) = lim 12—t/ 2 e gyl (5.3.33)
t——00 t——o0 t
Given that lim;,_ | = —1/2, we clearly have lim;_, o, u = —o0.

For completeness we now examine the behaviour of the null geodesic along
N_. Our current coordinate system is not suited to the task since the
metric is constant on this surface and we have a coordinate singularity there.
Specifically, we have seen that e?72¢ ~ e~ (K2/4+1/2)t — (—n)_(k2/4+1/2) in
the limit as t — —oo,n — 07. We define a new coordinate and constant by
K 2v(n")+2¢(n’ / k? 1

) _/0 Dy, =Tt (5.3.34)
Since €27+2¢ ~ (—n)™# and 0 < B < 1 for k? < 2, it is straightforward to
show that &€ ~ n' =% at n = 0 and that £(0) = 0. Writing the line element in
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terms of £ we have

d82 _ 262’Y+2¢(dud77 4 U_lT]d'U,Q) + €2¢T2d92 + e—2¢d22
_ 2dudg + 2622000 Ly (€) s (5.3.35)
+e*0r2dp? + e *dz?,

To derive the geodesic equation we consider the Lagrangian . which sim-

plifies to
L =20 + 2u" e 2042, (5.3.36)

along ingoing radial null geodesics. We then have

d 0% 0% . 1 d 2 .
— T T =20 —2uT — (e ) W = . 3.
i o o€ i — 2u Tz (ne )u 0 (5.3.37)

Using d¢ = €2772%dp and the derivative of (2.4.21) we have

d 2v+2¢ / / anl/ 1
= (17772) = 12y () + 20 () = - + 5. (5.3.38)
dé 2 2
Given that nl’ = —1/2 everwhere on N_, the geodesic equation reduces to
i A
———=0 5.3.39
u 2u ’ ( )
which may be integrated to give
: IAl/2
- (“) . (5.3.40)
uQ uo
Integrating again shows that g ~ |u|'~"/2 and so lim, , o p = +o00. O

These three final results determine the global structure of the spacetime

for all solutions corresponding to k? < 2. It is depicted in Fig 5.1 below.
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t=tm

Figure 5.1: Global structure of the spacetimes with k2 < 2.
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Chapter 6

Analytic series solutions in

region II

In this chapter we present an alternative method for solving the dynamical
system (5.1.2a)-(5.1.2¢). It involves using analytic series solutions to these
equations using power series in e/**/2. By writing the solutions in this way,
we obtain recurrence relations for the coefficients of these series. We then
show that, for almost all values k? < 2, the coefficients of the series satisfy
a geometric bound and that the series themselves are, therefore, uniformly
convergent for small enough ¢, i.e. in a neighbourhood of the origin of the
system, N_. We derive an analytical bound for the truncation error of the
series for a given fixed number of terms, which enables us to approximate the
solutions and their derivatives, to any required degree of accuracy, within
the interval on which the series converge. In many cases, this may be used
to assert that a particular solution satisfies the hypothesis of one or more re-
sults which then give the global structure of the solution. Although we have
given an adequate description of the possible spacetimes for all parameter
values in chapters 3,4 and 5 to rule out the existence of naked singularities in
each case, the present approach allows us to add more detail in certain cases.
- x3 = Fo0

tM
in all cases but have not given any indication which of those two situations

For example, for k? < 2 in region IT we have shown that lim,

prevails. Using this method, we show that in fact both may arise depending
on the values of k? and Vj. Although superfluous in terms of the question
fo cosmic censorship, this information might be useful for other physical in-

terpretations. Furthermore, the method could easily be generalised to other
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dynamical systems of a similar type, i.e. those with quadratic non-linearities

and a similar eigen-structure, and is therefore of interest in its own right.

6.1 Analytic series solutions

Let ¢ = elM/2. We begin by writing formal series solutions to (5.1.2a)-
(5.1.2¢) as follows:

21=> anl", w3= bl" w3=) (™ (6.1.1)
n=1 n=1 n=1

Substituting these expressions into in the system yields

Z TA (" =Y (an + eby) Z (Z iy J) 3 (6.1.2a)

n=1 n=1

n=1

> TL‘)\| n = Cn U 2by, n
Z Tcnc = Z <2 + 7 + 6]€2> Z (Z AjCp— j) ¢". (612C)

n=1 n=1 n=1

The coefficients of the series then satisfy the following recurrence relations,

obtained by equating powers of (:

n‘)\’ -1 n—1
a, = <2 — 1> eb,, — zzl ajan—j | , (6.1.3a)
j:

n—1
2
by = — > bicnj, (6.1.3h)

n—14

nAl 1\ ! %, =
Cp = ( 5 ’ _ 2) % + 6?; — Zajcn_j . (6.1.3C)
7j=1

Recall the asymptotic behaviour given in Proposition 5.1.3. This gives us

the first coefficient in each series by

4 16
(I]_—A—Gm, b]_—]_, C]_—B—Em. (614)
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The coefficients for n > 1 are then given by the recurrence relations. Note
that b, depends only on coefficients with index j < n. Once b, is found, a,
followed by ¢, may be computed. Notice that these relations are problematic
at n = 2/|\l,n = 1/|\|. However, these only arise when k? is such that
2/|A| € N. We define the set K = {2 —4/n;n € N/{0,1}} and note that
if k2 < 2 and k? ¢ K then 2/|\| ¢ N. This is a countably infinite set with
an accumulation at k? = 2. As a subset of the reals it is a set of measure
zero and so we do not see this as a serious limitation of this method. As

an example, in the case ¢ = 1, we have

. 1024(64 + 112k% — 480k* + 340k° 4 96k% — 161k10 + 38%'2)
‘T 3k12(—1 + k2)2(2 + k) (—4 + 3k?) '

(6.1.5)

We see this quantity is not defined at k% = 1, k? = 0 and k? = 4/3, which are
all in K, but is otherwise well-defined. The coefficients become very complex
polynomials in k2 as n gets large but we may still prove the following useful

results.
Proposition 6.1.1. Let k> ¢ K, o > 0,6 > 0 and N € N be such that
laj|, [b;], |ej| < ad?=1/j for all j < N, and that

2 2 2c
N>— 14—+ —Hn_ 6.1.6

where H,, is the n-th harmonic number defined by
"1
H,=Y_ 5 (6.1.7)
j=1

Then |an|, |bn|, |en| < adN71/N.

Proof. It is easy to see that if k> ¢ K and N is finite then aj,bj,c; with
j < N are also finite. Then we can always choose « and § large enough such
that |a;l, |bjl,|c;] < ad’~1/j for all j < N. From (6.1.3b) we have

N-1
2 «
byl < — b; il < 6.1.8
2025N-2 {1 1
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Now,

N-1 N-1
1 1 /1 1 2
=N o (c4 ) = 2 Hy, (6.1.9
(N =J) j:1N<; N—;) NN )

and so |by| < adV /N is satisfied if

daHy_
N> %H (6.1.10)

Note that lim,, o Hy/n = 0 and so for any choice of «,d, this is satisfied
for large enough N. It follows from (6.1.6) that N|A|/2 —1 > 0, and so

_ N-1
N|A '
vl = (1) (ol X lagllan
j=1

_ N-1
N|A| ) L[ o1 26N -2
< _ T N 6.1.11
(% i)
(N[} L radNl 2026N -2
)
lan| < ad™V~1/N is then satisfied if
N\ L rasN-l 2025N 2 asN-1
_ < 1.
(2 1) ( T Hve) < T (6.1.12)
which simplifies to
Hpy_
Nzﬁ‘(ua 5 1) (6.1.13)
Similarly
NN =1\ 7" [lan| . 2by] =
vl < (F57) 19 2 et @10
j=1
_ (N1 1,2 a0 +Nz‘:1 25N -2
= 2 2 %) N (N =J)

J=1

which ensures |cy| < ad™V~1/N is satisfied if (6.1.6) holds. It is straightfor-
ward to show that (6.1.6) implies (6.1.10) and (6.1.13). O
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Corollary 6.1.1. If the hypotheses of Proposition 6.1.1 hold for some N, a9,

then we have |an|, |bnl, |cn] < ad™ "t /n for alln > 1.

Proof. Since Proposition 6.1.1 holds for N, it follows that |a;l, |b;], |c;| <
adi=1/j, for all j < N + 1. Using (6.1.6) and Hy_1 = Hy — 1/N we have

2 2 2c 2c
N+1> 1+ +—=Hy)— 1. 6.1.15
+ >|A|< tat N) 5M|N+ ( )

It is straightforward to show that (6.1.6) gives 1 > 2a//d|\|N and so we have

2 2 2a
N+1>-—|(1+=+"Hy]). 6.1.16
+>W<+k2+5 N) ( )

The hypothesis of Proposition 6.1.1 then holds for N 4+ 1 and, by induction,
for all n > N. O

Proposition 6.1.2. Suppose that |ay), |ba, |cn| < ad™t/n for all n > 1.
Then the series (6.1.1) converge uniformly for ¢ € (0,1/4).

Proof. Define

_adnTi¢t a6

M,
" n on

(6.1.17)

Then |anC"|, [bnC", [cnC™| < M, for all n > 1, and the series > > | M,,
converges for 6¢ < 1. The result is then given by the Weierstrass M-test. [

Proposition 6.1.3. Leta > 0,6 > 0 and N € N be such that the hypotheses
of Proposition 6.1.1 are satisfied. Let { = 6¢ < 1 and Zn be the approwi-
mation to x given by the first N — 1 terms of the series (6.1.1). Then the

truncation error ey = ||Zn — x|| satisfies
alN
en < ——®(( LN, (6.1.18)

and limy _ oo ey = 0, where ® is the Lerch transcendant.

Proof. Given that |ayl, |by|,|cn] < @8™!/n for all n € N and the series

(6.1.1) are uniformly convergent we have

i 1ed
en =&y — x| < ) jc
j:;jv . o (6.1.19)
o (0% -
- =% 9, 1,N
) & N+i 9 (G 1,N)



Note that ®(¢,1,N) < 1/N —log(1—(), and so if { < 1 then limy_,oc exy =
0. O

In the following sections, we also make use of approximations to the first
derivatives of the x; and the so the following result is necessary to bound

the truncation errors for these approximations.

Corollary 6.1.2. Let

_/ _ _ —2 —/ :’E3 j]. 2:%2
Ty =21 + €xy — 77, Tyg=—+—+t¢€

be approzimations to x| and x%, respectively, where T; are the components

of & mentioned above. Then

[z — T < (2+2|Z1| + en)en,

, 2 (6.1.21)
]xg — f3‘ < <1 + ﬁ + 2‘53’ + €N> en-
Proof.
|l‘/1 — ff/ll = |5L‘1 — 1+ 6(332 — 572) — (35'1 + i‘l)(l‘l — f1)|
< (14 |z + Z1|)|z1 — 1| + |22 — T2 (6.1.22)

< (2 + 2‘f1| + eN)eN,

where we have used |z1| —eny < |z1| < |Z1]|+en to obtain the last inequality.

The remainder of the proof is similar. O

So we have shown that for k* ¢ K the series solutions (6.1.1) are uni-
formly convergent in a neighbourhood of the origin of the system and that
the solutions may be approximated to any required degree of accuracy within
that neighbourhood by calculating a sufficient number of terms of the series.
In practice, we take a fixed value of k% and compute the first N coefficients
for a chosen value of IV, using a suitable computer programme such as Math-
ematica. We then choose o and ¢ such that the hypotheses of Proposition
6.1.1 are satisfied and plot the approximate solution over the interval of
validity, looking for information which allows us to determine the future
evolution. The first 100 coefficients for each of the series may be computed
in a few seconds using a standard laptop computer and this is more than

adequate for the majority of values of k2. In the following section we give
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some examples of this process and some analytical results which are adapted

to the information acquired.

6.2 Some analytical results adapted to the method

Here we present some results which prove useful in determining the future
evolution of solutions which pass through certain points in the phase space.
These build on and add to the results of Chapter 5. In the following section,
we prove that the hypotheses of these lemmas are satisfied in certain cases.

This is established using the results of the previous section.

Lemma 6.2.1. Suppose that for Vy < 0, there exists ty such that x1(ty) <0
and x3(tg) > 1/2. Then tys is finite, lim,
+00.

- r1 = —0o0 and lim, ,— x3 =
to L t—ty, 3

Proof. Given that z1(tp) < 0, Lemmas 5.3.9 and 5.3.8 tell us that ¢, is

finite and lim, .- x1 = —oo,lim, .- 3 = £o0o0. Lemma 5.3.1 tells us that

t—=t t—=t,,

x3 > 1/2 holds for t € (tg,tpr), which completes the proof. O

Lemma 6.2.2. For Vj < 0, suppose there exists ty such that x1(ty) < 0 and

x3(to) < 0. Then tyr is finite and lim, ,,- #1 = —o0,lim,_,,- 3 = —o0.
M

tm
Proof. Note that e = —1,21 < 0,23 < 0 give 2} < 0 and z%§ < 0 and so

we must have x1 < 0,23 < 0 for all ¢t € (t9,(ps). Lemmas 5.3.9 and 5.3.8
complete the proof. O

Lemma 6.2.3. Let Vo > 0. Suppose there exists ty such that

(1—A)as(to) + A —AY2 >0, where A= M. (6.2.1)
l‘l(to) —1
Then limt_n;{ T = —oo,limt_nt;w 3 = +00.

Proof. If ¢ = 1 then 2 > 21 — 22, which may be integrated over [to,t] to
give 21 > —Ael /(1 + Ae?), where t = t — to. It then follows from (5.1.2¢)
that if 3 < 1/2 we have

Aet 1 A
o> +<+ e>m, (6.2.2)

1+ Aet 2 14 Aet
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which may be integrated to give

(1= A)zs(to) — A(e"? = 1)
e 1/2(1 — Aet) '

x3 > (6.2.3)
Using Lemma 5.3.8, solutions exists while x; is bounded below, which is true
for ¢! > —A~'. Using (1 — A)z3(to) + A — A2 > 0, the righthand side of
(6.2.3) has limit 400 as e/ — A~!. Given that (6.2.3) is valid for all z3 < 1/2
and t € (to, tpr) there must exist t1 € (to,tpr) such that x3(t1) > 1/2, which
must then hold for all ¢ € (¢1,tp), as we have seen that z3 can only cross
1/2 once. We know by Proposition 5.3.2 that ¢y, is finite, so Lemma 5.3.8
and z3 > 1/2 completes the proof. ]

Lemma 6.2.4. Let Vj > 0, z = x3/x1 and w = —xa/x1. Suppose there

exists tg such that

1 1
——— t —, At tg) < A71 2.4
Ak2<z(0)<|>\|’ 2'(to) <0, w(ty) < , (6.2.4)
where
Ao_ml) (6.2.5)
Al = 221 (to)
Then limtﬁt& T = —oo,limt%txl T3 = —00.

Proof. Note that z and w satisfy

1 1 2w
Z/: <w—2)z+2—]€2, (626)
w=w(w—A""+a1(1 - |\2)). (6.2.7)

Recall from Lemma 5.3.4 that if ¢ = 1 then z; < 0, and thus w > 0,
for all ¢ € (—o0o,ty). It then follows from (6.2.7) that if w < A~! and
z < 1/|A| then w’ < 0. It is straightforward to show that if 2 = 0 then
2" = (z — 2/k*)w’ which is negative if z > 2/k? and w’ < 0. Then while
z > 2/k? holds we have 2z’ < 0 and w’ < 0, which give 2z < zp,w < A~! and

x1 < —Axg, where zg = z(tp). These combine to give

/
@ < |Nag — 22, % < 21(1 — [Mz0), (6.2.8)

using (5.1.2a) and (6.2.7). The first inequality may be integrated over (o, t)
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to give

AA

We may rearrange (6.2.6) as
2= (z—=2/k)w+ (1-2)/2. (6.2.10)

It becomes clear that if z > 2/k? and w > k?/4 then 2’ > —|\|z/2, which
may be integrated to give z > 20eM/2. Since —2Az) > 2/k? from the
hypothesis, z > 2/k? holds provided eMt/2 < _9A and w > k%/4. Hence,
(6.2.8) and (6.2.9) hold while eM*/2 < —2A and w > k?/4. Suppose w >
k?/4 holds for all t € (—oo,tp). Then (6.2.9) holds for all eMf/2 < —2A.
But then t;; must be such that elAEnr/2 < —2A since the right-hand side
blows up at eMf/2 = 2A. This means that w > k?/4 and (6.2.8) hold for
all t € (to,tar). However, integrating the second inequality in (6.2.8) using
5.3.10 shows that this cannot happen, so we have a contradiction. Hence,
there must exist t; € (tg,tps) such that w(t;) < k?/4 and 2/k% < 2(t1) <
1/|A]. Note that 5.3.10 holds for all cases, as proven by Lemmas 5.3.4, 5.3.5.
and 5.3.8

Now, if w < k?/4 then either z < 2/k? or z > 2/k? and 2/ < —|)\|z/2,
using (6.2.10). Since 2/k? < z(t1) < 1/|\| we must have z < 1/|A| provided
w < k?/4. Tt is clear from (6.2.7) that if 2 < 1/|A| and w < k?/4 then
w’ < 0. Hence, w < k?/4 and z < 1/|\| hold for all t € (t1,ty). Finally, at
z =0 we have 2/ = 1/2 — 2w/k? > 0 and so z > 0, which gives x3 < 0, for
all t € (to,tpr). Proposition 5.3.2 and Lemma 5.3.8 complete the proof. [

6.3 Computation of some approximate solutions

Here we give information regarding the computation of the series (6.1.1) and
show that this can be used in conjuction with the results of the previous
section to prove certain properties of the global solutions. We present a
small sample to give the reader a flavour of the application of the method
which is by no means exhaustive. In fact, the global structure of solutions
may be obtained for the majority of values of k? with both ¢ = +1 using

this method and a range of other analytical results which we have omitted
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for the sake of brevity. We define

lajl - jlbjl - Jlel 2 2 2a
_ . A . Q== (142 4+ %0y, ).
m 1%?%{045]—1’@51—1’@53—1 : N\ Tt

Then, for a given value of k2, if a, 6 and N are chosen such that m < 1 and
N > ) then Proposition 6.1.1 is satisfied.

Let 1 and T3 be the approximations to ;1 and x3 using the first N terms
in the series (6.1.1) for a given value of N. Table 6.1 gives values for
m, 2, 21({p), Z3(¢p) and an upper bound on ey (ty) corresponding to Vp < 0
and chosen values of k2,8, o and (.

Note that N = 100 and all values are rounded to three significant figures in
all tables presented in this section.

We emphasise that these tables represent (rounded) values of exact calcula-

tions, rather than numerical approximations.

B2 Joa]l m ] Q] ¢ |a] 2] ené)<|
0.57 | 18 | 50 | .878 | 93.1 | .03 | -.160 | .784 10-28
0.60 | 18 [ 50 | .631 | 94.6 | .03 | -.122 | .687 10—28
0.63 | 18 | 50 | .462 | 96.2 | .03 | -.0939 | .610 10—28
0.66 | 18 | 50 | .345 | 97.9 | .03 | -.0723 | .546 1028

Table 6.1: Information for solutions with k? € {0.57,0.60,0.63,0.66} and
Vo < 0 showing that Lemma 6.2.1 holds in each case.

It shows that if Vo < 0,%% € {0.57,0.60,0.63,0.66},5 = 18, = 50 and
N = 100, then m < 1 and N > €, which proves |ay,/|, |bn], |cn] < @d™1/n
for all n € N. Given the values of the approximations and the bound on
the truncation error it also shows that the actual solutions satisfy z1({y =
0.3) < 0 and x3(¢p = 0.3) > 1/2 and, therefore, the hypothesis of Lemma
' ¢~ T3 = +00 in these

M

cases. Figures 6.1 and 6.2 plot the approximations to x; and x3 for Vy < 0

6.2.1. This proves that lim, - 1= —00 and lim,_,

and the relevant values of k2. They give a very strong indication that the

solutions corresponding to the values between these discrete values have

similar behaviours.
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Figure 6.1: Plot of solutions for z; with k2 = 0.57,0.6,0.63,0.66 and Vj < 0
over the interval ¢ € [0,0.17]. In each case x; crosses 0 in finite ¢.
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Figure 6.2: Plot of solutions for z3 with k? = 0.57,0.6,0.63,0.66 and V5 < 0
over the interval ¢ € [0,0.35]. In each case z3 crosses 1/2 in finite (. Note
also the curve for k2 = 0.66 starts to turn down toward the end of the
interval where the series is no longer convergent.

Table 6.2 shows that solutions with € = —1, k? = 0.99 also satisfy Lemma,
6.2.1 and those with e = —1, k? € {1.01,1.02} have both 1 and x3 negative
at some finite value of ¢ and, therefore, satisfy Lemma 6.2.2. This switching
of behaviour of the solutions as the value of k2 crosses 1 is interesting and
is demonstrated in Fig. 6.3 below. Recall that k? = 1 is an element of the
exceptional set K. This switching of behaviour occurs at other elements of
K also, which suggests that these values have some significance relative to

the dynamical system.
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LK s falm | Q] & [11)]736) [ en(o) <]
0.98 | 25| 50 | .919 | 93.1 | .028 | -.114 | .550 1016
0.99 | 34 | 70 | .930 | 96.4 | .022 | -.145 | .593 10712
1.01 | 33|68 |.917 [ 98.3 | .025 | -.05 | -.602 106
1.02 | 25 | 40 | .992 | 79.7 | .036 | -.0151 | -.495 106

Table 6.2: Information for solutions with k? € {0.98,0.99,1.01,1.02} and
Vo < 0 showing that Lemma 6.2.1 holds for these values which are less than
one and that Lemma 6.2.2 holds for these values that are greater than one.

10}

05F

-05r-

Figure 6.3: Plot of approximation to solutions for z3 with k? &
{0.98,0.99,1.01,1.02} and V < 0 over the interval ¢ € [0,0.16]. The be-
haviour of x3 is markedly different for values of k2 either side of 1.

We complete the section with two short tables showing that Lemmas
6.2.3 and 6.2.4 are satisfied for some values of k2. In table 6.3, A = (1 —
N Z3(t) + A — A2 where A = 71 /(Z; — 1). We note that it is trivial to
derive a bound on the truncation error for w and z which is of the order of

EN.
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(B[ lalm ][9] 6 ][ A [entG)<]

0.84 | 12.5 | 30 | 904 | 97.4 | .072 | .0116 107°
0.87 | 13 | 30 | .867 | 96.3 | .068 | .0239 10-¢
0.90 | 13.5 | 30 | .947 | 95.4 | .067 | .0123 107°

Table 6.3: Information for solutions with k% € {0.84,0.87,.90} and V; > 0
showing that Lemma 6.2.3 applies in each case.

R[] am] o] o |o-AT][-A) ] 2 [P 2z [en(o)<]
1.30 | 7.7 | 11 982 1 99.0 | .012 -.132 1.91 2.76 | 2.86 | -.0328 10~4
1.31 | 82| 11 948 1 95.2 | .11 -.159 1.99 2.84 | 2.90 | -.0424 107°
1.32 | 9 | 125 1] .976 | 99.4 | .105 -.281 1.87 292 | 294 | -.189 107°

Table 6.4: Information for solutions with k% € {1.30,1.31,1.32} and V; > 0

showing that Lemma 6.2.4 applies in each case.
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Conclusions and further

work

As stated in the introduction, the main result of this thesis is that the singu-
larity resulting in the collapse of self-similar, cylindrically symmetric scalar
field is censored for all values of the parameters and initial data of the Ein-
stein equations relevant to these spacetimes. This is interesting as it differs
in this way to many other models of collapse in both spherical and cylindri-
cal self-similar spacetimes.

In the future we would like to attempt to analyse the more general ana-
logue of this spacetime in spherical symmetry, that is, the collapse of a
non-minimally coupled scalar field in self-similar, spherical symmetry. This
would build on the work of Christodoulou who considered the minimally
coupled case in [8]. We would also like to develop the method presented in

Chapter 6 by generalising it to systems of the form
x' = Az + x” Bz, (6.3.1)

with constant matrices A and B.
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